SCALE INVARIANCE STRUCTURES OF THE CRITICAL AND
THE SUBCRITICAL HARDY INEQUALITIES AND THEIR
RELATIONSHIP

MEGUMI SANO AND FUTOSHI TAKAHASHI

ABSTRACT. In this paper, first we establish an improved subcritical Hardy
inequality in the whole space in spite of the lack of Poincaré inequality.
This also enables us to improve the sharp version of the critical Hardy
inequality on a ball. A key ingredient is a new transformation connect-
ing the Hardy inequalities in critical and subcritical cases. By using
the transformation, we reveal a relationship between the scale invariance
structures of those Hardy inequalities.

1. INTRODUCTION

Let Q be a smooth bounded domain with 0 € Q in RY (N > 2), or
Q =R", andlet 1 < p < N. The classical Hardy inequality

_ p P
(1.1) fqul”dxz(N p) e
Q D

o |xlP

holds for all u € Wé’p(Q), or u € D"?(RY) when Q = R". Here D'"*(R") is
the completion of C (RY) with respect to the norm ||V - || Lr@yy. 1t 1s known
that for 1 < p, the best constant (%)1’7 is never attained in Wé’p (Q), or in

D'P(RY). Therefore, one can expect the existence of remainder terms on the
right-hand side of the inequality (1.1). Indeed, there are many papers that
deal with remainder terms for (1.1) when Q is a smooth bounded domain
(see [1], [4], [7], [9], [12], [19], to name a few). For example, Brezis and
Viézquez [4] showed that the inequality

2
N =2\ [ |uP (wN)N
1.2 Vulfdx > — dx+ 72— fu2dx
(-2 fg' | (2)Q|x|2 ) Jo™

holds true for all u € Wé’Z(Q) where zp = 2.4048 - -- is the first zero of
the Bessel function of the first kind. After the usual symmetrization is
employed, one of the key points of their proof is a clever transformation

Date: May 8, 2015.
2010 Mathematics Subject Classification. Primary 35A23; Secondary 26D10.
Key words and phrases. Hardy inequality, remainder terms, limiting case.

1



2 MEGUMI SANO AND FUTOSHI TAKAHASHI

which estimates how far a function deviates from the ”virtual” extremal of
the Hardy inequality (1.1). The use of the Poincaré inequality on a ball
is another key point. Furthermore, there are many applications of Hardy
inequalities for parabolic equations with a singular potential (see [3], [11],
[24], [21], [5]). Especially, Vazquez and Zuazua [24] applied the remainder
term in (1.2) to study the large-time behavior of solutions to the linear heat
equation with a singular potential.

On the other hand, when Q = R", Ghoussoub and Moradifam [13]
showed that there is no strictly positive V € CY(RY \ {0}) such that the
inequality

N -2\’ 2
f Vuldx > (—) f Wl g+ f V(IxD)lufdx
RN 2 v || RN

holds for all u € W'*(R"). Therefore we cannot expect the same type of
remainder terms as in (1.2) would exist in the whole space. Instead, Cianchi
and Ferone [8] provided the following “non-standard” remainder term: Let

*

N-p
pr = ]f,VT’; be the critical Sobolev exponent, v,(x) = 4] xl_Tl for x € RV,
a € R, and define

[lze — Va||Lp*,oo(RN)

d,(u) = inf (1 <p<N).

Rl oy

Here L/ (RY) (0 < p < 00,1 < 0 < o) is the Lorentz space with the norm

1_1
||M||mf(RN) =|lsr 7u (')||L0(0,oo),

where u* denotes the (one-dimensional) decreasing rearrangement of u.
Then in [8] it is shown that for any 1 < p < N there exists a constant
C = C(p, N) such that

N-p\’ p :
f VupPdx > | —2 f Mdx(l + Cdy(uw))
RV p v X

holds for every real-valued weakly differentiable function u in RV decaying
to zero at infinity with [Vu| € LP(RY).

One of the aims of this paper is to obtain remainder terms of other forms
for (1.1) when Q = R". Note that the inequality (1.1) has the scale invari-
ance under the scaling

(1.3) () = A7 u (%)

for 1 > 0 when Q = R". Therefore any possible remainder term to (1.1)
should be invariant under the scaling (1.3) when Q = RY.
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On the critical case p = N, the inequality (1.1) fails for every constant on
the right-hand side and instead of (1.1) the inequality

N -1 f Jul
(1.4) fquI dx > ( ) P (log fé Nd

holds for all u € Wé’N (©), where R = sup, ., |x]. We call (1.4) as the Hardy
inequality in a limiting case. It is also known that the constant (NT‘I)N is
optimal and never attained ([2], [22]). Adimurthi-Chaudhuri-Ramaswamy

.e(k-times)

[1] have proved that, for any R > 0 and k € N, if we put T (k) = ¢° R,
then the inequality

k
|n|?
(1.5) f IVhPdx > — f dx
BR(0) 42 Bz<0) |x| H’ log®” Lk))z

|x]|
holds for all & € W,*(B%(0)), where B%(0) c R? denotes a 2-dimensiomal
ball with radius R, log(k)(~) is defined inductively as log(l)(~) = log(-),
log(k)(~) := log (log(k_l)(-)) for k > 2. However, it seems difficult to claim
that we have obtained remainder terms for the inequality (1.4), due to the

.e(k-times)

assumption 7'(k) = ¢ R; if we want to take 7'(k) = Re, we will not have
any additional terms on the right-hand side of (1.5) other than the standard

|2 .
4 520 (o & )2 dx. Recently, the authors [22] showed that the follow

ing Hardy inequality in a limiting case with a remainder term holds true:
Forany -1 <L <N — 216tq>0besuchthata/(q,L)— Nlg+L+2<N.

Then the inequality

N-1 N
(1.6) f IVulNdx>( ) f _WE
Q|X|N(10g )
q
Zf “ a(qL)dx]
leIN(log Be )

holds true for all u € Wé’N (), where wy is the area of the unit sphere in RY

and C(L, N, q) = (L + DUFeDr (Ntg 4 1)
Concerning the Hardy inequality in a limiting case, it is also known that
the following sharper version of the inequality (1.4):

-1\V N
(1.7) f Vul¥dx > (N ) f Lkdx
Q N o [xV(og f)N

holds true for all u € W(;’N(Q), where R = sup, . |x[; see [16], [18], [15],
[23]. Note that the inequality (1.7) is not invariant under the scaling u,(x) =

one

< Iz

_N
+wy *C(L.N,q)
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u(Ax) due to the term (log ﬁ)N . However, when Q = BY(0) case, under the
non-standard scaling

A-1
(1.8) wi(x) = /lw((%l) x] (1> 0)

introduced by Cassani, Ruf, and Tarsi [6] (in the radial case), loku-Ishiwata
[15], we check that the inequality (1.7) is invariant; see for example, [15]
Proposition 3.2. Recently, Ioku and Ishiwata [15] showed that when Q is a

ball BY(0), the constant (*-1)" in the inequality (1.7) is optimal and never

attained in WS’N (Bg (0)). One of key tools in their proof is the scale invari-

ance structure of (1.7) mentioned above. Another aim of this paper is to
obtain remainder terms in the shaper version of the critical Hardy inequal-
ity (1.7), at least when Q is a ball. Possible remainder terms of (1.7) should
also be invariant under the scaling (1.8). A key ingredient in this paper is the
new transformation (2.3) (or (3.2)), which is connecting two scale invariant
structures in the inequalities (1.1) and (1.7). By using this transformation,
we obtain the relationship between remainder terms of the classical Hardy
inequality (1.1) on R™ and the critical Hardy inequality (1.7) on Bg (0).

Before stating the main results we fix several notations: For k € N, B’;,(O)
will denote a ball centered 0 with radius R and wy an area of the unit sphere
in R, u* denotes a symmetric decreasing rearrangement (the Schwarz sym-
metrization) of a function u on R*:

w'(x) = u(x)) = inf{d > 0 | [{x € R* | ju(x)| > A}| < 1B}, O)]}

||
where JA| denotes the measure of a set A € R

Our main results are as follows:

Theorem 1. (Improved subcritical Hardy inequality on the whole space)
For given m > 3,m e N, 2 < p <m, and g > 2, set« = a(p,q,m) =
2-m+ @. Then there exists D = D(p, g, m) > 0 such that the inequality

2
_p\’ » )T xrdx )
(1.9) fquI"dxz(m p) ul dx+D[fR—dx
Rlll p

ren |X|P me |u#|P) x|>P

holds for all u € W"P(R™), u % 0.
If a(p, g, m) < O, then the inequality

2
2

D\ P L ul 7 |xodx \*
wuwdxz(m P) W oy pf e b
p ron [X17 o lutiplx2-

Rl‘l‘l

holds for all u € W"P(R™), u % 0.
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Furthermore, if p = 2, then the inequality
(1.10)

2
S0V P o x| |
[ wtacs (252) [ o v.qm( -
m R

2
2 n |X] Jo luPdx

holds for all radial function u € W'"P(R™), u % 0. (We need not assume
that u is a radially decreasing function). The constant D = D(p,q,m) is
explicitly given as

dw,(p=1) (m=p\"~ 2
D(p, g,m) = MZDZ ( p”) C(q,2,2,2)77,

where C(q,2,2,2) is the positive constant in Proposition 4 in Appendix.
Remark 1. The remainder term of the inequality (1.9) is scale invariant un-

der the scaling (1.3) on R™: u,(x) = /l_%u(y), y = 9,x € R™. Indeed, for
a,b € R, we have

(1.11) f ()| x| = A58 f Gyl dy.
Rm Rm

Thus by taking a = "z—q,b = a(p,q,m),ora=p,b=2—-pin(1.11), we have

)1 ? 1x%dx = | 1)) 7 |xdx = 22 f ()| % |y°dy,
Rm Rm m

f ()P | x> Pdx = f ™), (0)P|x[*Pdx = A* f u* (WIPIyI* P dy
RN RN Rm

where the fact that (1,)*(x) = (u*),(x) comes from Proposition 6. Therefore
the remainder term in the inequality (1.9) has the scale invariance.

Next theorem concerns the improvement of the sharper version of the
Hardy inequality in a limiting case (1.7).

Theorem 2. (Improved sharp critical Hardy inequality on balls) Let N,m €
Nbe N > 2, m>3andlet g > 2. Take a € R satisfying a < mT—z’ ora>"%.
Then the inequality

N-1\" N
f IVl Vdx — (—) f L A N
BY(0) N s XV (log 1)V

2
-2

T N(log R ) Bdx |’
Jiy W1 1™ (log ) Pdx

(1.12) > K(a,q,m,N) e
fBg«» wi¥xd N (log £) " dx
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holds for all radial function w € Cj(B3(0)), w # 0. Here
qg(N-1) N 2(N-1)

~1
p=l+— m-2-2a’
2AN - 1)
N+ 0
4 m-—2-2a
2wyD(2,g,m) (N—1\""
K = K(a,m, N, q) = :
(@m,N.q) wmlm—2—2a|( N)

and D(2, g, m) is the constant in Theorem 1.

Remark 2. Again, the remainder term in (1.12) is scale invariant under the
scaling (1.8). Indeed, for 4 > 0, define

wl(r) = 7% wR™rY), re[0,R).

Then for any ¢, d € R, we see that

fR WA e fR O/
o rlog#)! o slog 8y

holds by using the change of variables s = R'™'r4, & = 14 Thuys,

CWIT e fR O
o r(log 1y o s(log By

fR LG PRI fR I
o r(log ) o s(log $)

so the exponent of A in the ratio of the above two integrals is f—y — A%(% -
N) = 0, by the definition of 8 and y. Therefore the remainder term in the
inequality (1.12) has the scale invariance.

b

This paper is organized as follows: Section 2 is devoted to proofs of main
results, Theorem 1 and Theorem 2. In Section 3, we give some facts con-
cerning the new transformation (2.3) introduced in the proof of Proposition
1. In Section 4, we discuss other improvements of the Hardy inequalities in
both subcritical and critical cases. In Appendix, we collect useful facts for
proofs.

Throughout the paper, if a radial function u is written as u(x) = #(|x|)
by some function & = ii(r), we write u(x) = u(|x|) with admitting some
ambiguity. We hope no confusion occurs by this abbreviation.

2. PROOFS OF MAIN RESULTS

In this section, first we improve the classical Hardy inequality on the
whole space. Brezis and Vazquez’s well-known idea will be used in the
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proof. Next we prove Theorem 2 by using Theorem 1. In the course of
proof, we use a new transformation which connects two Hardy inequalities.
Next simple lemma is used to prove Theorem 1.

Lemma 1 ([12] Lemma 1). Let p > 2 and &,n be real numbers such that
E>0andé—n=>0. Then

(€ —n)’ + pé’'n— & > max{(p — D", Inl"}.

Proof of Theorem 1. [Step 1] First, we show that the inequality (1.9)
holds for nonnegative, radially symmetric and nonincreasing function u =
u(r) € Cy(R™) where r = |x|. Following the idea of Brezis and Vazquez
[4], we define the new function on R?: For s € [0, +0), define

v(s) = r%u(]"), where s = r € [0’ OO),

and put v(y) = v(|y|) for y € R2. Note that v(0) = 0 and also v(+o0) = 0 since
the support of u is compact. We claim that if u € W!*(R™), then v € LP(R?).
Indeed, we have

flv(y)lpdyzwzf V()P sds
R2 0

(o]
_ (00} ul?
= w, f ()PP dr = — f | |_2 dx
0 W Jen 1217

P2 2

p o P

sﬂ(f ﬂdx) (f |u|de)
) rm | X[P R

p-2

w P2 a ,
< —Z(L) (f Vul? dx) (f uf? dx) < oo,

here we have used Holder’s inequality, Hardy’s inequality, and the assump-
tion that u and |Vu| belong to L”(R™). Therefore we have checked v €
L”(R?). Now we observe by using «’(r) < 0 that

_ p P
J= | [Vupdx- (u) )
RITI p Rﬁ’ |x|p

© _\P 0
= wmf (—u’(r))l’rm—l dr — (u) wmf |u(r)|prm—p—1 dr
0 p 0

© - m m-p P
= wmf (m Ps_Fv(s) - s_Pv’(s)) s"ds
0 p

— I 0
—(u) wmf vP(s)s~ ! ds.
p 0

3
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Here, applying Lemma 1 with the choice

ps_%v(s) and n:s_%v’(s),

g=""

and using the fact v(0) = v(+00) = 0, we get

J > —wmp(m;p) f“’ v(s)P WV (s)ds

0

+m%@—1%m p) jmwﬂwmm@fum
P 0

p 4 (~(d z
= wn(p - % p) ;ﬁ(w@mw sds

Wy m-—p
(2.1) =w—2( —1)( > ) —IIV(V [y

Now, we apply the Gagliardo-Nirenberg inequality (see Proposition 4 in
Appendix) to v € L2(R?):

IV llaey < Clg, 2,2, 2)lIv? ”Lz(Rz IV(? )Ile(Rz)

Combining this to (2.1), we obtain

2
m 4 vz (dy™
720 —1)( p) ~C(g 222)—[fR2—
W) p Joo v o)dy
2
Joo 1l ¥ Jxlodx 2
=D\ |
fo lulP PP dx
m = 2 .
Note that if p = 2, we can expand (’"T‘z s 2v(s) — s‘Tzv’(s)) term without
any sign information of u’(r), thus getting the same conclusion.

[Step 2] Let u € WHP(R™) be given. By using density argument and
symmetrization argument, we obtain

e

2
P a7 x|7dx )
(m p) Ju d)c+D(fR ,

p R 1P Lol P1x2Pdx

IVulpdx > IV |Pdx
Rm
2

) e +l)[fmhﬁV?ude]*z
X

R 217 Jo 1 1P1x PP dx

\%

\%
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where the first inequality comes from the Pdlya-Szeg6 inequality, the sec-
ond comes from Step 1, and the last comes from the Hardy-Littlewood in-
equality: f L et > f ., fg for nonnegative measurable functions f and g.
Hence (1.9) holds for all u € W'"?(R™). If @ < 0, the numerator of the
remainder term may be replaced by fR lu| 7 |x|*dx, by another use of the
Hardy-Littlewood inequality. Note that the denominator of the remainder
term in (1.9) is bounded for any u € W'(R™), since

p=2 2
#|p #p a »
WV <[ 1 gy P dx
Rm |X|p 2 R™ |X|p m
p_\ 7 ’
< ((—) |vu#|de) ( f Iul”dx) < 0.
m - p Rm Rm

The proof of Theorem 1 is now complete. O

Remark 3. We do not know the same type of remainder terms can be ob-
tained when 1 < p < 2 in Theorem 1. The point is a lack of nice pointwise
estimate like Lemma 1 in this case. Also we do not know whether the con-
clusion holds true or not for u € D'"*(R™) in Theorem 1.

Now, let us turn to the improvement of the sharper version of critical
Hardy inequality (1.7) on balls. To prove Theorem 2, first we show a key
proposition which reveals the relation between remainder terms of critical
and subcritical Hardy inequalities in the radial case.

Proposition 1. Let m,N € N satisfy m > 3, N > 2. Leta € R, a # %2
andw = w(s) € Cé([O, R)), w > 0 be given. Then there exists a nonnegative
function u = u(r), r € [0, +00) with |u’(r)|*r"' € L'(0, +o0) such that

® m-2\" [
f I’ (PP dr - (—) f lul*r"3dr
0 2 0

R _ N R N
R |Vw(s>|NsN-1ds—(—N 1) [ las
0 N 0 s(log’—j)

holds where

N )N-l lm =2 - 24

H=H =
(a.m. ) (N—l 2

Equality holds if N = 2. Furthermore, if a < ’”T_z ora > %, thenu €
W'2([0, c0), "~1dr).
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I

Proof of Proposition 1. Let a € R, a # "7‘2 For a given nonnegative
function w = w(s) € C(l)([O, R)), we define the function u = u(r) as follows:

(2.3) u(r) = rwi(s), where s=s(r)=Rexp(-r),
(i.e., r=r(s)= (log ]—e)b) . S'(r) = (b s(r),
S

where b € R, b # 0 will be chosen later. Note that s'ds = (=b)r*~'dr and

s(0) =R, s(+00) =0, ifb>0, and
s(0) =0,s(+0) =R, ifb<O.

For the sake of simplicity, we put

R LN e N
’ N 0 s (log ’f)

00 2 o
C(u) = f |u’(r)|2r’"‘1dr, D(I/t) - (m__z) f |u|27'm_3dr.
0 2 0

Since
’ —a-1_ % N —a, Y1 ’ ’
u'(r) = —ar w2(s) + Er w2 (s)W'(s)s' (1),

where s = s(r), we have
0 N N N-2 2
Clu) = f (—ar—“-lwz(s(r)) + Er_“wT(s(r))w’(s(r))s'(r)) Ry
0

=d’ foo wh(s(r)) "3 dr — Na foo W (s(r) W (s(r)r" 24725 (r) dr
0

0

2 oo
+ NTL wh2(s(r)) (w’(s(,f)))2 P21 (¢ ()2 dr
2 s(c0) o)

-4 wh(s) r(s)" 22t ds — Na f WL )W (s)r(s)" 2 2ds
—b Js0 5(0)

N2 () N2 2 2a-1
W f( WP ) ds
(0)

&2 (R . R
= m](; w(s)s (log ;)
m—2a—2+b

N? R R

MEAN f WY 2(5)0 (5))%s (log —) " ds
4 0 S

— [+ 11 +1II.

m—2a=2
b

s d R
N
ds — aj! 75 [w (s)] (log ;) ds

m=2a-2-b
b
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From now on, we assume N > 3. Then by the Holder inequality and inte-
grating by parts, we have

2 N-2
N2 R N R R N%  m=2a-2+b

111 < lel (f (w'(s))NsN_lds) (f wh(s)s™! (log ;) gl

0 0

and

m—2a—2— m=2a-2 1 5=5(00)
—2a—2) (5 R\ =
Il = afm—2a2-2) wh(s)s™! (log —) ds—a [WN(S) (log —) ]
b 5(0) S S B
s=s(0)
On the other hand,
m=2\" [ N m-2a-3
D) =—— w" (s(r)r dr
2 0
2
m—2 (1)fs(oo) N —2a-2-b -1
=|— |— w(S)r(s)" "5 ds
2 —b 5(0)
2 R m-2a-2-b
m—2\"1 No v 1 ( R) b
=] = log — ds.
> D L w(s)s (log . s

Here, we take b to satisfy

2.4) m—-2-2a->b N b m-2-2a
. ——— =-N, e, =
b N-1

Then we have
m—2a-2
R
[WN(S)OOg-—) ’ ]
S

since w € C7([0, R)), so that

s=5(0c0)

= [WN (s) (log 5)1_N]SZS(OO) =0

s=s(0) § s=s(0)

-N

-2-2 R R
1l = a(m—a)f wh(s)s™! (log —) ds.
|b| 0 S

By the above choice of b, we also have

N m—2—2a+b_

—-N.
N-2 b
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Hence we observe that
(2.5)

Cu)=1+11+III
-N

@ am-2a-2)\ ™ o R
S(W+T)£ w'(s)s (log;) ds

2 R ¥/ R N
+ N—Ibl (f (w’(s))NsN_lds) (f wh(s)s™! (log 5) ds)
4 0 0 s

N-2

N

(2.6)
(@t m=Da) NV N2 (N=IV O N Y
_( o )(N—l) B(W“T'b'( N )(N_l) AP BN 7,

and

—2\' 1 N ¥
2.7) D(u):(mT) H(N—l) BOw).

From (2.5), we observe that |u/|?r"~! € L'(0, c0). Moreover, since

@ +m-2a (m-2\"1 -1 m-2\V N-1
- a— = ) [m—2 —24q|

b] 2 ) bl bl 2
and
(N—1)2|b|( N )N 1 m—22( N )N N( N )N-1|m—2—2a|
= —|a-— = —

4 N-1 b 2 N-1 2\N-1 2
by the choice of b (2.4), we have
C(u) — D(u)

N{ N \VM'lm-2-2 o N-1 N
: E(N— 1) = 2 Lo son'® _TW_Z_Z“'(N— 1) B(w)

N N2 2 2
— H(a,m, N)(E)B(w) 7 (AW - Bon?).
Note that the sharp critical Hardy inequality (1.7) for w implies A(w) >
2

B(w). Since f(A) — f(B) < f'(B)(A — B) holds for the function f(x) = x¥,
we conclude that

C(u) — D(u) < H(a,m,N) (A(w) — Bw)),

which proves (2.2).
When N = 2 case, the argument is the same and much simpler, so we
omit it.
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Finally we show that u*r"~" € L'(0, ) if a < 52, or a > %. Indeed, by
(2.3), we calculate

foo u(r)zr’"_ldr = foo WN(s(r))rm_Z“_ldr
0 0

- R 45 (-1
_ N - — | —
- fs(o) ws) (log s) 5 (Hs)) ( b )

(2.8)
Lt R
_mﬁ w(s)s (logg) ds,

where y = —#=20=b = 4 2D “Thyg we obtain
b m—-2-2a

(oe) 00 1
0 0 |b| Jo

Consequently, u?r™! € L'(0, ) if y > 1. The last condition is equivalent

toa < ’”T‘z, or a > 3 by a simple observation. Thus we have proved

Proposition 1. O

m=2a-=b

s(c0) R
f wh(s)s™ (log—) ' ds
5(0) s

suppw R\
(log —) s~ Vds.
s

Now, we prove Theorem 2 by combining it to Theorem 1 via Proposition
1.

Proof of Theorem 2. Let r = |x, x € R" and s = [y, y € RY. Given
a nonnegative radially symmetric function w = w(s) € C(l)(Bg (0)), define
u = u(r) through (2.3). By using (2.2) in Proposition 1 and (1.9) in Theorem
1, we obtain

N-1\" N
f IVw|¥dy — (T) f LNdy
BY(0) BY(O) ||V (log Iyﬁl)
R N AR N
N-1
f W ()N sV ds — (—) f LNds
0 N 0 s(log §)

00 _ 2 oo
Zwsz‘l(a,m,N)[ | |u'<r)|2r'”‘1—(’"72) | Iulzﬂ"_3dr)
0 0

2
-2

00 (m—2)
_ onD@,gm) (" luttr T dr)!
~ wyH(a,m,N) fo‘x’ |u2rm=1 dr
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By the transformation (2.3), we see

00 (o]
(m—-2) N (m-2-2a)
f Iulqr“qmzdr:f w(sr)= 2 dr
0 0

—2-24)

5(00) W R 1220 ds
= [w(s)| = (10 —)
fs@ o 5 (r(s))

2_ g(m—2-2a)
51+

1 R gN R
=mf w(s)| 2 s (log;) " ds.
0

Now, by the choice of b (2.4), we see
_g+1_q(m—2—2a) _2N-D) +1+q(N—1) _

b 2b T m-2-2a 2

which implies
o0 q(m-= 1 R q R _ﬁ
(2.9) f [ g f |W(S)|§Vs—1(1og_) ds.
0 |b| 0 S

Thus we conclude (1.12) from (2.8) and (2.9), where

B,

K(a,m,N,q) =

wn Ha,m,N)  w,lm -2 - 24|
The proof of Theorem 2 is now complete.

N

wy D2,g,m) _ 2wyD(2,q,m) (N— 1)N“

O

3. RELATION BETWEEN THE CRITICAL AND THE SUBCRITICAL HARDY INEQUALITIES

We have proved Proposition 1 by exploiting a transformation (2.3). How-
ever, we do not know whether the equality in (2.2) holds true when N > 3.
In this section, first by using another transformation (3.2), we prove the
equality in Proposition 1. Next we show that the transformation (2.3) in-
troduced in Proposition 1 and (3.2) both preserve the scale invariance struc-
tures of the classical Hardy inequality (1.1) in the whole space and the sharp

Hardy inequality (1.7) on balls.

Proposition 2. Let m,N € N satisfy N > 2, m > N + 1. Then for any
nonnegative radially symmetric function w € C(l)(Bg (0)), there exists a non-

negative radially symmetric function u € Cy(R™) such that
(3.1)

- N N N
f vl dx - (“==) f e dx
y N ) el

N-1

_ Wpy (m - N)N_1
WN

holds true.

N-1\" N
et () [ )
N N R
BY(0) BYO) [y (log |y_|)
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Proof. Let r = |x|,x € R™ and s = |y|,y € R". For a given nonnegative
radial function w = w(y) € C,(B}(0)), we define a radial function u =
u(x) € Cy(R™) as follows:

3.2) u(r) = w(s(r)), where s(r) = Rexp( r 'Invllv),
(1e FRE = logR), s'(r) = m- ]rr 1),

Note that s'(r) > 0 for any r € [0, +00) and s(O) =0, s(+00) =R. Alsou=0
near r = oo since w(s) = 0 near s = R. Then we obtain

\VulVdx — (m;N)N W
Rm N R™ |X|

N (o)
_wmf ' (DN dr - (m ) wmf (N dr
N 0

AN R
= wn f W (5)s () r(s)™! ,(dfs))—(m NN ) Wn fo WA (s)r(synN-1

N N m—N o s(log Zy¥

Wy (m—N\V! N-1\" [wl
:w_(N—l) fN 'VW|Ndy_( N ) fN o P
N BY(0) BY(O) |y (log Iy_l)
The proof of Proposition 2 is now complete. O

Remark 4. Up to now, we do not have an improved subcritical Hardy in-
equality (1.9) in W'*(R™) without using u* when p > 2; see Theorem 1.
Therefore it seems difficult to improve the critical Hardy inequality in B} (0)
when N > 2 by using Proposition 2.

We find the new transformations (2.3) or (3.2) which connect each re-
mainder term in Hardy inequalities (1.7) or (1.1) to the other. Here we
show that these transformations also preserve the scale invariance structures
of both Hardy inequalities.

Theorem 3. Let m > 3 and N > 2 be integers and let 1 < p < m. For

functions u = u(r), r € [0,+00) and w = w(s), s € [0, R), define the scaled
functions

_m=p r
() =77 u( ),
wl(s) = v w(s'R'™Y).

Then we have the following.

ds

s'(r(s))
N-1 _ R N
= Wy (u f W (s)VsVtds — (m N) N-1 Wy W—(S) ds



16 MEGUMI SANO AND FUTOSHI TAKAHASHI
(1) Leta€eR, a # mT_Z The transformations
M :CLI0,R),R.) 5w = w(s) > u = u(r) = rw(s(r)),
m—2-2a
N-1
M2 CLUI0, +00), Ry) 3 1 = u(r) > w = w(s) = r(s) ¥ uf (1(s)),

where s = s(r) = Rexp (—rb), b=- and

where r = r(s) = (log é)b ,
satisfy
MwH(r) = r (w’l)% (s(r)) = u,(r) where y = A5,
M w)(s) = r()¥ W)V (r(s)) = w'(s)  where v =A7".
(i1) The transformations

M Cy([0,R),R,) 5w = w(s) - u = u(r) = w(s(r)),
where s = s(r) = Rexp (—r_%) , and
M C(l,([O, +00),Ry) 2 u =u(r) » w =w(s) = u(r(s)),

N-1
R “m-N
where r = r(s) = (log —)
s

satisfy
M) = wi(s(r) = w,(r),  where = A,
M) (s) = uy(r(s)) = w'(s), where v = AT
Proof. We prove only (i). By direct calculation,
b
AR — (Rexp (-1? /IRI_’l:ReX 1) = Rex _(L) _ (
K ( P( r )) p( r ) P = s

where u = A7'/*. Therefore we obtain

(w’l)% (s) = AT EWE (SARIY = 17T Y (s(i))

we have

: N-1 — N-1  2a+2-m _m=2
Now, smceb( 5 ) a=-=3 T >,

(w’l)7 (s) = r“u_mT_zu (i) = ru,(r).
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Thus we conclude M(w')(r) = u,(r). The proof of M~'(uy)(s) = w"(s),
v = A", is similar. O
On the other hand, there is a relation between the subcritical Hardy in-

equality (1.1) in B}'(0) and the Hardy inequality in a limiting case (1.4) in
BR(0) as follows.

Proposition 3. Let m,N € N satisfym > 3,N > 2,m > N + 1. Then for
any nonnegative radially symmetric function w € Cy(BX(0)), there exists a
nonnegative radially symmetric function u € C(IJ(B’I"(O)) such that

f |Vu|Ndx—(u)Nf LR
B(0) N B™0) |x]

(3.3)

Wy (m— N\V! N-1\" lw|V
-2 (1) (L™ () [
50) B0 [y (log &)

Proof of Proposition 3. Let r = |x|,x € R" and s = |y,y € R". For a
given nonnegative radial function w = w(y) € C&(Bg (0)), we define a radial
function u = u(x) € Cy(B7(0)) as follows:

(3.4) w(s) = u(r), where s = s(r) = Rexp (1 - "7,
nm R N m
(1e R —log—), s'(r) = m- lr V1 s(r).
s
We go through the rest of the proof by using the same argument as Propo-
sition 2. O

4. OTHER IMPROVED HARDY INEQUALITIES

In this section, we prove miscellaneous improved Hardy inequalities,
in both subcritical and critical cases. In Theorem 1, we have used the
Gagliardo-Nirenberg inequality as a substitute for the Poincaré inequality,
which is usually used to improve the Hardy inequality on bounded domains.
In the next theorem, we will employ the logarithmic Sobolev inequality on
the whole space.

Theorem 4. Let m > 3 and 2 < p < m. Then the inequality
—_n\’ P
f Vuldx (u) LN
- p rm | X|P

. mepl
(41)  =CE(u )exp(l + Eu")” f || " g(“’m|x| Plu |p) dx)

P2 wr E(u*)
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holds for all u € W'“P(R™), where u" is the symmetric decreasing rearrange-

-2
ment of u, C = C(p,m) = (?)p %’ and E(u#) — jl‘{m |u#|p|x|2—pdx.

Proof. Proof is similar to that of Theorem 1. First we show the inequality
(4.1) for any nonnegative, radially symmetric and nonincreasing function
u = u(r) € Cy(R™) where r = |x[. Putv = v(y) = |y|$u(|y|), y € R?, as in
the proof of Theorem 1 and recall that vi € W'%(R?) when u € W'P(R™).
We apply the logarlthmlc Sobolev inequality on R? (see Proposition 5 in

Appendix) to f(y) = IIVIIU,(RZ)V )

7r||v||L,,(R2)exp(1+ Vv (y) log [ O) ]dy]s f V0P dy.
R2

” ||Lp(]R2) ” ”LP(RZ)

By this inequality, we estimate (2.1) from below. Therefore we obtain

—p\ p
J = f |VulPdx — (u) %dx
m p Rm |x|p
V')
||v||Lp(R2 ||V||LP(R2)

:C(p’m)E(”)eXp( i rmp”p(r)log(%)rdr)

= C(p,m)E(u) exp (1 + E(M)—l f - log(wm|x|m—17|ull7) dx)
zn |X[P72

wrE(u)

where E(u) = ‘“’”Ilvll @) me lulP|x[*Pdx. Hence the inequality (4.1)
holds for any nonnegatlve radially symmetric and nonincreasing function
u = u(r) € Cy(R™). The rest of the proof is done by the usual density and
the symmetrization argument. O

Remark 5. The inequality (4.1) has an invariance under the scaling u,(x) =
/l_Tpu(y) where y = f, (41> 0,x € R™). Indeed, by virtue of Proposition 6,
we have (u*),; = (u;)* so that

E(@M) = | 1@l Ix*Pdx = A7 f W O P A" dy = LEu®).

Rm R™
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Thus

(") 2 ()1 o (wm|x|m_p (") ()1 ) a’x)
n o |x|P2 wr E((u*),)

lu* ()P Wuly" Pl WP\
m AP=2|y|P=2 lo ( W) P E(u?) )/l dy)

u*()I? (log 2+ log(a)mlyl’”‘” u* )I? )) dy)

CE((u*),) exp (1 + E(h))™ f

= PCEu")exp (1 + E@htazrem f
R

[y[p=2 wrE(u*)
lu* ()P | (wmlylm‘P lu* ()P ) )
Og dy ’

g [YIP2 wrE(u*)

= P’CEu")exp (1 + E@h™! f
Rm

= CE(u") exp (1 +Ewh™!

so the inequality (4.1) also enjoys a scale invariance.

Next we will show another type of improvement of the sharp Hardy in-
equality in a limiting case (1.7).

Theorem S. The inequality

1 2
f VwPdx -7 f dex
BR(O) 5;0) |x2 (log £)

A-log & [ p\1=3
f w(x)—'xll (—) dx
B2(0) |x|(log l%)i |x]

holds for all radial function w € Wé’z(B?e(O)).

2

4
4.2 > A4
42) h R2w2 Salig

Proof. We show the inequality (4.2) holds for any radial function w =
w(x) € C(Bx(0)). We define the new function v = v(x) on B;(0) as

W) = (log I;) w(r), r = |xl, x € BX(0).
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By direct calculation, we obtain

1 2
I= f [Vwldx — — f %dx
BX(0) 4 Jgo) Ix*(log 1)
R R 2
= a)zf W' (r)rdr - %f —Iw(r)L rdr
0 4 Jo ri(log?)?

_ 1 2V(r) , IV(r)I2
_wzfo [—E(log7) (log ) v(r)) rdr _Z ) rlog—

R
R
= —wy f v(ry' (r)dr + w» |v’(r)|2r10g —dr
0 0 r
R 2 R
_ wy 2 ’ R wy , 2 4 R
== ) (v (r)) 1 (f(; V' (r)| ﬁrlog7dr)

R? K 4 R
:’2 ( fo V)P 5rlog = dr),

where we have used v(0) = v(R) = 0 for the last equality. Since 2 fo rlog 7 Rdr =
1 and ¢ — #* is convex, we apply Jensen’s inequality to the above expression
of 1. Hence we obtain

2

R R 4 R\ 4w R
> :)2 (I} |v'(r)|ﬁrlog7dr) > R_2 I) V' (r)rlog 7dr .
By using the boundary condition v(0) = v(R) = 0, we have
R R R R
f V(rrlog =~ dr = —f V() (log < 1) dr
0 r 0 r

R 1-1loc & 1 1 -log & o
= f w(r)—g —dr=— w(x)—| ll dx
0 (log If)f W2 JB0) |x|(log E)Z

Combining this to the above estimate of / from below, we obtain

2
1-log&
f w(x)—lxldx
g0 Ixd(log £)2

Now, we know that / is invariant under the scale transformation w
1 .
wl(r) = 7 2w(R'"*r). Therefore if we put

1 —log |§| R 1 —log %
J(w) = f w(x)—dx = wzf w(r)———dr,
B(0) |x|(10g| |)7 0 (log 5)7

I>

R2w2
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we obtain [ > - - |[J(wY)|? for any A > 0. On the other hand, we see

= Rw

A-log& (p\l-i
=12 f W) — (—) dx,
Bo Ixldog £)3 \I

Al
where we have used a change of variable s = r'R'"*, dr = 1 (%) " ds. This

1
and I > Rziwz sup oo [J(WHI* imply (4.2). General case follows from density

argument. a

Remark 6. The remainder term in (4.2) is invariant under the transformation
(1.8). Indeed, put

2

A-logi (R -3
R(w) = sup 17 wx)—— | — dx
P N
250 B2(0) |xl(log 1%)? |x]
= sup [J(whHP.
>0

Then, by the definition of (1.8), we easily check that (w')* = w* for any
A, > 0. Thus we see

R(w*) = sup |J(W)Y)? = sup [J(w*)?

>0 >0
= sup [Jw¥)[* = sup [Jw")P = R(w).
Au>0 v>0

On the other hand, J itself is not invariant under the scaling (1.8). For

example, take w,(x) = 1 — (%)a € W,(B(0)) for @ > 0. Elementary
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computations show that

1 3 i1 3..(3
J(Wa):R(F(i)—F(E)—(1+a) F(§)+(1+a) F(E))’

yo el or(3) - -ir(L (3
J(wy)) =4 R(F(Z) F(Z) (1+ad) F(2)+(1+a//l) F(z))

for any 4 > 0. In this case, we observe that J((w,)!) — 0 as A — 0 or
A — oo, which assures that sup IJ(Wwo)YHI? < co. However, it may be
difficult to show the fact sup ., |J(WH)> < oo without appealing to (4.2) for
each w € W, *(B(0)).

5. APPENDIX

In this Appendix, we collect several facts which are useful throughout
the paper.

Proposition 4. (Gagliardo-Nirenberg inequality, [10], [20]) Let N € N, 1 <
p.q,r < 00and 0 < o <1 satisfy

1 I 1 1

Moreover, assume p # o orr # N if N > 2. Then there exists a constant
C =C(p,q,r,N) such that

1_
llullzreyy < Cllull i IVl o,

for all u € Cy(RY).

Proposition 5. (The logarithmic-Sobolev inequality in 2D, [14], [17]) The
following inequality

f f2(x)log fz(x)dxslog(i IV £ dx)
R? e Jgr2

holds for all f € WL2(R?) with 122y = 1.
Proposition 6. Put r = |x|, x € RY and let
u*(r) = inf{r > 0 | w,(7) < |BY(O)|}

be the symmetric decreasing rearrangement of a function u, where p, is a
distribution function of u: w,(t) = |{x e RN | Ju(x)| > T}|, 7 > 0. Define

u(x) = 7 u (ﬁ)for A > 0. Then the equality

(5.2) W) (r) = W (r) ('r>0)
holds.
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Proof of Proposition 6. The distribution function of u, can be written as

thy(7) = [{x € RY | Juy(x)] > 7]

N-p
A7 u(f)
A
N N-p
=[{y e R” [ Juy)l > 17 7}
N-p
="y e RY | lu(y)| > A7 7|

(5.3) = AV, (A7),

{(xeRY

> 1}

Hence by the definition of (u,)* and (5.3), we obtain
(up)*(r) = inf{r > 0 | p,,(7) < |B,|}
= inf{r > 0 | M, (A7) <|B,)
N-p

= inf(A" 77 > 0 | w() < 17VIB))
= 77 nf{E > 0 | (%) < |B:])

I (1) -
w7 )= W)
The proof of Proposition 6 is now complete. O
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