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ABSTRACT. We consider the biharmonic Liouville-Gel’fand prob-
lem under the Navier boundary condition in four space dimension.
Under the nondegeneracy assumption of blow up points of mul-
tiple blowing-up solutions, we prove several estimates for the lin-
earized equations and obtain some convergence result. The result
can be seen as a weaker version of the asymptotic nondegener-
acy of multi-bubble solutions, which was recently established by
Grossi-Ohtsuka-Suzuki in two-dimensional Laplacian case.

1. INTRODUCTION.

In this paper, we consider the fourth order Liouville-Gel’fand prob-
lem with the Navier boundary conditions

{A2u = ¥ in Q,

(1.1)
u=Au=0 on 0f)

where 2 C R* is a smooth bounded domain, and A > 0 is a parameter.
Let {u,} be a solution sequence to (1.1) for A = A, | 0 as n — oc.
As for the asymptotic behavior of the solution sequence {u,}, several
studies have been done ([14], see [11] for the second order case and
9] for more general polyharmonic cases), and we have the following
picture of the bubbling behavior of blowing-up solutions.

Proposition 1.1 ([14]). Let A\, be a sequence of positive numbers with
M 1 0. LetX, =\, fQ e'rdx where uy, is a solution to (1.1) for X = \,.
Then as n — oo, there are three possibilities.

Case(1): {E,} accumulates to 0. In this case, ||uy| L) — 0.
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Case(2): {,} accumulates to 64w*m for some m € N. In this case,
u, makes m-point blow ups, i.e., there exists a set S = {p1, -+ ,Pm}
which consists of m-interior points such that ||u, || re(w) = O(1) for any
wCC Q\S, {u,(v)} has a limit for any x € Q\ S while u,|s — +oo
asn — oo.

Case(3){X,} accumulates to +o0o. In this case, u,(xr) — +oo for
all x € QL.

Furthermore, in the Case(2), the limit function ue () = lim, s un(x)
has the form

(1.2) Uso(T) = 647r22G(a:,pi)

=1

where G(z, z) denotes the Green function of A under the Navier bound-
ary condition

13) {A?G(-,z) — 5, in Q,

G(-,2) =AG(-,2) =0 on 0S).

Moreover, the blow up points p; € S must satisfy the following relation

1 m .
(1.4) §VR(p¢) + vaG(pi,pj) =0, (i=1,---,m)
T

where H(x,z) = G(z,2) — g log |z — z|~! denotes the regular part of
G, and R(x) = H(z,x) is the Robin function associated to G.

Note that, if we introduce the function

m times

——
F:OQ"=0Qx---xQ—RU{xoo},

(15)  Fla &)=Y RE)+5 Y G,
=1 1<i,j<m,
i#A]

then the relation (1.4) is just saying that a point (py,- - , pm) wWith p; €
S (1 <i < m)is a critical point of F in ™. The function F is called
the Hamiltonian associated to the problem (1.1). Conversely, some
existence results of the actual multiple-blowing up solutions to (1.1)
are obtained by several authors [1] [3]. In particular, if (p1, -, Pm)
is a nondegenerate critical point of F, then there exists a blowing-up
solutions to (1.1) which blows up exactly at {pi, -+ ,pm} C Q, see
[1]. We are interested in some qualitative properties of the multiple
blowing-up solution u,,.
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In order to state our result in this paper, we need some definitions.
Let {u,} be a sequence of solutions to (1.1) for A = A, satisfying Case
(2) of Proposition 1.1 as n — oo. Let S = {p1,--- ,pm} be a blow up
set of the sequence {u,}. Then we have sufficiently small p > 0 and m
sequences {x! } such that for each p; € S,

o(xh,
as n — oo. Also let v, be the solution to the linearized problem around
u, for n € N:

(1.6)

A?v, = \,e¥rv, in 0,
U = Av, =0 on 0f).

Recall that if (1.6) admits only the trivial solution v,, = 0, the solution
u,, of (1.1) is said nondegenerate. Let 8% be the positive number so that

(5;)4)%6“"(90%) =1
and define the scaled function
O(y) = o0y + ), fory € Be(0)
fort=1,---,m and n € N. Now, our result reads as follows:

Theorem 1.2. Let {u,} be a multiple blowing-up solution sequence to
(1.1) for X\ = X\, whose set of blow up points is S = {p1, -+ ,Pm}. If

(1, ,pm) € Q™ is a nondegenerate critical point of the Hamiltonian
function F, then by choosing a subsequence, we have,
(1.7) o —0 inCp (RY) asn — oo.

The result in Theorem 1.2 strongly suggests that the sequence {u,}
is asymptotically nondegenerate, that is, v, = 0 for all large n € N.
Unfortunately, we do not have the proof of this statement up to now,
and we remain it as a future work. In the final section of this paper,
we include some discussions and remarks on this issue. In this paper
we call the property (1.7) as local asymptotic nondegeneracy of the
multi-bubble solutions {u,} to (1.1).

Asymptotic nondegeneracy results of solutions to the second order
Liouville-Gel’fand problem in two dimension can be found in the papers
by Gladiali-Grossi [4] (one blow-up point case) and Grossi-Ohtsuka-
Suzuki [6], Ohtsuka-Sato-Suzuki [12] (multiple blow-up points case).
However, our fourth order Liouville-Gel’fand problem in four dimen-
sion is quite different from the second order case in several technical
points. One of the main difficulties comes from the fact that the Kelvin
transformation for the biharmonic operator A% does not preserve the
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Navier boundary conditions, and this makes our result weaker than
that for the second order case. In addition, the classification theorem
by C.S. Lin [8] to the limit equation needs more restrictive growth as-
sumption at infinity in our case. Such growth rate for a solution to the
limit equation can be proved by following the argument by Ben Ayed-
El Mehdi-Grossi [2], see Proposition 3.1. We also note that Theorem
1.2 applies to the multiple-blowing up solutions of (1.1) obtained in [1].

2. AN INTEGRAL IDENTITY FOR THE GREEN FUNCTION.

In this section, we prove an integral identity for the Green function
with the Navier boundary condition, which is useful in the later.

First we recall an elementary integration by parts formula for AZ2.
For smooth functions g, h in a smooth subdomain w C €2, we have

2.1) / ((A2g)h — g(Ah)) di = Bay 9. 1],

where

= ()8 20(2) () 0-(3)

Here v = v(x) denotes the unit outer normal at = € dw. We note that
Baw lg,h] = —Baw [h, g] and Bg, [g,h] = 0 if A%g = A%h =0 in w.

Let G = G(z, z) denote the Green function of A% under the Navier
boundary condition in (1.3). We decompose G as

G(Z‘,Z) = N(’Qf - Z|) + H(ZB,Z),
where N (r) = g= logr~! and H(z, z) is the regular part of G.

Proposition 2.1. Fora,b,c € Q andr > 0 small such that B.(a) C
b,c & B,(a) ifb,c # a, put
Iij(a,b,c) = Bap,(a) [Gxi(~,b), sz(-,c)}

for 1 < i,j < 4, where G,,(x,2) = gf (x,2) etc. Then I;; does not
depend on r > 0 small and we have

[Z-j(a b,c)=0, ifa#banda#c

)

Ij(a.a,a) = =3 Ry, (a),
U<a a C) Gaclzj (CL C) Zfa 7é C
Z](a b CL) lexj (CL b) ZfCL 7£ b.

Proof. First, we see that I;;(a,b,c) does not depend on the choice of
r > 0. This is because all functions in the integrand are smooth,

(2.2)
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biharmonic on an annular domain B,,(a) \ By,(a) for 11 > ry and
obviously

B(?Brl (a) [97 h] - Bé‘Br2 (a) [ga h] + Ba(Brl (a)\Br, (a)) [ga h]

= BBBTQ (a) [ga h]

if A2g = A?h=0on B, (a)\ By,(a). Similarly we obtain [;;(a,b, c) =
0 when a # b and a # c because G, (-,b) and G,(-,c) are smooth
biharmonic functions on B, (a) in this case.

We note that for a smooth function h on w, A2G(-, 2) = §, implies

(2.3) h(z) = / G(z,2)A?h(z)dz + Bay [G(+, 2), h(-)]

for 2 € w (the Green’s third identity for A?  see [7] for example).
Therefore

by (@)lme = By () = [ G 2)A%h(a)o + Bow G, (), (1)
Oh the other hand, since wAsz(x, z) = 0y,9., we have
o @ame = [ G )N (a)d + B G 2),h().
Consequently we get ’

(24) Bsg, () [h(-),sz(-,a)] = /B ( )sz(:v,a)AQh(x)da: — hy,(a),

(2.5)  Bop,(a) (G (@), h(-)] = —/B ( )Gxi(xﬁz)AQh(x)dw = hay(a)

for every smooth h. Therefore we get I;;(a,b,a) = —Gy,..(a,b) when

a # b and Ijj(a,a,c) = —Gy,.;(a,c) by inserting h(z) = G, (-,b) to
(2.4) and h(z) = G, (-, ¢) to (2.5), respectively.
When a = b = ¢, we divide I;; as follows:
Lij(a,a,a) = Bop,(a) [N(|z — al)a,, N(|z — al),]
+ Bop,(a) [N(|z — a|)s;, H.,(2,0)] + Bop, () [Ha, (7,0), G, (z,a)] .
Here
BHBT(a) I:le (377 CL), sz (1‘7 (Z):| = _HLBiJEj (CL, a)

from (2.4). On the other hand, it is easy to see that (2.5) (and (2.4)
as well) holds for N(|x — z|) instead of G(x, z). Therefore

Bog, ) [N(lz = b])s,, Hsy(2,0)] = —H,,.,(a, a).
Finally we get
Bop,(a) [N(Jz = al)a;, N(|z = al),] = =Bop, () [N(|7 — a])o,, N(|lz — al)s,] =0
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from simple calculations
1 vi(z) ON(lxr—al),, 1 v(z)

Nl = al)s, = 82 gy ov 872 2
and
ANz —al) =~ AN(Jz —al),, = 520,
OAN(|lz —al)., 3 vi(x)
ov Coor2 ot
where v(z) = = for x € 9B, (a). O

3. ASYMPTOTIC BEHAVIOR OF SOLUTIONS.

We will prove Theorem 1.2 by an argument as in [4] [6]. Since the
result is trivial if v, = 0 for all n large, we assume that the existence
of nontrivial solutions v, to the linearized problem (1.6) for n € N. We
may assume without loss of generality that

||Un||Loo(Q) = ]_
Let 6! be the positive number such that
(3.1) (02 )4\, etn @) = 1

fori =1,---,m and n € N. By the fundamental pointwise estimate
for blowing-up solutions to (1.1) due to [10], we have that ¢’ = o(1) as
n — 00; see Proposition 3.2 and Corollary 3.4 below. Using ¢/, define
the rescaled functions

(3.2) U, (y) = un(Oy + 23) = un(y), v € B (0),
(3.3) (y) = a0y + ),y € Be(0)
around the local maximum x! of u,. Note that @, and ¢!, satisfies
[ A%(y) = ™),y € B (0),
i (y) S @0) =0, ye B (0)

(34) | Qi) >0, yeBL(O)
S, 0 € Wdy = O(1),
\ oh
and
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respectively. By the standard elliptic estimates, we have the conver-
gence (by choosing a subsequence if necessary)
(3.5) it — U, 0 —V' asn— oo
in C}}_(R*) for some U and V*. We see that U satisfies
A?U =€V in R4,
(3.6) U(0) = maxgs U(y) = 0,
Jra €V dy < +o00,
and also V' satisfies
AVi=e"V in RY
Though the proof of this fact is now standard, we give a proof for the

reader’s convenience. Let Bg (0) be the ball of radius R with center at
the origin, and let w,, be the unique solution of

A%w, =™ (< 1) in Bg(0),
wp=Aw, =0 ondBg(0).
By the maximum principle and the elliptic estimates, we have
0<w,<C, 0<-Aw,<C inBg(0)

where C' > 0 is a constant independent of n. Also we have 0 < —Aﬁ; <
Cin Bﬁ(()). Therefore we obtain

0 < —A(@, —w,) <C in By (0)
for n large such that Bg (0) C Bﬁ(o)’ since —A(@!, — w,) is harmonic

in B (0) and —A(@, — w,) = —Aa, on dBg (0). Now, let ¢,, denote
the unique solution of

~A¢, = —A(i, —wy,) > 0in Bg(0), ¢, =0on dBg(0)

and set '

wn:a;_wn_qﬁn-
The maximum principle implies that 0 < ¢, < C in By (0) and 9,
is a non-positive harmonic function on Bpg (0). Hence the Harnack
alternative implies that

(i) ¥, — —oo uniformly on every compact sets on By (0), or
(ii) 1, is bounded in L{2.(Bg (0)) if we choose a subsequence.

loc
However, since 1,,(0) = —w,(0) — ¢,(0) > —2C, the case (i) cannot
happen. Thus a subsequence of 1, is bounded in L{°(Bg(0)) and
since ¢p,w, are uniformly bounded in L*°(Bg (0)) as noticed before,

a subsequence of @', is also bounded in L (Bg(0)) for any R > 0.
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After this fact is established, the standard regularity theory assures
the convergence of @, in Cj (R?*) to some U. Passing to the limit in
(3.4) with the use of Fatou’s lemma, we see that U satisfies (3.6). The
proof for the convergence of ¢/, is similar.

Here, we claim that

Proposition 3.1. There holds

Uyl =o(ly*) as |yl — oo.

Proof. We argue as in the proof of Theorem 1.2 in [2]. See also Lemma
2.2 in [13]. Using a result of C-S. Lin ([8]:Theorem 1.2) applied to a
solution of (3.6), we know that U can be represented by

1 g
= g [ 1os (2 e 42‘” e

4
(3.7) =-4 Z ai(y; — y?)2 —4dalog |yl +co+O(ly|™)

j=1

for some 7 > 0 for |y| large, and

U(z)
(38) AUy = - ﬁ [ oz (‘y ) 82(1]

Where a; > 0, ¢o are constants, y° = (y9,---,y]) € R% and a =
32 = fR4 y)dy Therefore, in order to obtain the desired estimate, it
is enough to prove that a; =0 for all j =1,--- ,4in (3.7), (3.8).

Let

—_— ]- — EZ
Gily,2) = 75ly — = *+Hi(y, 2)

i
Q—x}

denote the Green function of —A on the expanding domain 2, = 5

Since @, satisfies

270 ik s i
Al = e in
u, = Au;, =0 on 082,

we have

—ATL(0) = / G0, 2)e™ P dz.



LOCAL ASYMPTOTIC NONDEGENERACY 9

Fix any R > 0. For n large, we have

__ 1
Gi(0, z)e" Wy < —— / etz
/ﬂa\BRw) AT B2 Ji\Br(0)
<o / Mo < G
AR Jay, ) R

as n — 00. On the other hand, by the estimate

— 1 1
CHi(y,2) < —— |
0< nly:2) < A2 d(y, 00)?

for the regular part of G¢ and d(0,90%) = O(+ 5 ), we have

/ Gi (0, 2)e™ P dy = / e—Zdz + Hi(0, 2)e™ ) dz
Br(0) 472 Jpao) 12l Br(0)

1 eV 19
5-dz +o(1) + O((4;,)7)

- An? BRr(0) 2]

as n — oo. Thus, letting n — oo first and then R — oo, we observe

that
y 1 eU(@) 4
—Aun(()) — m - |Z|2 dZ — _AU<O) - 8 jE:1 CL]-

where the last equality comes from (3.8). Now, since —Au' (0) —
—AU(0) holds by the C}t_(R*) convergence of @’ , we obtain that 2?21 a; =

loc

0, which leads to a; = 0 for all 1 < j < 4. O

By proposition 3.1, we can apply the uniqueness result of U ([§],
Theorem 1.1) to (3.6), then we have

(3.9) U(y) = —4log (1 + %26) :

Also by the nondegeneracy result of U ([10], Lemma 2.6.), we obtain
that V* in (3.5) is written as

o [ 8V6 — Iyl
3.10 lim & =V o (220
610 =V =Y e <8¢6+|y|2

k=1
4
, 10U 1
“Sa (=) sty vU 4
for some a' = (at,--- ,a}) € R* and &’ € R.

Next is the strong pointwise estimate for the blowing-up solutions
obtained by Lin-Wei [10].
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Proposition 3.2. ([10], Theorem 3.1.) For a fized p € (0,1), there

exists a constant C' > 0 independent of i = 1,--- ,m and n € N such
that
(3.11)
eun (@) ,
u, () — log 1| <C  forx e By(x;,)

)\i/2 Loun (%) ;
(1+ pigebe Pl —aip)
holds true.
In terms of @', the above estimate implies

Corollary 3.3. For a fized p € (0,1), there exists a constant C > 0
independent of i,n such that

@, (y) = Uy)| < C  fory € B2 (0).
From this corollary, we have

Corollary 3.4. For anyi = {1,---,m}, there exists a constant C; > 0
such that, if we choose a subsequence of 0}, if necessary, we have

(3.12) 5L = OZ»AE + o0 (AE*L) ;
(3.13) U (2h) = —2log A\, + O(1)
as n — o0.

Proof. Since u, is uniformly bounded for # € OBg (x%) for small R > 0,
we have

eun(@h)
10g AY2 1 (ad) o O(1>
(1 + et R2>

by the sup + inf estimate (3.11). Since

AY2 1ounGh) o)t N —Lun(ad) 4 ALt 5i V-1 p2 !
(1+8\/€e2 R> (6 4tnitn +m(5n) R)

by the relation (3.1), this implies there exist constants ¢, C’ > 0 such

that ¢ < A\i(65)™' < C. Thus we have (3.12) if we choose a subse-
quence. Also, by (3.1) and (3.12), it holds

which implies (3.13). O
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Using above lemmas, we obtain the following key proposition of our
argument. See [6] Lemma 2.1 for the second order Laplacian case.

Proposition 3.5. There exists a subsequence of {v,} and C; > 0 (i =
1,--+,m) such that

A
/\2/4 — 87° ZCa V.G(z,p;), )\11;2 — 872 ZC’a V.AG(z,pi)

in CL, (Q \ Ui, BZP<pi)) holds true. Here a' = (a,--- ,a)) € R* is

as in (3.10).

To prove Proposition 3.5, we adopt the argument used in the proof
of [5, Proposition 6.4]. First we decompose v,, as follows:

U () :/S)G(x,z))\ne“"(z)vn(z)dz

3

= Z G(x, 2)Ape P, (2)dz +/ G(x, 2) A" P, (2)dz
Q\U™ By ()

=1 BP(IZ )

= o+

=1

Also we have Av,(x) =Y 0" Al + Ay, where

M= [ MG NI (e (=1 m),
Bp(wi)

3

Ay :/ ALG(z, 2) e P, (2)dz.
QUL B (a,)

Recall u,, is bounded outside of points py, .., pm, then we derive [[¢00 || @) =
O(A,) and [[AYY || o) = O(A,). Therefore we get

Un Ayy
AL /4 NE

n

(3.14) =0 ()\3/4) =o0(1) and

=0 (N/*) = o(1)

uniformly in €. Here we prove
Proposition 3.6. As n — oo,
Yl (1) = Gz, 257y + 87%a’ - V.G(x,2")d" + o(5?),
AP (2) = AG(z, 2): + 87%a’ - V. ALG(x, 28)d0" + o(6")

as n — 0o holds uniformly for all + € Q\B, (z%) for each i, where

o :/ Ane Py, (2)dz.
By ()
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Proof. For simplicity, we shall omit ¢ in several characters, e.g., x,, as
x! W, as Y ---. Without loss of generality, we may assume p; = 0.
We prove the formula for 1, only since the proof for A, is exactly
the same. Taking sufficiently small € > 0 determined later, we divide
1, into two parts:

() :/ G(z, 2) A" D, (2)dz :/ +/ =: L+,
Bp(xn) Bp(2n)\Be(zn) Be(zn)

Proposition 3.2 implies

(3.15)  0< e < ——° - in B, (z,).
Then it follows that
Cetn(@n)
Ll < / G, 2) . d
Byp(wn)\B- (¢n) (1 4 M ot an)
0/5—4
o 1 e 4
(1+5%%)
for C" = C'sup,cq [, |G(z, z)|dz, and hence
o '’
L] < 1 =0y = 0(0n)

o)
(&14‘%5&1)

if we choose g, = 6F for some k satisfying 21{—% < 0, thatis, 0 < k < %.
Henceforth such £ is fixed.

For every x € Q\B, (x,) and z € B, (z,,), Taylor’s theorem guaran-
tees

G(x,2) = G(z,z,) + V.G(x,2,) - (2 — x) + 82,1, 2 — xp)

with

stz =) =5 3 Gonlwn)(z = )iz a0

1<4,1<4

and n = n(n,z) € B.(x,). Since ¢ = 6¥ — 0 as n — oo, we have
B. (x,) € B, (zy) for n > 1, and hence we can apply this formula to
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I5. Thus
I, = G(m,xn)/ Ane Py, (2)dz

Be(xn)

+ V.G(z,z,) - / (2 — 2p) A" vy, (2)d2

Be (xn)

+ / s(x,1, 2 — Tn) e v, (2)dz
Be(fvn)

=1l 1+ 1o+ I3
Using the estimate of I, we obtain

Iy =Gz, x,) {7+ 0(0) } = G(x, xp) 7y + 0(0n)
since # € Q\B, (r,,). Similarly

Ly =V.G(x,x,) - / 5n5€ﬂ”(2)'6n(2}d5
- (0)

n

by (3.2), where z = == Here /6, = 6k~ — o0 as n — oo since
k< %. Using Corollary 3.3 and (3.5), we can apply the dominated

convergence theorem to obtain

/ Z¢" 95, (2)dz
B (0)

N 1 1. .
— Z; {a -V (——€U> + bdiv (—zeU) } dz = 8772aj
R4 8 4

for j € {1,---,4}, which in turn implies
Ly = 87%a - V.G (z,2,)5, + 0o(6,).
Finally we use

sup |G,z (2,m)|<C < 0
©@B)(0), n€Be (0)
1<k,i<4

for some constant C' independent of ¢ < 1 to estimate

2] = CAn/ |2 — @ Pe @z < Cs&n/ 2] O dz.
Belen) B: (0)

dn

Using Corollary 3.3 and (3.5) again, we assure the following conver-

gence
/ 315 Ogz / 31eV9dz < oo.
Bz (0) R4

Consequently we get I3 = 0(d,,) and the conclusion. O
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Since Bs, (p;) D B, (%) for every i and n > 1, Proposition 3.6 and
Corollary 3.4 imply the following pre-asymptotic formula: As n — oo,

it holds

Zygc +87r2)\420a V.G(x, ;)+0<A2),

=1

Avn( Z%A Gz, oh) + 87Nl ZCa VLALGr, ) + o (M)

uniformly in z € Q\U, By, (p;) and consequently in C* (Q\ U, B, (p:))
from the elliptic regularity theory.

To get the finer asymptotic formula (Proposition 3.5), we need to
show

, 1
(3.16) Yy, =0 ()\;‘z)
for some subsequence. Now we complete the proof of Proposition 3.5.

Proof of Proposition 3.5. We argue by contradiction. If (3.16) does not
hold then there exists i satisfying

1
2

lim sup < 00.
We may assume ¢ = 1 and put
. 1
e ) 7
rp=lim =, (i=2,---,m) and c= lim —.

Without loss of generality we may also assume
l=r2rp2-2ry,=>-1

for some subsequence. Then we get

m

Un(x) — ZriG(l‘apz‘) + 87202 Ciai : VZG(ZL“,]?Z‘),

1
Tn =1 =1

A i m A
v_nl(x) - Z riA,G(z,p;) + 8%202 Cia’ - V. NGz, p;)

Tn i=1 =1

(3.17)

uniformly in z € Q\ U2, By, (p;). We take r > 2p satisfying
By(p) cCQ Br(p)n B () =0 (i#£7)
Since A(z - V) = (z -V +2)A and A%*(z- V) = (- V 4+ 4)A?, we see
w, = (x —p) - Vu, +4



LOCAL ASYMPTOTIC NONDEGENERACY 15

satisfies (1.6) except for the boundary condition where p € R* is arbi-
trary, and Aw, = (z —p) - VAu,, + 2Au,. Thus by Proposition 1.1, we
have

(3.18)
Wy, — (:E —p) -V (647T2ZG(17,]71)> +4,

i=1

i=1 i=1

Aw, — (x —p)-V (647r2 > AxG(x,pi)) +1287° )~ AG(x, p;)

uniformly in z € Q\ U™, By, (p;). Now, taking p = x,,, using (3.17),
(3.18) and Green’s formula again, we get

0= BB, (1) [wn; Un/%ﬂ

— 647T2 Z 7GZB8BT(;71) [(l‘ _pl) : VG(.T,pk), G(xapl)]

k=1

m 4
+5127°C Y > " CialBop, o) [(x — p1) - VG(x,pi), G, (2, p1)]

k=1 i=1
(3.19)
m m 4
+ Z TlBaBr(zn) [47 G(Ql,pl)] + 871-2 Z Z ClaiBaBr(m) [47 GZZ' (x7pl)]
=1 =1 =1
as n — 0.

On the other hand, from the identities (2.3) and (2.4), we obtain

m

ZrlBaBr(m) [4’ G(l‘,pl)] = TlBaBr(;m) [47 G(:L‘,pl)] = —4r,
=1

m 4

4
Z Z Cla’iBaBr(m) [4a Gzl(fl',pl)] = Z Cla’ilBaBr(m) [47 Gzz(l‘,pl)] = 0.

=1 =1 =1

Also, since

1
(x—p1) - VG(z,p) = T3 + (x —p1) - VH(z,p1),
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and (x —p1) - VG(z,py) for k # 1 are biharmonic in B, (p;), we get

m

Z 11 Bap,(p) [(x — 1) - VG(2, pi), G2, p1)]
k=1

[
NE

rlBaBr(pl) [(.T _pl) : VG<$apk)7G(xapl)]

>
Il

1

r
- TlBaBr(pl) [(ZL' - pl) : VG(I7p1)7 G(Iapl)] - 8_7;2

and

m 4
Z Z ClaéBaBr(Pl) [($ - pl) ’ VG(vak)a GZL (‘Tapl)]

k=1 i=1

=> Y Cia/Bop, ) [(x — 1) - VG(, i), G, (,p1)]
=1 =1

m 4 a

- Z ZZ Cm} ox; ((l‘ B pl) . VG(x’pk))’w;m

k=1 =1

m
k .

4 m
= -0 Z a; (Hxi (p1,p1) + Z Gxi<p17pk)>
i=1 k=2
= —Clal . V§1f(p1, tee 7pm> = 07
since (p1,--+ ,pm) is a critical point of the Hamiltonian F; see (1.4).
Therefore, returning to (3.19), we obtain

0=8r+0—-4r+0

which leads to a desired contradiction 1 = r; = 0. Thus we have proved
Proposition 3.5. O

4. PROOF OF THEOREM 1.2.

In this section, we prove Theorem 1.2. We just need to assure that
V% in (3.10) is identically zero. We divide the proof into two steps.

Step 1. First, we prove that all coefficients af (i = 1,---,m, k =
1,--+,4) in (3.10) must be zero. Here we will use the assumption that
(p1,--+ ,pm) € Q™ is a nondegenerate critical point of F.

Fix p; € S and take r > 2p > 0 small such that B,(p;
B.(pj) NS = p,. Differentiating the equation A%u, =
respect to x; (i = 1,--- ,4), we have

A (Up) g, = M€ (Un)z, -

) C Q and
Anetm with

2



LOCAL ASYMPTOTIC NONDEGENERACY 17

Since v, is a solution of A%v, = \,e* v, Green’s formula for A? (2.1)
implies that

0= / (A1) )00 — (1) (A20,)) d = Bog ) (1)1 0]
By (pj)

From Proposition 1.1 (1.2) and elliptic estimates, we have

(4.1) (), — 647° Z Gy, (z,p;),
=1
(4.2) A(up)s, — 647> Y~ AGy, (2, ;)
=1

uniformly on every w CC Q\ 8. By Proposition 3.5, (4.1) and (4.2),
we have

(4.3)
m m 4
0= Bop, ) [(tn)a, va/A/*] — 5127 Z Z Z Ciay Liir (pj, prs 1)
k=1 I=1 i'=1

where [;;(a,b, c) is defined in Proposition 2.1. By Proposition 2.1, we
obtain

m wﬂ/ p] Z leac/ pjapk (] = l)v
lez’ pjup/ﬁpl 1<lcl;<jm
k=1 _Gxizi/ (pj7pl)a (.] 7& l)

In other words,

Iu’papap —fgaagm

; e 9(&;)i0(&1) & ) (€1, &m)
for any 4,7’ € {1,2,3,4}, where F is the Hamiltonian function in (1.5).
Note that C; > 0in (4.3). Also by our assumption, (HessF)(p1, - , Pm)
is invertible. Thus we obtain all a}, = 0 for any [ = 1,--- ,m and
i'=1,---,4 from (4.3).

Step 2. Next, we prove b’ =0 foralli=1,--- ,m. Fixi e {1,--- ,m}

and choose r > 0 small such that B,(z]) CC Q. By Green’s formula
(2.1) on B, (%), we have

/ o) ((A%up)vn — un(A%0,)) dz = Byp, (a1,) [tn, Un]
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The RHS is O(/\,l/4) = o(1) by Proposition 1.1 and Proposition 3.5.
The LHS is

/ ()\ne“”vn — A€ U (U, — up(2h)) — )\ne“”vnun(a:fl)) dx
BT'(J:;:L)

By (z%) B (z})

=(1- un(:ﬁn))/ A€ vpdr — / ea%f);ﬂ;dy.
Br(z}) Bz (0)

Sn

Note that

dAv,
/ A€, dr :/ A*v,dz :/ U O\
Bo(a) Byt 0B, (i) OV

by Proposition 3.5. On the other hand, by Corollary 3.4 (3.13), we
have

(1-— un(x;))/ A€o, dr = (—2log A, + O(1))o(AY*) = o(1).
Br(z3,)

Finally,

/ ea;ﬁiﬂidy — UVidy = 6472
B (0) R4
Sn

by (3.9) and (3.10). All together, we conclude b = 0 for all i =
1,-- m. 0

5. SOME DISCUSSIONS ABOUT THE ASYMPTOTIC NONDEGENERACY.

In order to prove the asymptotic nondegeneracy of the multi-bubble
solutions u,, that is, the solution v, to (1.6) satisfies v, = 0 for all
n € N large, one of the possible way of arguments is as follows.

Assume that there would exist non trivial solutions v,, of (1.6) for
large n € N. Since we have assured Theorem 1.2, it suffices to derive
some contradiction from the fact V* = 0. The next lemma is obtained
easily.

Lemma 5.1. We have
v, — 0, Av, —0
locally uniformly on Q\ S.

Proof. Since A\,e"» — 0 locally uniformly on Q\ S and ||[v, ||z (o) = 1,
the elliptic regularity implies that there exists U, such that, if we
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choose a subsequence, Av,, — Ty, locally uniformly in Q \ S and U, is
a solution of
AT =0in Q\'S, Ty = 0 0n 0.

Thus Ts = 0 on Q, because S is a set of finite points which are neg-

ligible. Again elliptic regularity implies v,, — 0. Since the limits are

unique, above convergences hold for the full sequence. O
Since Lemma 5.1 holds, it is sufficient to show

(5.1) v, — 0 uniformly in B, (p;)

for each 7 to obtain the desired result, where 0 < r < 1. In the sequel,
we abbreviate ¢ in several characters and assume p; = 0 as before.
By Theorem 1.2, we have already obtained

(5.2) ¥, — 0 local uniformly in R*.
Therefore suppose (5.1) does not hold. Then we get

limsup max |v,(z)| =M > 0,
n—oo x€B,(0)

and therefore, up to subsequences (denoted by the same symbol), we
have 7, € Br (0) such that

0,(Z,)| = max |v,| = M, |z,] — cc.
z€B;(0)

Now, we take the Kelvin transformed functions

i (2) = (p%)  on(2) = B (#) ,

which satisfy the equation
A2, (2) = |2|Beind, for z € (B%(O)) .
Note that

(5.3) Ty 1= EAE
Next we take the unique solution w, of the following problem:
8 : Y
N
w, = Aw, =0 on dB; (0).
Using Proposition 3.11, we get
0 < |z 8™ < C < o0

— 0, 0p(2,) = Up(zp) — M.
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in By (0) \m, where C' is a constant independent of n. On the
other hand, 0, (x) — 0 for every = € B, (0) \{0} by (5.2), therefore,
[ Fallzr(Broyy — O for each p & [1,00)
by the dominated convergence theorem. Consequently,
(5.4) w, and Aw, — 0 uniformly in B (0)

follows from the elliptic regularity. We also take the unique solution
¢, of the problem

0, in Bs, (0
¢n =0 on 0B (0).
The elliptic regularity theory guarantees

(5.5) [@nl oo (Br0)) < ClIA(Dn — wn)l

\Ba (0),
),

i (pa0)

Note that A(9, — w,) is harmonic in By (0) \Bs, (0). Therefore the
maximum principle gives

A ﬁn — Wp . (N
1A( M, (510055, @)
< A0 = wn) || @81 (0)) + [ A0n —wa)] (075, )
< At @B 0)) + 1A (335 (0)> +lAwnll (335 (0)>’

0B, (0)

n
T

where ||Awn||Loo( ) = o(1). Since

As0n(2) = [yl"Ayn(y) — 4yl (y - V4)Tn(y),
for y = z/|z|?, we get

1A o n0) = 1AT(w) — 4@ - V)T )l Lm0y = 0(1)

from (5.2).

Assume for the moment that
5.6 AD, =o(1
(5.6) 13600 (1, ) = )

as n — oo0. Then we can get the desired contradiction as follows: The
estimates (5.5) and (5.6) imply

(5.7) [@nllLo (10 = o(1)-
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Now we consider the difference v,, — w,, — ¢,,. This function is harmonic

on By (0)\Bs, (0), so the maximum principle guarantees

Ion =00 = Ol ey 0,5,)

< ||y, — wy, — % U = Wn =
< |[On — wy = Gnll Lo @81 (0)) + |00 — wh ¢nHL°°<3Ba(0))

< [|9nll 081 (0))
+ ”UnHLoo (BB(;LL(O)) + Hwn”Loo (8B@(0)) + ”(anLoo(aBén(O))

where the estimates
|90l 2o 081 (0)) = [[Vn | 2= (08, (0)) = 0(1),

| ||LOO(BB§ (0)) | ||Lw(8362(0)) [vallLe< @8, (za)) = 0(1)

n
T

follow by (5.2) and Lemma 5.1. Hence it follows that

1940 (5, 0055,

< n o0 + n o + @n — Wy — Pp _—
< Nwnllzee i) + @nll Lo Bi0)) + || nll . (Bl(m\BLn(m)
= 2[|fnl| (51 (o)) + 0(1) = 0(1)
by (5.4) and (5.7), which contradicts to (5.3).
However, an easy way of estimation using Proposition 3.5 can only
provide

Ab
| vnHLw@Bé "

n
T

)= 1(r/00) Ay Bu(y) — 4(/00)*(y - V)T W)l _ (02 )

< (r"/03) 1Al L (9B, (o) + (47%/07) (@ - V)| @5, (2)
= 0(1/6,),
which is far from the needed decay (5.6).

Another possible way to obtain the asymptotic nondegeneracy is to
refine Proposition 3.5. This will be a future subject.
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