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Abstract

What is a K3 surface? I'd try to answer you about this question.
In the end, you shall find that K3 surfaces popping up everywhere,
and that they have many characters and aspects in geometry. I hope
that you’d get acknowledged and familier with, and interested in K3’s
so as to discover something in common with your own interests and
to find what we can do. One may consult [2] as to results for surfaces.

First Talk : 1 define K3 surface as a 2-dimensional version of el-
liptic curve that is also regarded as Riemannian surface of genus one.
Then we explore several areas (differential and algebraic geometry,
topology, differential equation, math.physics) in which K3 surfaces
play important roles. Lastly, I introduce Torelli-type theorem that is
fundamental and important for study of K3 surfaces because it inter-
prets the geometry of K3 into the study of lattices.

Second Talk : It is necessary to study algebraic and transcendental
parts of K3 surfaces in complex algebraic geometry. I introduce the
Picard lattices as algebraic part, and the Hodge decomposition as
transcendental. Finally, I relate them to the Torelli-type theorem.

Third Talk : In the third and last talk of the series, I introduce
an example of study of K3 surfaces. Elliptic curves have projective
model as the smooth cubic curve in P2, whilst K3 surfaces are realized
as smooth quartic surfaces in P3. I often deal with its generalization:
hypersurfaces as anticanonical divisors in Fano 3-folds. 1 discuss such
K3 surfaces together with the Picard lattices.

Acknowledgement The author would like to thank Professor Ohnita for
giving an opportunity of a series of talks, and to Professor Kobayashi for
useful comments.



1 Definition of a K3 surface

Introductory example

~  C/(Z®TZ) (rem)
Torus = Riemannian surface

of genus 1 FT =7 ® TZ

» &7

R

Here H:={zeC|J2>0} isthe upper half plane.

As is well-known, a torus is topologically isomorphic to C/I',. Define the
Weierstrass o-function p(z) on the lattice C/T'; by
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— 2 + Z ( w)2 w2> :
wel,\{0}

©(2) has poles of degree two on I';, and is regular at other points. (It is easy
to verify that this function is well-defined on C/I';.)
Define a function ¢ on C/T'; by

p: C/T, — C ; z — (1, 9(2), ¢(2)).

y? = 423 — gox — 93, where

1
D S
wel'7\ {0} wel'-\{0}
The n-dimensional projective space P" is defined to be a quotient space
P .= (C"“\{O}/ ~, where (xq, T1, ..., Zy)

if there exists A € C*

= Imp=<(z,y) € C?

~ (Yo, Y1, - -, yn) € C"\{0}

= C\{0} such that (yo, y1, ---,Yn) = M@0, T1, ..., Tp).



A point in P" is denoted by (x¢ : x1 : ... : z,). The n-dimensional projective
space is covered by n + 1 affine spaces : P" = J;_, U;, where

Zo T,

Uiz{(:ﬂole:---:xn)EIP)”|:EZ~7£0}:{(—:---:1:---:—> GIP’”}:(C".

X X

Homogenise the equation y? = 423 — g,z — g3 by setting x =
and we get a homogeneous equation

E. Y72 =4X3 — X 7% — 323
whose set E,of zero-points are defined on P?. Now the set E. is

e an algebraic curve on P? (= algebraic plane curve), because it has a
defining polynomial.

e smooth, because the defining polynomial F, := Y?Z —4X3? + o X 7% +

3 anti OF. OF, 0F;
g3Z° satisfies (FT, 5> B az) # 0.

e cubic, because F. is homogeneously of degree three.

Definition 1.1 A smooth algebraic plane cubic curve is called an elliptic
curve.

Alternatively, an elliptic curve is defined as a smooth algebraic curve of
genus one.

The complex number 7 € H is called the period of an elliptic curve E..
Via the period 7 € H, there is a one-to-one correspondence

{ellipric curves E.}/isom <> SL(2,Z)\H (+» {I';}) .

Remark 1.1 More precisely, define the j-invariant j(E) for an elliptic curve
E:y® =1~ gox — g3 by

9

J(F) = 1728 .
(B) g3 — 273

Since g, and g3 only depend on the period, so does the j-invariant.
The j-invariant is a holomorphic invariant of elliptic curves. For instance

j=0:E=(Y2Z=X3—2%, and Aut(E) = Z/6Z.
= 1728 : F = (Y2Z = X% — X2?), and Aut(E) = Z/4Z.
j#0, 1728 : Aut(E;) = Z/27Z.



These examples are defined over an algebraically-closed field of any charac-
teristic save 2 and 3.

An algebraic variety is a pair V = (X, Ox) of a topological space X
in Zariski topology, and a sheaf Oy of holomorphic functions on X. For a
nonsingular algebraic variety V of dimension n, a line bundle £ — X with
a section s : X — & defines a (Weil) divisor D on V by D = (s = 0). Two
divisors D and D’ are linearly equivalent denoting D ~ D’ if there exists a
nonzero holomorphic function f on V' such that D" = D+ (f). The canonical
divisor Ky of V is the linear equivalence class of a divisor associated to a line
bundle A" T}, where Ty is the holomorphic tangent bundle on V. Divisors
form an Abelian group with zero element 0. A divisor D is described as a
formal sum : D = > a;D;, where a; € Z and D; is an irreducible subvariety
of codimension one in V.

Definition 1.2 A nonzero divisor D is effective denoted by D > 0, if the
coefficients a; > 0 for all i. For a divisor E, define the complete linear
system |E| to be a set of effective divisors that are linearly equivalent to E.

( Property of elliptic curves )
The canonical divisor Kg, of an elliptic curve E; is trivial : Kg_ ~ 0.

If the algebraic variety V' has at most Gorenstein singularities, then, V'
admits the canonical divisor. For the anticanonical divisor —Ky of V', the
linear system |—Ky| is called the anticanonical linear system, and its ele-
ments anticanonical members.

Fact ([6] §II-5 and 6)

(1) The principal divisor (f) of a function f on V is defined to be the
sum of zero- (f)o and polar- (f)s loci of f.

(2) An algebraic variety being covered by affine varieties U;, a Cartier
divisor D on V is locally a Weil divisor on each U;: D|y, = (f; = 0)
with a function f; € Ox(U;) on U; for each i. If V is nonsingular,
Cartier and Weil divisor coincide.

(3)  An Ox-module £(D) such that £(D)(U;) = Ox
sheaf associated to D.

(4) In general, a rank-n vector bundle 7 : £ — X on V defines a set
S(€) = {s: X — &} of sections, which in fact turns to one-to-one
correspond to a rank-n locally free sheaf by £/ = S(€). In particular,
a line bundle is associated to an invertible sheaf.

(5) Adding up (3) and (4), we occasionally identify Cartier divisors, in-
vertible sheaves, and line bundles.
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We define K3 surface as a 2-dimensional analogy of elliptic curve.

Definition 1.3 Let S be a compact complexr connected 2-dimensional alge-
braic variety. S s called a K3 surface if S is smooth, the canonical divisor
is trivial : Kg ~ 0, and irregularity is zero : h'(Og) = 0.

( Properties of K3 surfaces ) Let S be a K3 surface.
0°) (¢) S is simply-connected.
(i7) There exists a nowhere-vanishing holomorphic 2-form wg on S such
that H*%(S) = Cuwg.
(24i) There is no obstruction in deforming K3 surfaces.
1°) Any K3 surface is diffeomorphic to a smooth quartic hypersurface in P3.
Every K3 surface admits a Kéahler form [15].
2°) Denote by h?? := dim¢ HP%(S) the dimension of HP4(S).
The Hodge diamond of a K3 surface is given as

1
0 0
1 20 1
0 0
1

3°) Introduction of Gorenstein K3 surfaces

Definition 1.4 Let F' = (f,0) be a germ of singularity, i.e., (f = 0) defines
a singularity at 0 in C3.
(1) F is of type A, (n > 1) if
f — $2 _|_y2_+_zn-§—17
(2) F is of type D, (n > 4) if
f=a*+y*z+2"
(3) F is of type
Eg if f=a%+vy>+ 24,
E; if f=a%+y>+yz,
Eg if f=a+y>+ 25,

after an appropriate transformation.

Remark 1.2 This is the full list of rational double points on a surface, and
we have identifications
rational double point (RDP) < canonical < rational Gorenstein < ADE.

b}



D (029 :>I - - @ represents a smooth rational curve
(n—3)-times

@—@ represents two smooth rational curves

Es H—I—‘—‘ intersect at one point
E7 —o I o—o—o
Es —eo I o—o oo

Figure 1: Dynkin diagrams of desingularisation of ADFE singularities

Let S be a compact complex connected 2-dimensional algebraic variety
with at most ADFE singularities. A resolution of singularities (= desingular-
isation) is a birational morphism

$:8— 8
with S being a smooth surface. By adjunction formula, we get

with a; > 0 since ADE are canonical, and E;’s are exceptional curves. The
resolution ¢ is called crepant if the coefficients a; are zero for all .

Theorem 1.1 There exists a crepant resolution of ADE singularities of S.

If S satisfies Kg ~ 0, and h'(Og) = 0, then, since properties of cohomol-
ogy groups are birational-invariant, we have h'(Og) = h'(Og) = 0, and by
crepant-ness, we have Kz = ¢*Kg ~ ¢*0 = 0. Thus, the smooth model S of
S, which is unique when it exists, is a K3 surface.

Definition 1.5 The surface S is called a Gorenstein K3 surface if S has at
most ADE singularities, Ks ~ 0, and h*(Og) = 0.

4°) Let S be a K3 surface and 71,79, . . ., Y22 be a generator of H3(S,Z), and
ws € H*(S) be a nowhere-vanishing holomorphic 2-form on S so that we
can consider the period point

5y ([ s [Lasss [ o) em

6



The point p = p(S) satisfies (p,p) =0, (p,p) > 0. In fact,

= {p c p* | (p,p) =0, (p,p) > 0}

is the moduli space of K3 surfaces.
Now let us consider a one-parameter family {5, }.cc of K3 surfaces with

zmw:mwz(mew:AMw@:~~me@06W¥

The period points of the family {S,}.cc satisfy the Picard-Fuchs differential
equation as is explained below following [12].
Let v;(z) be a 22-dimensional vector defined as

&’ d’ &’
v@:%f/wm—J w@). s | WQ
’ d2? Jo (2 dz? (2 A2 Jopa(z)

and

di(z) = dimc (Span{vo(z), vi(2),...,v;(2)}) < 22.
Hence for j > 21, vectors vg(2), vi(2),...,v;(z) are linearly dependent.
Therefore there exists a number s such that vs(2) € Span{vg(z), v1(2),...,vs-1(2)},

more precisely, there exist functions C;(z) in z such that

s—1

vs(z) = Y =Cj(2)v;(2).

j=0

This means the period point p(z) satisfies a differential equation

() + Y G5 (pa) =0

Thus p(z) is a solution of

ds s—1 dj
() ) F(z) =
(5 S awis ) ro-o

which is called the Picard-Fuchs differential equation. Determining the coef-
ficient functions C}(2) is a chief problem (e.g. for toric hypersurfaces [4]).
5°) Study of automorphism groups of K3 surfaces is now applied to dynamic
systems (e.g. [1]), as well as moduli problem.

6°) Mirror symmetry from mathematical sciences requires an interchange of
invariants of families {(S., k(2))}. of K3’s together with K&hler forms and
of {(St, w(t))}+ of K3’s with complex structures.
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2 Fundamental theorem for K3 surfaces: Torelli-
type theorem

The aim of this section is to explain the statement of following theorem.

Theorem 2.1 (Pjateckii-Sapiro & Safarevic [13]) There exists an iso-
morphism f : S — 5" of K3 surfaces if and only if there exists an effective
Hodge isometry ¢ : H*(S',Z) — H?*(S,Z). Moreover, we have f* = ¢.

2.1 H?-, Picard, and Transcendental lattices

Definition 2.1 (1) A lattice is a pair (L,{,)) of a finitely-generated free
Z-module L and a symmetric bilinear form (, ) : L X L — Z called pairing.
(2) Two lattices (L,{, )r) and (L',{, )r/) are isometric if there exists an
isomorphism ¢ : L — L' of Z-modules which preserves the pairings, that is,

(p(x), p(y))r = (x, y)r for all x,y € L.

For a K3 surface S, there exists an intersection pairing
(,):H*S,Z) x H*S,Z) — 7Z

on the second cohomology group, which installs a pair (H*(S,Z), (, )) a struc-
ture of lattice. It is known that (H?(S,Z), (, )) is an even unimodular lattice
of rank 22 with signature (3, 19), thus by a general theory of Z-modules, this
is isometric to a lattice A := U3 @ E2, called the K3 lattice,where U is the
hyperbolic lattice, and Ejg is the negative-definite even unimodular lattice of
rank 8 whose intersection matrix is associated to the Dynkin diagram of type
FEg. We call the lattice (H*(S,Z), (, )) the H*-lattice of S.
By a standard exact sequence of sheaves

0—>7Z— 05— 05—0
we get an exact sequence of cohomology groups as
- H'(S,05) — HY(S,0%) — H*(S,Z) --» .
By definition, H'(S,Og) = 0 thus we get an inclusion mapping
¢ H'(S,0%) — H*(S,Z).

Definition 2.2 The group H'(S,0%) of linear equivalence classes of in-
vertible sheaves on S is called the Picard group, and the lattice NS(S) :=
H'(S,0%)/ker(c1) of algebraically-equivalent classes of invertible sheaves on
S 1s called the Néron-Severi lattice.



By the inclusion ¢, we can install a structure of lattice into H*(S, O%)
induced from that of H?(S,Z). Moreover, in case of K3 surfaces, the fact
ker(c;) = 0 leads that the lattices Pic(S) := (H'(S,0%), (,)) and NS(S)
coincide. Note also that more precise description of NS(.S) as a sublattice of
H?*(S,Z) is given as follows.

Theorem 2.2 (Lefschetz’s Theorem on (1, 1)-classes) For a compact sur-
face V', the image of the Picard group by c; is equal to c;(HY (V))NH?*(V,Z).
In other words, c¢;(H'(V,0%;)) consists of classes represented by real closed
(1,1)-forms of algebraic coefficient.

Therefore, the Néron-Severi lattice of a K3 surface is also presented as a
sublattice NS(S) = ¢, (H"'(S)) N H*(S,Z) of H*(S,Z).

Definition 2.3 The lattice Pic(S) is called the Picard lattice of S, and the
rank of the Picard lattice the Picard number and is denoted by p(S).

Remark 2.1 1) The Picard lattice Pic(S) of a K3 surface S is primitively
embedded into H?(S,Z). The signature is sgn Pic(S) = (1, p(S) — 1) since
the first Betti number b;(S) = 0 is even, and by using signature theorem.

2) A compact complex surface V' is projective iff there exists a line bundle
D on V such that ¢;(D)? > 0.

3) If a K3 surface S is algebraic, we have 1 < p(S) < 22. Moreover if S is
complex, we have 1 < p(S) < 20. In case S is defined over an algebraically-
closed field of positive characteristic, we may have p(S) = 21, 22.

4) Tt is a very delicate problem to tell the difference between cohomology
groups H'(O*) and H"! in general. We once again strongly remark that in
case of K3 surfaces, we have the identity

(H'(S,0%), (, ) = 1 (HY(S)) VH*(S, Z)
of lattices (see Figure 2).

Definition 2.4 The orthogonal complement of the Picard lattice of a K3
surface in the H?-lattice is called the transcendental lattice:

T(S) := Pic(S)* ¢ H*(S,7Z).

Roughly speaking, Pic(S) shows algebraic side of S, whilst T'(.S) does
transcendental part of S, so that Pic(S) and T'(S) together give the whole
geometry of S.



Let L:=7 < (1) ) +7Z ( (1) ) be a rank-2 lattice. L = {34}

RN
Let V=R ( i]) ) be a vector space which is embedded into R? = R ( (1) ) +R < (1) >

(1) Ifp,q €Q, then, V N L is of rank 1. (2) Iftpor ¢ € Q, then, VN L ={0} is of rank 0.
The case of p=1,¢ =2, VN L = {#5} The case of p =1, ¢ = /2, the line y = V2z
intersects at the only lattice point (0,0) =»¥»

Y
Y

y =2z

Figure 2: A toy model of the embedding ¢, : H(S, O%) — H?(S,Z)

2.2 Hodge decomposition

Definition 2.5 Let S be a K3 surface. A subcone C& of the cone
Cs:={x € H"'(S)|(z,z) > 0}

in H1(S) is called the positive cone of S if C& contains Kahler classes .

Let S be a K3 surface. Owing to the fact that S is complex, there exists
a Hodge decomposition

H?*(S,C) = H*°(S) @ H"'(S) @ H"*(S),

where H%?(S) = H20(S).

Definition 2.6 Let S and S’ be K3 surfaces.

(1) An isometry ¢ : H*(S,Z) — H?(S',Z) is called Hodge isometry if the
C-extension ¢c : H*(S,C) — H*(S',C) preserves the Hodge decompositions.
(2)  An isometry ¢ : H*(S,Z) — H?*(S',Z) is called effective if ¢ preserves
effective classes.

2.3 Surjectivity of the period mapping

With a fixed marking H*(S,Z) = A, let us call a map p: S — p(S) € Q the
period mapping.
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Theorem 2.3 The period mapping is surjective.

It is known that there exists a universal family of marked K3 surfaces
that are parametrised by a non-Hausdorff space of dimension 20.

For a sublattice L C A of signature (1,t), a L-polarised K3 surface is
defined to be a K3 surface S with a marking ¢ : H?(S,Z) = A such that
¢~ (L) consists of divisors on S. The period domain Dy, of L-polarised K3
surfaces is described as Dy = Q2°'/O(A, L), where

O L) :={geON)|gl,=id}, B =\ ] HinQy,

deA
Ap:={deL|d®=-2}, Hy:=d",
Qp:={w] € Q|(w], ) =0VieL}.
Summary
0+#we H*°(S) c HYY(S)+
+ ~ period € 2
Y15 Y2y -+ Y22 € H3(S,Z)
Surjectivity of the period mapping Slogan
+ ~ | Study of K3 surfaces is reduced to
Torelli-type theorem a study of Lattices !

3 How to study K3 surfaces — an example

Definition 3.1 Let X be an 3-dimensional algebraic variety with at most
Gorenstein singularities. X is called a Fano 3-fold if the anticanonical divisor
—Kx is ample, that is, —Kx.C' > 0 and (—Kx)? > 0 for all effective divisors
C on X.

Fact Let X be a smooth Fano 3-fold, and S € |—Kx| be general. Then,

(i) h'(Os) = h'(—Kx+ Kx)=0 by Kodaira vanishing, — Ky being ample.
(il) Kg = (Kx+9)|s by adjunction formula

= (Kx+ (=Kx))|s=0 since S ~ —Kx.
(iil) S is smooth by Sokurov [16].

Therefore general anticanonical member of X is a K3 surface.
Examples
1°) X =P3, S: smooth quartic surface in X = S is K3.
2°) X = smooth Fano 3-fold, S € |-Kx]| is general = S is K3.
c.f. Smooth Fano 3-folds are classified by Mori and Mukai [10][11] if the
second Betti number By > 2, and by Iskovskih [8][9] in case By = 1.
3°) A quadruple (ag, a1, as, az) of positive integers is called well-posed if
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(i) 1 <ag <ar <ay <ag, and
(i) ged(aq, aj, ax) =1(0<4,5,k <3).

For a well-posed quadruple a = (ag, a1, as, a3), set d := ag+ay + as + as,
and define the weighted projective space P(a) = P(ag, aq, as, az) of weight
(ag, a1, as, az) as follows:

P(a) := (C4\{O}/ ~y, where

(o, 21, T2, 23) ~w (Yo, Y1,Y2,y3) < there exists A € C* such that
(y07 Y1, Y2, ?JB) - (/\aOIO, )\all'l, )\a2x2, )\a3$3).

Let (xg : @1 : x5 : x3) be a coordinate of P(a), then it means that the weight
of z; is a; (1 = 0,1,2,3).

Any anticanonical member in a weighted projective space X = P(a) of
weight a = (ag, a1, az, ag) is a hypersurface of weighted degree d.

Theorem 3.1 General anticanonical member in P(a) is a Gorenstein K3
surface if and only if the weight a is one of those in a list of 95 weights
classified by Reid and Iano-Fletcher, and Yonemura.

Remark 3.1 Yonemura [17] is in a relation with simple K3 singularities
which is an analogue of simple elliptic singularities that are identified with
Tpqr With -+ 24 1 = 1. Reid ((4.1), (4.5) [14]) and Iano-Fletcher [7]
are by combinatorically interpreting conditions that a hypersurface to have
canonical singularities.

We call the list in this theorem the list of 95, and weighted K3 surfaces
for (Gorenstein) K3 surfaces in the weighted projective spaces. Using the
fact that all the weighted projective spaces are toric, one may study families
of weighted K3 surfaces.

Definition 3.2 Let a = (ag, a1, a2, az) be a weight out of the list of 95.
Define the full Newton polytope of degree d in P(a) as

3
Yio@m; =0 and

Pp— 4 3

Remark 3.2 Let (2o : 1 : x2 : x3) be a global coordinate system of P(a),

. mh m, ml m! . .
thus a monomial x, °x; *x, 22, ° of weighted degree d satisfies
0 Ly Lo Ty

agmg + aym} + agmy + agmy = d, and m; > 0 for all i =0, 1,2, 3.
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Since d = ag + a; + as + a3, we have
ao(my — 1) + ar(my — 1) + az(mj — 1) + az(mj — 1) = 0.
Thus (m{ — 1, m{ — 1, m5 — 1, mj — 1) is a lattice point in A,,q).

The full Newton polytope of degree d in P(a) of weight a in the list of 95
is characterised to be reflexive.

Definition 3.3 [3] Let M ~ 732 be a lattice of rank 3, and N := Homgz(M, Z)

be its dual lattice with respect to a natural pairing
(,y: M xN —Z.

(1) Let A C M ® R be an 3-dimensional integral convex polytope such that
the origin 0 is in the interior of A. Define the polar dual polytope of A as

A" ={ye NoR|(x,y) > —1for allx € A}.

(2) Let A be a polytope as in (1). A is called reflexive if the origin 0 is the
only lattice point in the interior of A.

Theorem 3.2 [3] Polar duality preserves the reflexivity.

The dual of an edge I" of A is an edge I'* of A*, and the dual of a face F’
of A is a vertex v := F™ of A*.

Denote by F, the family of weighted K3 surfaces in the weighted projec-
tive space P(a). We call a member S € F, generic if the Picard number p(S)

of the smooth model S of S is equal to that of the smooth model P(a) of the

projective space P(a). Denote by Pic(F,) := Pic(S) the Picard lattice of the
family F,, and the Picard number p(a) := p(5).
Facts (1) The Picard number p(a) is computed in two ways:

p(a) = 22—t {lattice points on edges of A} + 1

- >ooormrI) + > Urt) =3, where

I edge of A(.q) I edge of A(q.q)
(') = t{lattice points in the interior of I'},
I*(I') = t{lattice points in the interior of I'*},
I(T*) = t{lattice points in T'}.

(2) A vertex v of A, defines a toric divisor D, := orb (Rxov), which is a
smooth curve in X. The dual v* of v is a face F' in A(4q), and the genus of

13



D, is given as ¢g(D,) = I*(F), and D?|_g, = 2I*(F) — 2.

(3) (see also [5]) Suppose for an edge I' of A(4q), we have n = [*(I'*), and
m = [*(I'). Then there is a singularity of type A, of multiplicity m + 1.
More precisely, if I' = F'N F’ with faces F' and F’, which is always true in
our case, then there exists a singularity of type A,, of multiplicity m-+1 on the
intersection of D, and D,,. Thus the dual graph of resolution of singularity
is shown in Figure 3.

n-times

Figure 3: The dual graph of resolution of singularity
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EXAMPLE.

) 19 + 12m3 =
Anssizey = Conv {(’ITI,U.TTM.TTIQ.Tn/g) ezt mo + 3 +8my + 12ms =0 }

m; > —1(i=0,1,2,3)
Conv {(=1,—1,—1,1), (23,—1,—1,—1), (=1, 7,1, —1), (=1, —1,2,—1)}
C()Ilv{(—l,—l,l). (—1,-1,-1), (7,-1,-1), (—1,2,—1)}

(—-1,-1,1)

(-1,2,-1)

F3

(7,-1,-1)

Ali81221 = Conv {m* ="(my,mi,mj,my) € Z'|{x,m*) > =1 for all © € Agzgiz01)}

R BANOE)]

-3
vy = -8
—12

6 6
p(1,3,8,12) = > I'(T)I(T}) + (Z l(F:)—3>
=1 i=1
= 1-0+1-24+0-3+7-04+0-0+2-0+(9—3)
= 2+6=8.

F(I'3) =3 & 1*(I's) =0 : As-sing of mult 1 on Dy, N D,, N (—Kp1,38,12))
FI3) =2 & I*(I';) =1 : As-sing of mult 2 on D,, N Dy, N (—Kp(1,35,12))
l*(Fl) =1 . Dzzzl‘*KP<1,3,s,12) =2-1-2=0

~ there exists an elliptic fibration.
The dual graph is as follows:
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s (0)
o—© /9 )
D, (‘ D.,
section
general fibre

Therefore, PiC(F(l’:;’g’lg)) = E6 D U.
EXAMPLE.

B o] mo + 2my + 5my + Tmg =0\ (0,—1,—1,1), (14,—1,—1,-1), (=1,3,—1,0),
A5 = COHV{("lO’ml’mz’mf‘) €L > ~1(i=0,1,2,3) = Conv (0,6,—1,—1), (=1,4,0,—1), (=1, -1,2,—1)

= Conv{(~1,-1,1), (=1,—1,-1), (3,-1,0), (6,—1,-1), (4,0, 1), (—1,2, 1)}

p(1,2,57) = Y (D)) + <Z z<r:)—3>

= 1-040:-240-340-04+0-04+0-04+6-04+0-0+0-0+ (11 —3)

= 0+8=28.
F(I3) =2 & 1*(I'y) =0 : Ay-sing of mult 1 on Dy, N Dy, N (—=Kpa257))
I3 =3 & I*(I's) =0 : Ag-sing of mult 1 on Dy, N Dy, N (=Kp1,25,7))
F(FY) =1 o.D2| kpposn =2-1-2=0

~ there exists an elliptic fibration.
The dual graph is as follows:
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s (0)

o—© /,o /@

D,, D,,
section

general fibre

Therefore, Pic(F1257) = £ ® U.

( Observations )
(1) PiC(‘/_"(Lg,g’lg)) >~ PiC(F(1,275,7)) =U® EG.
(2) Polytopes A1 381224y and Ay o 57,15 have several vertices in common.

Final Problem Is there any correspondence between general members in
F1,3812) and Fa,257) ?
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