LYAPUNOV INEQUALITY FOR AN ELLIPTIC PROBLEM
WITH THE ROBIN BOUNDARY CONDITION

MASATO HASHIZUME AND FUTOSHI TAKAHASHI

ABSTRACT. In this paper, we study the L?-Lyapunov type inequalities
for quasi-linear elliptic problems with the Robin boundary conditions,
in which the principal part of the equation is p-Laplacian operator. Sim-
ilar problems have been considered by several authors for linear elliptic
problems with the Dirichlet or Neumann boundary conditions. We show
that the critical value of the problem is (N —1)/(p — 1), where N is the
dimension of the domain. We reveal the relation between this criti-
cal value and the critical exponent p. of the trace Sobolev embedding.
WhP(Q) — LP*(09).

1. INTRODUCTION.

The famous Lyapunov inequality in the theory of ordinary differential
equations states the following: For a given function a = a(z) € C([b,c]) on
the interval [b, ¢] C R, consider the problem

y'(x) +a(@)y(x) =0, xz€(bec), yb)=yl)=0, (1.1)
and put Ag = {a € C([b,]) : (1.1) has a nontrivial solution}. Then it holds

that
€ 4
inf / a(a)|de = ——
a€l\g b C — b
and the infimum is never attained by a function in Ag; see for example, [1],
[2].
In [3], Canada, Montero, and Villegas extend the notion of Lyapunov

inequality to partial differential equations. Namely, they consider the fol-
lowing linear elliptic problem

—Au=a(z)u iInQ, wu=0 onf, (1.2)
where Q ¢ R¥ is a smooth bounded domain with N > 2 and the function
a : £ — R belongs to the set
Ap = {a € LN/?(Q) : (1.2) has a nontrivial solution}, if N > 3,
Ap ={a:a € L"(Q) for some r € (1,400] and (1.2) has a nontrivial solution},
it N =2.
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Define

=i <qg<
By(D) : aeA;gqu(Q) lallLao), 1< g < +oo.

In [3], the authors initiated the qualitative study on the value §,(D) and
proved several results. Later, Timoshin [9] treated the same problem and
provided an additional information to the results in [3]. Their results can
be summarized as follows.

Theorem 1.1. ([3], [9]) The following statements hold true:
(i) fN=2andqg=1,0or N>3 and1<q< %, then By(D) =0 and
Bq(D) is not attained.
(i) If § < q < oo, then By(D) is attained.
(m)ﬁN23MMq:%,MWB%@D>O
(19]) More precisely, B%(D) = Sy, where Sy is the best constant
i| 2/N

of the Sobolev inequality in RN : Sy = nN(N — 2) [F(Nﬂ)

TN and
B% (D) is not attained.

In [3], it was left open whether Sy (D) is attained or not. The non-
2
attainability of S (D) claimed above is first proved in [9].
2

The authors in [3] treated also the problem with the Neumann boundary
condition

—Au=a(x)u inQ, gz =0 on(, (1.3)

where © ¢ R is a smooth bounded domain with N > 2. As before, set

A ={ae LN?@Q)\ {0} : / a(x)dx > 0 and (1.3) has a nontrivial solution},
it N >3, ’
A={a:aeL"(Q))\ {0} for some r € (1, —|—oo],/ a(z)dz >0,

and (1.3) has a nontrivialgsolution}, if N =2.

Define

Bg:= _inf lallpeq), 1<g< o0
a€ANLI(Q)

Then the authors in [3] proved that the same statements in Theorem 1.1
hold true even for the value Bq, except for the attainability of B N/2 in the
critical case. Recently, the first author of the present paper proves that the
value ~/2 is attained for N > 4 [7], which is quite different from the fact
in Theorem 1.1 (iii).

The aim of this paper is to extend the above results to a more general
situation. Namely, we consider the following quasi-linear elliptic equation
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with the Robin boundary conditions
{—Apu + |ulP~2u =0 in Q,

1.4
|Vu]p*2% = a(z)|u[P~2u on €, (14)

where 2 C R is a smooth bounded domain with N > 2, a = a(z) is a
given nonnegative function on the boundary 092, 1 < p < N, and A,u =
div(|Vu|P=2Vu) is the p-Laplacian operator. By a term solution, we mean
a weak solution in W1P(Q), that is, a function v € W1P(Q) satisfying the
weak form of (1.4)

/(|Vu|p_2Vu SV + |ulP2unp)dr = / a(x)|ulP~2pds,
Q o0

for any ¢ € WHP(Q). We assume that the function a belongs to the set A
where

Z

—1

A ={a€ L»1(09Q):(1.4) has a nontrivial solution}, if N > p,
A={a:ae€ L"(09) for some r € (1,+o0] and (1.4) has a nontrivial solution},
if N =p.

Note that if @ = 0 on 09, then (1.4) admits v = 0 as the unique weak
solution. This is because the solutions for a = 0 correspond to the critical
points of the convex functional

1
I(u) = 5 / (IVulP + |ulP)dz, wue Wl’p(Q),
Q

which has u = 0 as the unique critical point. Thus 0 € A. As before, we
define the value

fo=yimt o lalliony. for 1< < 4o (L5)

Motivated by the former works, we study the qualitative properties of the
value 3, especially, the attainability of it according to the values p and gq.
Our main result in this paper reads as follows:
Theorem 1.2. For N > 2 and 1 < p < N, set q. = %. The following
statements hold true:
(I) If1 <qg<q whenl1l <p< N, orifq=1 whenp= N = 2, then
Bq = 0 and B4 is not attained.
(I) If gc < g < 00 (1 < p < N), then By is attained. More precisely,
By = Kq if g < q <00, and Bs = A1, where

fQ(‘VUVZﬂj— ’U’ch_ifc w e WLp(Q) \ {0} ’ (1.6)
(Jog luli=Tdss) o
and A1 is the first eigenvalue of the eigenvalue problem
{—Apu +|ulP~2u =0 in €,
]Vu\p_Q% = AulP~2u on OS).

K, = inf
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Any function a € AN LY(0Q) which achieves By is of the form
(i) a(z) = A1 if ¢ = o0.

(ii) a(x) = |u(m)]q%1 if ¢ < q < 00, where u is a solution of the
problem
—Apu+ |ulP2u =0 in €,
1.8
{|Vu]p23‘; = ]u\%_Qu on . (18)

(IIT) If ¢ = qc, then Bq, = Sp. () where p, = (]}/V:lgp is the critical
exponent and

Vul|P + |ulP)d

Sp*(Q):inf{fQ(’ ulf & ful?)d

(Jaq lulP=dsg )
is the best constant of the trace Sobolev embedding WP (Q) — LP+(95),
respectively.

Furthermore, there exists a constant v(€2) > 0 such that if 1 < p <
NAEL 4 4(Q), then By, is attained. The minimizer of By, is written
by a(x) = |u(z)[P*~P where u(x) is any solution of

—Apu+ [ufP2u =0 in €,
|Vu]p_2% = |ulP—2u on Of2.

uwe WHP(Q)\ {0}} (1.9)

(1.10)

Remark 1.3. Here, we make some remarks.

(1) Different from Theorem 1.1:case (iii), in which elliptic problems with
the Dirichlet boundary conditions are considered, 3, is attained in
some cases even when ¢ is the critical value g, = %. Especially,
fBq. is always achieved when the equation in (1.4) is linear, i.e., when
p = 2. This difference occurs due to the facts that the best constant
in the Sobolev inequality cannot be attained on bounded domains,
while the best constant in the trace Sobolev inequality is attained
in some cases, see Theorem 4.1.

(2) It is plausible that 51 = 0 and ; is not attained also for p = N > 3,
but this is left open. One of the way to settle the problem affir-
matively is to establish asymptotic estimates for the least energy

solutions {u,} of the problem
—div(|VulN2Vu) + uN 1 =0 in Q c RV,
u >0 in Q,
|Vu\N_2% =u" on 0f)

as r — 00, see Lemma 2.2.

2. PROOF OF THEOREM 1.2 (I).

In this section, we prove the first part of Theorem 1.2. We divide the
proof into several Lemmas according to the cases in Theorem 1.2 (I).
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Lemma 2.1. If1<p<Nand1§q<qc:%, then B, = 0 and By is

not attained.

Proof. Given a nonnegative weight function V' on 992, V' £ 0, let us consider
the eigenvalue problem

(2.1)

—Apu+ [ufP2u=0 inQ,
|Vu\p_2% = A\V|ulP~2u on 9.

For each V € L*(09Q) with s > (N —1)/(p — 1), it is known that the trace
Sobolev embedding W?(Q) < L¥ (09) is compact, where

L2(09) = {u: 00 > R : / PV (2)ds, < +o0}
[2)9]

denotes a weighted Lebesgue space on the boundary. Thus the existence,
simplicity, and the variational characterization of the first eigenvalue Ay
of the problem (2.1) is well-known: see for example [6], [5], [4] and the
references therein. Variational characterization of Ay leads to the formula

Jo(IVul? + |ul?)dx
fBQ VulPds,

Ay = inf{ ‘ ue W)\ {0}} . (2.2)

We recall some notations which are used by Nazarov and Reznikov [8]. A
point x in RY is denoted by = = (2/, zy) where 2’ = (z1,--- ,xn_1) € RN 7L
Put r = |2'| and define a cylinder Q, := {a: ERN :r<p 0O<ay< p}.
We denote by z. a point . = (0,---,0,—¢). wy_1 denotes the surface area
of the unit ball in RY. We use letter C' to denote various positive constants.

Now, let us consider the least ball B which contains 2 and take a point of
contact of 2 with B. By this choice, all principal curvatures, and therefore,
the mean curvature H(xo) at x¢ is positive. We introduce a local coordinate
system such that zg is the origin, and in some neighborhood of the origin,
00 is expressed be the graph of a function zny = F(2’). Since 92 is smooth,
we may assume that F is also smooth and F(2') = (Ax',2")+o(r?) asr — 0,
where A is a positive definite matrix since H(zg) > 0. For £ > 0 small we
define a cut-off function

C

peCrPRY), ¢=1onQ:, ¢=00nRV\Q, Vol < —,

and put V. := ¢(z)|z—xz|~ =Y. Note that V. € L>®(dQ) since z. & INNQ..
We claim that there exists a constant C' > 0 independent of € > 0 such
that

A=Ay, <C (2.3)

holds true for any € > 0 small.
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In fact, test (2.2) with V = V. by ¢ € W1P(Q), we have

/|V¢|pda:</ / <) do'dzy < CeN7P,

|z’|<e
/ |p|Pdx S/ / do'dzy = Ce™N. (2.4)
Q 0 Jlz'|<e

On the other hand, since
dsy = \/1+ |V F(z)|2d2’, |F(2)| <Cl2']? if |2'] <e,
1
(02 + (on +2))'7

1 JF ()2
/ ‘/'8|¢|pd8$ 2/ \/ +‘vx (l’)‘ — dz’
o0 i< (72 + (F() + 2)2)7

‘/6(1.) = on Q5/2 N o9,

we have

< N—2
> WN—Q/ p—1 dr
0 (r2+(Cr?2+¢)?)z

. Cwn_o (§>N—1
(5P +(CGEP+e2) = 2
= ;eml = CeNP, (2.5)

(2 +0(1)"%
The estimates (2.4) and (2.5) yield that
P P
< Vel + loPyiz _
f@ﬂ ‘/;‘¢|pd3$

where C' is independent of . This proves the claim.
Next, we prove 3, = 0. Indeed, since there exists a nontrivial first eigen-
function of (2.1) with V' =V, and A = A., the above claim implies

q — inf q
& aeArlw%q(aQ)HaHLq(m)

(o q
< INTellony = X [ (0ta)la = 0) " as,

[ VO,
— 7€ a(p—1)
lz’|<e (|2/|2 4+ (F(2') +€)2) " 2

1 , 5 TN72
< )P —\d
< \EC e 22T dz’ = \IC ; rq(pil)dr
= A\PCeNTImar=) 0 (e = 0),
here we have used the assumption ¢ < —_ and the fact that |V F(2')] <
C|a'| for |2'| < e. Thus we obtain 3, = 0 for q< pf and (3, is not attained
by nontrivial functions. 0
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Next, we consider the case when ¢ =1 and p = N = 2. For this purpose,
we recall some result from [10]. Given r > 1, we define the quantity S?(Q)
by

SHQ) = { TR )da [ueWh(Q)\ {0}}‘
f@ ’u‘r-i-lds )

Since the trace Sobolev embedding W2(Q) < L™1(9Q) is compact for any
r > 1if Q C R? is a regular bounded domain, we obtain a positive minimizer

u, for any r > 1 by standard variational methods. Define u, = 52/ r-Dg Uy,
then wu, solves the elliptic problem
—Au+u=0 inQCR?
u>0 in (2.6)
% =u" on 0,

and u, is called a least energy solution. In the sequel, we need the following
estimates for the least energy solutions ..

Lemma 2.2. ([10]) For the least energy solutions {u,} to (2.6) obtained as
above,

lim r/ u'Ttds, = lim r/(|Vu7~2 + u?)dx = 2me
oN r Q

r—00 —00

holds true.
Now, we prove the following:
Lemma 2.3. If p =N =2, then 51 =0 and By is not attained.

Proof. Since there exist least energy solutions u, to (2.6) for any r > 1 large,
we have

= inf < r—1
2 aeArlnILll(aQ)HaHLl(aﬂ)— [ TAYES)

r—1
1 2
_ r 1d8x < ( T—Hdsx) |8Q"r+1

2 =
< <7re + 0(1)) |8Q|N2r1 — 0 asr — oo,
,

which proves Lemma 2.3. 0

3. PrROOF orF THEOREM 1.2 (II).

In this section, we prove the second part of Theorem 1.2.
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Proof. Assume that (1.4) admits a nontrivial solution u € W1HP(Q). Multi-
plying (1.4) by u and integrating by parts, we have

du

O:/{(—Apu)u+|u|p}dx:/ (|Vu]p+]u|p)dx—/ |Vu|P~2 ——uds,
Q Q 9 v

:/ (\Vu|p+|up)dx—/ a(x)|ulPds,.
Q oN

First, we treat the case % < ¢ < 0. By using the Hélder inequality,
we have

q—

1

/ (IVul? + |ul?) dx :/ alulPds, < (/ |a\qux>q (/ ]u|qpqld5x) t
Q o0 o o0

(3.1)

Thus

Jo(Vul? + |ufP)dz . [ (IVulP + uP)dx
lall Laag) = =2 STap= R AN S — = K.
(fﬁﬂ |u’q—1 dsx) q ueWtr(Q)\{0} (fag \u|%dsx) q

Hence 8, > K.
On the othe hand, let {u,} € WHP(Q) be a minimizing sequence for K.
We can assume without loss of generality that

/ \un];fqldsx =1, and /(|Vun|p + |up|P)dr — K,
o9 Q

as n — oo. Thus {u,} becomes a bounded sequence in WP (2). Now, since

we assume q > g, = %, we see

pe_ _ P (N-Dp _
g—1 g—-1 N-—p

p <

%o

Thus we can choose a subsequence (denoted again by the same symbol {u, })
and a function ug € WHP() such that u, — ug in W?(Q) and u, — ug
strongly in LP9/(4=1)(9Q). The strong convergence in LP4/(4=1)(99) gives us

/ Jup|a-1 = 1.
o0

Also the weak convergence in W1P(€)) implies

JoITuol? + o)z _ [y (Vunl? + fun )
— q—1

q=1 SR FEs)
(faQ’uO‘%dsl> ! R (f89|un|q_ld5x) q

Hence ug € Wl’p(Q),uo # 0 is a minimizer of K. It is easy to see that ug
is a weak solution to

—Apug + [uglP?ug =0 in €,
[Vuol =255 = Ag o) uo |77 ug on 0.

< lim

- K,

(3.2)
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Pgq _%
Agy(ug) = K, </ |u0]q—1dsm>
15)9)

Let u, € W1P(Q) be any nontrivial minimizer of K,, whose existence has
been just proved above. Then u, satisfies (3.2), thus A, (ug)|uy [P/~ € A,
which implies

— _Pa_
1 < IAgCu)taP D oy = AuCa)® [ gl = K

where

Hence 3, = K, and f3, is attained by a function a,(z) = A, (ug)|uy[P/ (471 €
A.

Conversely, let a € ANL?(9€2) be any minimizer of 3, such that ||al|¢(90) =
Bg. Then all inequalities in (3.1) become the equality. Thus by the equality
condition for the Holder inequality, we see there exists C' > 0 such that
a(z) = Clu(z)|P/@=Y. Finally, if we define w(z) = C@~D/Py(z), then we
have |w(z)[P/(4~D = Clu(z)[P/(9=1) = a(x). Since u is any nontrivial solu-
tion of (1.4) and w is a constant multiple of u, w is also a solution of (1.4).
Thus w satisfies (1.8) and we have proved the whole claim of Theorem 1.2
(2) when g = oc.

Next, we consider the case ¢ = co. For any a € L*>(092) and any nontrivial
solution u € WHP(Q) to (1.4), we have

/ (IVal? + Juf?)dz = / a()|ulPds, < J|afl = (o0 / ulPds,.
Q o0 o0

Therefore
Jo(IVul? + |ul?)dx " Jo(IVul? + |uf?)dz
Joq [ulPdsy  ueWlr(Q) Joq [ulPdsy

llall Lo o) = = A1,
where A; denotes the first eigenvalue of the problem (1.7). Hence oo > A1.
On the other hand, for the constant function a(x) = A1, there exists a

nontrivial solution to (1.4), i.e., the first eigenfunction of (1.7) associated
with A1, hence A\; € AN L>®(99Q) and we conclude Soo = A1. U

4. PROOF OF THEOREM 1.2 (III).

In this final section, we prove the last part of Theorem 1.2 by invoking
the recent result proved by Nazarov and Reznikov [8].

Theorem 4.1. ([8]:Theorem 1.) Let N > 2. There exists a constant () >
0 such that if 1 < p < & +~(Q), then S, () defined in (1.9) is attained.

c N-1 _
Note that qfi—l =Py = % for q. = %. Thus we are aware of the

relation Sy, (2) = K, where K, is defined in (1.6). Since g, = K, for
¢e < g < oo by Theorem 1.2 (II), the continuity of K, with respect to ¢
implies that 3, = K, = Sp, ().
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Now, the proof of the third part of Theorem 1.2 can be carried just as in
the former section. In fact, though the trace Sobolev embedding W1P(£) <
LP+(0Q) is not compact, Theorem 4.1 assures the existence of the minimizer
for » »

- HVUHLP(Q) + HUHLP(Q)
ueWr (2)\{0} [ullzn 50

when 1 < p < % + v(£2). The rest of the proof is identical to that of
Theorem 1.2 (II). U

KQC :S *(Q) =
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