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Abstract

A special linear Lie group over the real number field and the quarternion field admits
a projectivley flat affine connection. We show that parabolic subgroups are autoparallel
submanifolds and give a criterion the induced connection is projectively equivalent to a
flat affine connection.

1 Introduction

An affine connection on a manifold is projectively flat if the connection is locally projectively
equivalent to a flat affine connection. Thus a flat affine connection is also projectively flat.
On any Lie group L we can consider a left invariant affine connection, however L does not
necessarily admit projectively flat affine connections. In fact any Lie group of dimension < 5
admits a projectively flat affine connection (see [4]), however 6 dimensional real semisimple Lie
group such as O(3, R) x O(3, R) and SL(2, R) x SL(2, R) does not admit them (cf. [2]). We
consider the existence problem of left invariant projectively flat affine connections on Lie groups,
which is widely open. This problem is closely related to classification of prehomogeneous vector
spaces (abbrev. PVs) and left symmetric algebras (cf. [5]).

In particular from the viewpoint of submanifolds we use an projectively flat affine connection
on Lie groups with Lie algebra sl(n, R) or sl(n, H), which was constructed by Agaoka [1]. These
are the only simple Lie algebras which admit left invariant projectively flat affine connections
(see Urakawa [10], Elduque [3]). The special linear Lie algebras equipped with the projectively
flat affine connection correspond to associative algebras with identity, which was proved by
Nomizu and Pinkall [6]. Associative algerbra with identities are special classes of infinitesimal
PVs.

We remark that semisimple Lie groups do not admit flat affine connections. However on the
borel subalgebra of semisimple Lie algebra a left invariant flat affine connection was intrinsically
constructed by Takemoto and Yamaguchi [8]. In this article with respect to the connection
on special linear groups we investigate their parabolic subgroups and solvable Lie subgroups
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associated to the Langlands decomposition, and show that they are autoparallel submanifolds.
The construction of those subgroups is adapted from Tamaru [9]. In the main theorem of the
article we give a criteria that the induced affine connection is projectively equivalent to a flat
affine connection.

2 Preliminaries

Let L be a Lie group of dimension n and [ its Lie algebra. Let V and V' be torsion-free affine
connections on L. Connections V and V' are projectively equivalent if there exists a 1-form A on
L such that VxY —VxY = N X)Y+A(Y)X for vector fields X and Y. A projective equivalence
class [V] of torsion-free affine connection V is called a projective structure. The connection V is
affinely flat if its curvature tensor vanishes, i.e. R(X,Y)Z = VxVyZ-VyVxZ—-VxyZ = 0.
The connection V is projectivley flat if Weyl’s projective curvature tensor vanishes for n > 3,
iLe. W(X,Y)Z = R(X,Y)Z+[P(X,Y)—P(Y,X)]|Z~[P(Y,Z)X —P(X,Z)Y] = 0 (cf. [7]). For
n = 2, V is projectivley flat if VxP(Y,Z) = Vy P(X, Z). Here P is the (1,1)-tensor defined
by P(X,Y) = =~ [nRic(X,Y) + Ric(Y,X)]. If V is left invariant projectively flat, then [V]
is called a left invariant flat projective structure.

In [1] Agaoka defined a Lie algebra homomorphism [ — sl(n+1, R) called a (P) - homomor-
phism, and established the following bijection: {Left invariant projectively flat affine connec-
tion V on L} — {(P)-homomorphism f : [ — sl(n + 1, R)} via Cartan connections. Denote by
{e1,...,en+1} the standard basis of R" and by {X1,...,X,} abasis of . Then a Lie algebra
homomorphism f : [ — sl(n + 1, R) is called a (P)-homomorphism if f(X;)ent1 = €; + aeni1
for some o € R. We can directly prove the correspondence as follows. As a result (P)-
homomorphism f corresponding to V is given by

_(Vx — Z5trVxI, X
f(X)_( “P(X,) vy ) 21)

Denote by f1 the (2,1)-part of f with respect to the 2 x 2 block decomposition. Put g = sl(n+
1, R) and we call f; the g1 component of f. Then we have fi(X) = —P(X,-). Indeed we can
see that torsion free affine connection V is projectively flat iff a linear map f: [ — gl(n+ 1, R)
defined by ( 2.1) is a Lie algebra homomorphism:

[F(X), f(Y)]Z = f(IX,Y])Z
_ Vx X Vy Y\, (Vixy]—aattVixyln  [XY] Z
= ﬂ(p(x,.> 0>’<P(Y,~> o)] ( ~p(X.v).) —niltrv[x,n)}(O)
B (VXVYZ— P(Y, Z)X) B (VYVXZ— P(X, Z)X) | VixyZ - g
B —P(X,VyZ) —P(Y,VxZ) —-P([X,Y],2)
B W(X,Y)Z
B (—P(X, VyZ)+ P(Y,VxZ)+ P([X,Y], Z)> '

Here we used the equality trV(xy) = —trR(X,Y) = (n + 1)[P(X,Y) — P(Y, X)]. The second
row vanishes iff we have the Codazzi’s equation Vx P(Y, Z) = Vy P(X, Z). Recall that we have
the Codazzi’s equation if the Weyl’s projective curvature vanishes. We also have the following



equality:

VxY —VyX —[X,Y]
n+1

[f(X)?f(Y)]U - f([X’ Y])U = (—P(X, Y) + P(K X) + trv[X,Y]

Thus V is projectively flat iff f is a Lie algebra homomorphism. This proof is a generalization
of the proof in [2], which is dealing with the case of Ricci symmetric. When V is Ricci symmetric,
the corresponding homomorphism f is of the form

Vx — 2 trVy X )

— n+1
700 = (T LRI -

(2.2)

We denote by v(X,Y) the normalized Ricci tensor —+ Ric(X,Y). In this case we can modify
a linear map f by

Vx X ) (2.3)

o= (6

so that ' : [ = gl(n + 1, R) gives again a Lie algebra representation. Conversely if f : [ —
f1(v)?, ) )0()7 then we have f1(X,Y) =
f1(Y, X) = —y(X,Y). Thus Ricci tensor is symmetric. Moreover if V is affinely flat, then Ricci
tensor vanishes and f; = 0. Conversely if f; = 0, then we can directly prove that V is affinely
flat (cf. Theorem 3.7 of [1]).

Let {e1,...,enq1} be the standard basis of R"™'. From the expression ( 2.1) of (P)-
homomorphism f : [ — sl(n 4+ 1, R) we can easily see that f satisfies the condition f ® A;([ @
R)e, 1 = R™™'. Thus f gives a representation called an infinitesimal prehomogeneous vector
space. Conversely a given PV f : [® R — gl(V) such as dim[+ 1 = dimV gives a (P)-
homomorphism as follows:

Let v be a generic point of a PV (I® R, f ® A1,V). Then we define a matrix P to be
(f(X1)v, -, f(Xn)v,v). Consider the projection gl(n + 1, R) — sl(n + 1, R) and denote its
image of f by f. Then P~ fP gives a (P)-homomorphism [ — sl(n+ 1, R). The g part of the
(P)-homomorphism P~!fP gives a left invariant projectively flat affine connection.

There is a unique Lie algebra representation of [ called a (N)-homomorphism which is pro-
jectively equivalent to P~1fP (cf. [1]). This (N)-homomorphism is explicitly given by P~'fP,
where P is the matrix (f(X1)v,- -+, f(Xn)v,v). We denote P~1fP by f,. Now we introduce
an equivalence relation. We denote (g,w) ~ (f,v) iff there exists Q € GL(n + 1, R) such
that g = QfQ~! and w = Qu. In [4] the author proved the correspondence between invariant
flat complex projective structures on complex Lie groups and the equivalence classes of pairs
of infinitesimal prehomogeneous vector spaces and their generic points. By considering the
correspondence over the real number fields we obtain the following one-to-one correspondence:

gl(n + 1, R) is a representation of the form f(X) = (

{Left invariant flat projective structure on L}
- {(f,v)| &R, f®A,VO®R)isaPVst.dimli+1=dimV}/..

Note that we can also directly prove the above one-to-one correspondence. Furthermore if
(f,v) ~ (g,w), then we have f, = g,. Hence from this correspondence we can recover the
one-to-one correspondence in [1] between left invariant flat projective structures on Lie groups
and (N)-homomorphisms.

Now we state an easy but important fact.



Proposition 2.1. Let (L, V) be a left invariant projectively flat Lie group and S be a Lie sub-
group of L. If S is an autoparallel submanifold, then the induced left invariant affine connection
on S is projectively flat.

Proof. Denote by V° and R® the induced connection on S and its curvature tensor respectively.
Then we have R¥(X,Y)Z = —[P(X,Y)—P(Y, X)|Z+[P(Y,Z)X — P(X, Z)Y] for left invariant
vector fields X,Y, Z on S (cf. the appendix of [7]). Denoting by m the dimension of S, we have
Ric®(X,Y) =mP(X,Y) - P(Y,X) = = [(mn—1)Ric(X,Y) + (m —n)Ric(Y, X)]. It follows
that P9(X,Y) = ——=[mRic”(X,Y) + Ric(Y, X)] = P(X,Y).

Then the Weyl’s projective curvature W?° of S coincides with the restriction of W, i.e.
W9(X,Y)Z = W(X,Y)Z. Hence (S,V¥) is a projectively flat Lie subgroup. O

REMARK 2.2. Denote by v the normalized Ricci tensor of (S, V). In Proposition 2.1 if V is
Ricci symmetric, then v° = 7|s.

3 projectively flat Lie subgroups

In this section let us begin by recalling the parabolic subalgebras and the Iwasawa decomposition
of semisimple Lie algebras, following [9], which the reader can consult for detail. Let g be a Lie
algebra and o a Cartan involution. Denote by ¢ and p an eigenspace with eigenvalue 1 and —1
respectively. Then we have the Cartan decomposition g = ¢ @ p. Let a be a maximal abelian
subspace of p, and A be the restricted root systems of g with respect to a. Denote by go the
centralizer of a in g and by g, the root space of a root . Then g is decomposed into the direct
sum of vector spaces g = go + ) oca - Let A = {a1,...,a;} be a set of simple roots of A.
Thus < A >g= a*. Denote by {H',..., H"} the dual basis of A.

Let A’ be a proper subset of A. Suppose A\ A’ = {a;,,...,q;, }. Put Z := H" + ...+ H.
The characteristic element Z defines the subspace g = go + Za(Z):O g and gh = Za(Z):k G
for k # 0. Then we obtain the gradation g = >_ g*.

The nonnegative part qar = > .+, g* gives a parabolic subalgebra, which is equal to go +
ZaeA,a(Z)ZO ga. We also have qar = go + > sen+u<n> 85- The Langlands decomposition is
given by qar = mps + aps + nps, where the direct summands are defined as follows:

(1) apr =< H4, ... H"* >pg,
(2) mpr = gO O apr,
(3) nar = Zk>0 gk-

Then the subalgebra s,/ := ays +nys of qas is solvable. Note that ny, = ZB€A+7<A,>+ 93-
In particular when A’ = (), we have qp = go + Z§€A+ g3, which is called a minimal parabolic
subalgebra. In this case the characteristic element Z = H! + --- + H" gives a Langlands
decomposition qy = my + ag + ny, where ay = a and ny = ZﬁeA+ gg. We also have the
decomposition g = £+ a + ny which is called the Iwasawa decomposition. Thus the solvable
subalgebra sy = a + ny of gy is same as the solvable subalgebra of g associated to the Iwasawa
decomposition. For any proper subset A’ C A we have 55/ C sg.

Proposition 3.1. The solvable Lie algebra sy admits a flat affine connection V. The solvable
Lie algebra s, is an autoparallel subalgebra of (sg, V).



Proof. By definition sy = ag + ng. The characteristic element Z = H! + ... + H" defines the
subspace gk = Ea(Z):k g and we have ng = >, g*. Thus ny is graded by positive integers.
Furthermore ay is abelian and preserves the gradation, i.e. [ag,g¥] C g*. It follows that sg
admits a flat affine connection V. Here we recall the construction of V on sy. If XY € sy,

then V is given as follows:
X Y \ VxY

a a -0

g ¢ | 5XY].
a ng| [X,Y]

ny a 0

Now we consider the subalgebra s, = ap/+ny/. The two summands a,/ and n,s are subalgebras
of ayp and ng respectively. Thus s/, is an autoparallel subalgebra of (sg, V) from the construction
of V.

O

This proof concerning sy is the same as the one of Theorem 1 in [8]. Indeed when we write
a =Y, mia;, we have a(Z) =Y ,_, m; = |a|. Thus > laj=k 8o = g*, which also shows that
ng=> sen+ 9p s graded by positive integers.

REMARK 3.2. The nilpotent part na of s5/ also has the gradation ny = >7, g* defined
by the characteristic element Z := H" + --- + H*. Hence ays + nys also has the semidirect
structure such that the adjoint action of ay, on nys preserves its gradation. Hence by the same
construction we obtain the flat affine connection VA" on s/,. Consequently now we have two flat
affine connections on sy, one is the induced connection V from (sg, V%) and the other is v
These two affine connections are generally different as it is verified by the following examples.

We consider g = sl(n, K), where K = R or H. In this case a Cartan involution is given
by 0(X) = —*X when K = R and 0(X) = —'X when K = H. Then the maximal abelian
subspace of p is the set of real diagonals in sl(K, R). Let \; be a linear function a — R defined
by Xi(Ej;) = ;5. The root system A(g,a) is given by {A; —X; (1 < i # j < n)}. The root
space gy, of the root \; — \; is KE;;. Put a; = A\; — Aiy1. Then a set of simple roots A is
given by {aq,...,an—_1}. The centralizer go of a in g is given by the diagonal part of sl(n, K).

Let us consider the case g = sl(4, R). A set of simple roots is given by A = {a1, a2, a3}.
Denote by {H', H% H?} the dual basis of A. Put A’ = {a3}. Then we have ar, = (H!, H?)
and 1A/ = gay + Gas + Jay+as T Jastas + Jai+astas- The characteristic element Z =H!'+ H?
correspondlng to A’ determines the gradation of ny, = g' + g2 given by g' = ga1 + 0o +8astas
and g% = = Goy+as T Bar+as+as- NOW we compare the two affine connections V? and V' on Sar.
By the straightforward computations the only difference between two connections are described

as follows: .
Vg1, Eas = 24, VN g1, By = 3By,

VP, B2 = 2(—Ew), V" p,Ea = 3(—Euw).

All the other components has the same values.

Agaoka [1], Urakawa [10] and Elduque [3] proved that simple Lie algebra g admits a left
invariant projectively flat affine connection iff g is sl(n, R) or sl(n, H). Nomizu and Pinkall
[6] also proved that these Lie algebras are the only simple Lie algebras admitting biinvariant
projectively flat equiaffine connections. In fact they showed that a Lie algebra with a biinvariant



projectively flat affine connection gives rise to an associative algebra with identity and vice versa
which we now recall. Let A be an associative algebra with unit e. Let 7 be the linear function
on A defined by 7(u) := tr(v € A — uv € A). Denote by g the subspace {u € A | 7(u) = 0}.
We regard A as a Lie algebra with the bracket [u,v] = wv — vu. Then g becomes a Lie
subalgebra of A such that A = g@® Re. We define the left invariant affine connection V on g by
VxY = XY - Tgl)_?{) e. Then V is verified to be biinvariant. Moreover Ric(X,Y) = *%T(XY)
and thus Ricci tensor is symmetric and Weyl’s projective curvature vanishes. Consequently we
obtain a left invariant projectively flat affine connection V on g.

In particular gl(n, R) and gl(n, H) are associative algebras with unit, hence we obtain the
Lie algebras equipped with left invariant projectively flat affine connections (sl(n, R), V) and
(sl(n, H), V). The function 7 is given by 7(X) = ntrX and 7(X) = 4nRetrX respectively for
gl(n, R) and gl(n, H). Thus we have

trXY trXY
VxV = XY - "I,  4XY)=— rn on sl(n,R),
trXY trXY
VY = xy - XXV, oy = JRerXY i, H).
n

Proposition 3.3. Parabolic subalgebras of (sl(n, R),V) and (sl(n, H),V) are autoparallel.

Proof. Let qas be a parabolic subalgebra of sl(n, K) where K = R or H. Denote by Z the
characteristic element determined by A’. We show that qa/ is closed under the multiplication V.
We consider the root space decomposition sl(n, K) = go + > ,c 8a. Then go is the diagonal
of sl(n,K) and g, = KE;; for a« = A\; — \;. Hence from the definition of V on sl(n, K) for
a € ATU < A > obviously we have Vg g0 C g0, Vg.00 C as VgoGa C ga. Therefore it is
enough to prove Vg gg C ZV€A+U<A,> g, for @, € ATU < A’ >. To prove this we observe
that Vg, 085 C ga+ps for a, 5 € A.

Firstly we consider the case 8 = —a. Since Vg, Ej; = Ey; — %In, we have Vg, KEj; C go.
Thus Vg,9-a C go-

Secondly suppose 8 # —a. Then we have gogg C gats. This yields that Vg gs C gass-
Therefore o + 3 ¢ A iff Vg g5 = 0 and Vg,9, = 0. On the other hand if a + 3 € A and
moreover a(Z) = 0, B(Z) = 0, then we have Vg g5 C >° cn (70 8y- Consequently qa is
closed under the multiplication V. O

Proposition 3.4. The solvable subalgebra sp: is autoparallel in (sl(n, K), V).

Proof. Obviously we have Vq,,nys C npar and Vi, ap C npy. Now assume that g, gs C nar.
Then a + 8 # 0 and a + 5(Z) > 0. As we have seen in the proof of Proposition 3.3, V4 g3 C
gatp- Thusif a+ 3¢ A, then Vi, g3 =0. f a+ 5 € A, then Vy_ g5 C gays C nar.

Finally we show Vg, axs C ap. The dual basis {H',..., H" '} of {o1,...,a,_1} is given
by

n—1

SRS
|



where the first ¢ components of the diagonal equal n — i and the latter n — i components equal

—i. Then from the direct calculation we have Vi HJ = L[(n — j)H" — iH7]. Therefore s/ is

closed under the multiplication V. O

We showed that a parabolic subalgebra qa- and a solvable subalgebra s,/ of (sl(n, R), V) and
(sl(n, H), V) are autoparallel, hence on which projectively flat affine connections V are induced.
However the induced connections V on qjs and s/ are not affinely flat. Indeed qpr D a =<
H' ...,H" ! >p and the normalized Ricci tensor y94" of (qas, V) satisfies v9' (H?, H?) =
y(H', H") = —% for 1 <4 <n—1. Thus (qa, V) is not affinely flat. On the other hand
sA/ may not contain the whole space a, but still contains at lease one H*. Then v*~' (H', H) =
y(H?, H*) and thus (s4/, V) is also not affinely flat. However in the following we prove (sa/, V)
is projectively equivalent to a flat affine connection. For this purpose we introduce invariants.

Two torsion-free affine connections V and V' on M is said to be projectively equivalent
if there exists a 1-from A on M such that VxY — V4 Y = A(X)Y + A(Y)X. If both V and
V'’ are left invariant affine connections on a Lie group L, then A becomes also left invariant.
Let f and f’ be the linear map [ — sl(n + 1, R) induced by V and V’ respectively. Then the
projective equivalence relation is interpreted as follows: V is projectively equivalent to V' iff

-1
there exists £ € R™™ such that f/ = (I’Z ?) f (I’z (1)) Indeed left invariant 1-form A
and £ is related by £ = (A(X1),..., A(Xn)).

Let V be a left invariant projectively flat affine connection on L and f a corresponding (P)-
homomorphism. There is a useful tool called invariants to determine a projective equivalence
class of V contains a flat affine connection. Let {X1,..., X, } be a basis of I. Then the invariant
¢; : R"*' — R corresponding to f is defined by ¢;(v) = det(f(X1)v,..., f(Xn)v,v). Then
the projective equivalence class [V] contains affinely flat connection iff the invariant ¢ induced
by V possesses a real linear factor involving x,11, i.e. @(v) = (a121 + asxs + -+ + apxy +

Uny1Tn41)Y(v) for some (ay, ..., apne1)t € R™ (see [2]).

Assume f: [ — gl(n+1, R) is a (P)-homomorphism corresponding to V on [. Suppose that
or(v) = (@121 + ago + 4 apTy + anp1Tn41)9(v) for some (ai,...,an41)" € R". Put
£E= an1+1 (a1,...,apn), Q= (i"é (1)> and f' = Q7' fQ. Then we have

pp(v) = ¢r(Qu)
= (an+1Zn4+1)Y5(Qu).

The invariant ¢ (v) possesses a linear factor x,41, it follows that f{ = 0 (cf. [2]). Hence
/= Q71 fQ gives a (P)-homomorphism corresponding to a flat affine connection V’, which is
projectively equivalent to V. Now we shall prove the following:

Proposition 3.5. The induced affine connection V on s,/ is projectively equivalent to a flat
affine connection.

Proof. By definition 5/ = aps + nas, where ays =< H, ..., H* >pg and ny = ZA+_<A,>+.
Hence always we have nyr D gay+-+a,_, = K E1,. According to the definition of V on sl(n, K)
we have Vg, HY% = E; HY = —2Ey,, and Vg, , KEy = 0 for Ej; € ny. Denote by m the
dimension of s,/. It follows that a Lie algebra representation f : sp» — gl(m-+1, R) constructed



from V on s,/ is of the form

By
~—
&
-
3
S~—"
\
s}

o 7% e =0 - 001
0 O -~ 0 0 --- 0 0

Therefore the invariant ¢y : R™! - R induced from f is calculated as follows:

pr(v) = det(f(H™ ), f(H?)v,..., [(H*)v,..., [(Ein)v,0)
* 0 1

= det |, 0 Tono1

—Upy - gy — = By b T T

* 0 Lm+41

1 . . .
= *5(111’1 +ioZo + -+ gz — NTm41) Y (V).

Denote by £ a row vector —%(il,ig, eyik, 0,...,0) of the length m. Put tv := (z1, -, Tm, Tmi1)
and @Q := <£72 (1)> Then
Ha]
Qu =
Tm

il ig ’I:k
2L+ X+ T T Tl

Thus we have
©f (QU) = Tms1 - Y (Q).

Since P17 (v) = eg-170(v) = ¢§(Qu), the (P)-homomorphism Q! fQ of s5/ is correspond-
ing to a flat affine connection. This proves the proposition. O

4 Affinely flat parabolic subgroups

Let us recall that the set A = {a1,...,a,_1} gives a set of simple roots of A(sl(n, R),a). Let
N = {ay,,q4,,...,q;, } be a proper subset of A. Without loss of generality we can assume
11 < ig < -+ < ipy. To begin with we compute the induced affine connection V on q,/. Recall
that the Ricci symmetric connection V on sl(n, R) is given by VxY = XY — %In for
X,Y € sl(n, R). The straightforward computation yields the following:



1
VurH' = ~l(n - NH® — kH'] for k <1
=k fori <k
kaEij =
%Eij fOIZZk+1
{ n=hp,i for j <k

Ve, HY =
=EE;; forj>k+1
injEkl = 6j}<;Eil for i 7’5 l
Ve,Eji = —H™'+H (H=H"=0)
i j i(n—j) . .
’Y(Hij) = - n2 (ZS])
1
Y(Eij, En) = — jk6i1ﬁ~

By using these data we can prove the following:

Proposition 4.1. Assume that iy = 1, i,y = n—1 and |iy —ir41] < 2 for 1 <r < m —1.
Then the induced affine connection V on qas is not projectively equivalent to any flat affine
connection.

Proof. From assumption we can choose a basis of g5 as
1 772 n—1
CIA:<H,H,...,H |E127E21a~'~7Eirir+17Eir+1ira~'~7En71naEnn71‘~~~>~

The first part is the basis of go = a, the second part is the basis of > .\, §a © g—a, and the
third part is the remaining basis. Let f : qa» — gl(dimgas + 1, R) be a representation of the
form 2.3 corresponding to V. Let us describe f by matrices with respect to the decomposition
qav® < R>=go+ Y gcprucns 950 < R >.

f(H")
n—k 0
n—k 0
n—=k 0
2 e —(h=1) n—2% n—(k+1) n-(k+2) 1|0
1 —k 0
1 _k 0
.—k 0
0 *(0
e e = e L Ty S (e RV E e G B



0
0
0 - 0 0 |o
n 0
0 0
1 0 1 ;
[(Eiy) =~ 0 0 s f(Bw) = — 0
n n k %k n
0
0 0 ;
%k % 0 % n 0
0 0
0 0 0
0 0
ojo -0 1 0 --- 010

In the above E;; is belonging to ZﬁE<A,>gg and Ejy; is not belonging to Zﬁe<A'>gﬁ'
Furthermore f(FE;;) has the 9 block decomposition, and the (1, 2)-part of f(E;;) is expressing
VE,; Eji = —H""'+ H" and the (2, 3)-part is corresponding to E;;. The (3,2)-part is expressing
—’y(Eij,Eji) = % Note that f(Eij)Eij =0.

Denote by = a row vector

(61 & -~ &1 ] G2 C1 Civipsr Girgrir = En—1n Snn—1 | =+*)

of the length m = dim g/, whose variables are corresponding to the above basis. Denote

by P a m+1x m + 1 matrix (i"é (1)> . The g; component of P~1f(E3)P is equal to
(- ]0n& +1 ) —nCa(& & -+ Eu1 | G2 Co1--+). Thus if a representation P~1fP is
corresponding to a flat affine connection, then we have (12 = 0 and & = —%. Likewise from

the computation of P~!f(Ey)P we obtain (o1 = 0 and —né; + nés + 1 = 0 as the necessary
condition of P~!fP being affine flat.
Generally the g; component of P~ f(E; ; ,,)P is equal to

( | "'0—nfi,.—1+n§i,.+1"')
= NGy (§1 &2 Enmt |+ Cirippy Gipgin o7 )

Thus we obtain ¢;,;,,, = 0 and —n&;, _1+n&;, +1 = 0. From the computation of P~* f(E;, , ;. )P

we obtain (;, ;. = 0 and —n&;, +n&;, 11 + 1 = 0. Combining these these equations yields the

10



following:
—n& +née+1=0
—n& +n§z+1=0

_n§n72 + ngnfl +1=0
—n&n—1+1=0.

These equations have no common solutions. Indeed the first (n—1) equations have the common
solution & = —%, & = —%, vk = —"771, however which contradicts the last equation.

It follows that the induced affine connection V on gu is not projectively equivalent to any
flat affine connection. O

The converse of Proposition 4.1 is also true.

Proposition 4.2. Assume that A" G A does not satisfy iy = 1, i, =n — 1 and |i, — ipq1] < 2
for 1 <r <m—1. Then the induced affine connection V on qus is projectively equivalent to a
flat affine connection.

Proof. Let us choose the basis of qar & R as

qau b < w >= {HI,HQ,...,Hn71 ‘E127E21a-~~7EiriT+17Eir+1ira~~~7En—1n7Enn—1 | | U)}

With respect to this basis we express an element v of R™™ 9 as (ay, ... a,_1 | by | 2). By
using this basis we define the matrix f, to be

(f(Hl)va f(H2)U7 e 7f(Hn71)v7 | f(E12)v7 f(E21)v7 sy f(En—ln)U7 f(Enn—l)v | T | U)-

Denote by ¢y the invariant induced by the representation f. Then we have ¢r(v) = det f,.
The column vector of f, corresponding to H” is given by

(n—k)a;
(n—k)as
(n—k)as

(n—k)ag—1
—ay —2a3---— (k—Dag—1+ (n—2k)ap +{n— (k+ 1) }ags1+ -+ an_1 +nz
—kak+1

SRS

_kan72
_kan—l
*

*
*

(n—k)ay++ EL(n—k)ar—1 + E(n — k)ar + E{n — (k + D}arsr + - + Ean

T

n

11



The column vectors of f, corresponding to E;; is given by

0

—lejz'Hii 1

3=

Note that H® = H"™ = 0. For example E,,,, _1-th column of f, is ©(0,...,0—nby_1n | * | bp_1n).
This case appears only when #,, =n — 1.

Weset iy =n+1if iy, #n—1,and put §, = —~ for 1 <r <n—1. If i, =n — 1, then
define 4; to be the minimum number of the set {i1,---,4;} such that we have |is — isy1] < 2
for any iy > 4. Set § = —+ for 1 <r <4 —2, and § = "+ for r > 4; — 1. Denote by =
the row vector (&5 -+ &€,—1 0---0) of the length dimqa/. Denote by P the matrix (f’é (1)>
and by f’ the representation P! fP. Put 2/ = —&a1 + -+ — &u_1an_1 + 2. Since we have
@ (v) = @y (Pv), the invariant ¢ (v) is obtained by replacing 2z’ with z appearing in ¢ (v).

Let us take vectors X, Y from the basis of qa/® < w >. Denote by ¢(X,Y) the (X,Y)
component of the matrix fp,. Likewise denote by ¢(X) the row vector of the matrix corre-
sponding to X. Then even if we replace the last row p(w) of the matrix fp, with the row
Ep(HY) + -+ &1p(H™ 1) + p(w), the determinant does not change. Now we compute the
row vector &p(HY) + -+ &_19(H™™1) + p(w). By definition of £ we have & p(H?Y, E;;) +
w4 Co1p(H" Y Ey) + p(w, Eyj) = 0 for arbitrary vector E;; € qas. From the definition of
the matrix P and the value of ¢ we have & p(HY, w) + -+ + &19(H™ 1 w) + o(w, w) = 2.

Finally we compute the k-th column f(H*)Pv. Suppose k < i, — 2. Then o(H* H*) =
(n —k)ak + )4 1<p<i,_o nar + nz. Hence we have

GoH  HY) + -+ & 1p(H" ' HY)

/

= Z —%(n—k)aT/—S[(n—k)ak—&— Z na, + nz|

r'<k—1 EH1<r<i;—2
r n—s
+ E —ka, + E — kag
. n . n
k+1<r<i;—2 i —1<s
= —o(w, H*) = k2.

Now suppose k >4, — 1. Then o(H*, H*) = > i —1<r<k_1 —Nar + (=k)ay +nz. Hence we
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have

Elw(Hlka) + e Jrgn—l%a(HnilaHk)

/

= Y —t-ka+ Y —(n-hay

r<ig—2 i —1<r <k—1
n—k n—s
+ - [ Z —na, + (—k)ag +nz] + Z - kag
i —1<r’'<k—1 s>k+1
= —p(w, H*) + (n — k)=

It follows that any component of row vector & p(HY) + -+ + &_19(H™ 1) + ¢(w) of the
matrix fp, has only 0 or z multiplied by a scalar. Therefore the invariant ¢/ (v) possesses a
linear factor z, which implies that affine connection V on qu+ is projectively equivalent to a flat
affine connection. O

Combining Propositions 4.1 and 4.2 we obtain the following: Let A" = {a,, as,,..., a4} be
a proper subset of A. Assume that i1 <ia <--- <ij.

Theorem 4.3. The induced affine connection V on qas is not projectively equivalent to any
flat affine connection iff we have ii. =1, i; =n—1 and i, — 41| <2 for 1 <r <j—1.

To illustrate Theorem 4.3 we consider sl(6, R). Then A = {aq,..., a5} can be expressed by
the dynkin diagram
° ° ° ° o .
Qi Q2 asg 0y a5

All parabolic subalgebras of sl(6, R) appearing in the theorem is exhausted by the following:

[ ] o [ ] @] [ ] [ ] o o] [ [ ]

[ ] [ ] [ ] (¢] [ ] [ ] (¢] L] [ ] o,

The first diagram is corresponding to the subset A’ = {«1, a3, a5}. For other parabolic subal-
gebra qa- such as A’ = {ay }, the induced affine connection is projectively equivalent to a flat
affine connection.

On the other hand concerning sl(n, H) we have the following:

Theorem 4.4. The induced affine connection on any parabolic subalgebra of sl(n, H) is not
projectively equivalent to any flat affine connection.

Proof. A set of simple roots of sl(n, H) is given by {a1,...,an-1}. Let A" = {a;,,--- , 4, } be
a proper subset of A. Then the parabolic subalgebra g, has the basis

{H',...,H" " | iBy, jEu,kEy(1 <t <mn) |-}

The induced affine connection V on qa/ induces a Lie algebra representation f : qar — gl(m +
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1, R). By the straight forward calculation we obtain the following:

gk _ [ s(n—k)Ey for t <k
VZEttH - { g(—k)Ett for t > k+ ]-v
Vig,iEus = 0 (H'™' = H'),
viEttjESS = 6t5kEtt’

viEtt kEss = (Sts(_j)Ettv
. . 1
Y(iEst,iEy) = —.

n

These data yields the following:

0

0
O O nH! O O 0

—nH?

0

0
) 0 0
f(iEy) = - 0 : :
0 0
—1-2---—(t—-1n—tn—(t+1)---1 0 On
0 —njEtt 0
0 0

0
0 0 : 0 * 0

0
0 0 -1 0 010

Denote by = a row vector
(&1:&2, -+ &n—1 | Biisviismis (1 <0 <m), iy Bivivins Yivirass Mivivgrs
Qi yq i ﬂir+17ir7 Yipt1,irs 77ir+1,ir(1 <r< j) ‘ e )

of the length m = dimqu/. Denote by P a (m + 1) x (m + 1) matrix (i”; ?) The g1

component of nP~! f(iE;)P is equal to

(=Bt =2Bets - =t = 1)Bees (n =) By, [n— (E + 1)] Bty -++ , B [ 0, ,0,m& 1 — & — 1,
Mty =Y, 00 | -+ ) = nBu (&1, &2, a1 | Bty e, me(1 < s <m)) | ---).

Thus if a representation P~1 f P is corresponding to a flat affine connection, then we must have
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(1) —nBu& + (n—1)Bu =0, (2) —nBZ +n&_1 —né& —1 =0 for 1 <t < n. Here & and &, are
equal to 0. We now consider whether these equations have a common solution or not. Let =
be a solution of the equations.

Firstly suppose that 811 # 0. Then from (1) with ¢ = 1 we obtain & = ”7—:1 Combining

this condition with (2) yields 87, = —1. This is a contradiction, hence we must have 81, = 0
and & = —%.

Now we show that if we have 811 = 22 = -+ = [B4_14-1 = 0 and & = —%,62 =
—%,--~ o1 = —%, then we must have B = 0 and & = —%. Suppose that G # 0.
Then from the equation (1) —nBu& + (n — t)By = 0 we obtain & = "T*t Combining this
with (2) yields 32 = —1, which is a contradiction. Hence we must have 3y = 0. Then by
using (2) again we obtain & = —%. It follows that by induction on 1 <t < n — 1 we obtain
(&1,82, ++ ,&n—1) = (—%, _%7... ,—"T_l). Then from the equation (2) with ¢ = n, we obtain
B2, = —1. Therefore there are no solutions in the real field, which gives our assertion. O
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