SPIN TORIC MANIFOLDS ASSOCIATED TO FINITE GRAPHS

MIHO HATANAKA

ABSTRACT. We describe a necessary and sufficient condition for a toric manifold to admit
a spin structure. In particular, a toric manifold admits a spin structure if and only if its
real part is orientable. It is known that a Delzant polytope can be constructed from a
building set or pseudograph, so that one can associate a toric manifold to a building set or
pseudograph. In this paper, we characterize building sets and pseudographs whose associated
toric manifolds admit spin structures.

1. INTRODUCTION

A toric variety is a normal algebraic variety of complex dimension n with an effective
algebraic (C*)"-action having an open dense orbit. The family of toric varieties one-to-one
corresponds to that of fans which are objects in combinatorics. In this paper, we deal with
nonsingular toric varieties called toric manifolds.

As is well-known, a smooth manifold M admits a spin structure if and only if its first
Stiefel-Whitney class w; (M) and second Stiefel-Whitney class wy(M) vanish. Using this
condition, we can describe a necessary and sufficient condition for a toric manifold M to
admit a spin structure in terms of the corresponding fan (Proposition 2.1). It turns out that
this is equivalent to its real toric manifold Mg being orientable ([9]).

There are constructions of toric manifolds from two kinds of finite graphs (i.e. from simple
graphs ([3]) and from pseudographs ([2])), and the construction from simple graphs is gen-
eralized to that from building sets. Using Proposition 2.1, we can characterize finite simple
graphs and building sets whose associated toric manifolds admit spin structures (Theorem 3.8,
Corollary 3.9). Moreover, this characterization of simple graphs is generalized to pseudographs
which may have multiedges and loops (Theorem 4.13).

This paper is organized as follows. In section 2, we describe the necessary and sufficient
condition for a toric manifold to admit a spin structure and for a real toric manifold to be
orientable. In section 3, we review the construction of toric manifolds from finite simple
graphs and building sets on [n+1] := {1,...,n+ 1}, and characterize finite simple graphs and
building sets whose associated toric manifolds admit spin structures by applying the necessary
and sufficient condition above. In section 4, we similarly review the construction of toric
manifolds from finite pseudographs, and characterize finite pseudographs whose associated
toric manifolds admit spin structures.

2. SPIN TORIC MANIFOLDS AND THE ORIENTABILITY OF REAL TORIC MANIFOLDS

In this section, we give a necessary and sufficient condition for a projective toric manifold
to admit a spin structure and for a real toric manifold to be orientable. Let P be a Delzant
polytope of dimension n in R™ with m facets, A be a function mapping each facet of P to its
facet vector (i.e. a normal primitive vector to the facet), and X be the modulo 2 reduction
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of A. A toric manifold constructed from P is written by M (P), and its real part (i.e. its real
toric manifold) is written by Mg (P).

Proposition 2.1. The followings are equivalent.

(1) The toric manifold M(P) admits a spin structure.

(2) The real toric manifold Mg(P) is orientable.

(3) There is a homomorphism € from Z5 to Zs = {0,1} such that (N (F)) = {1}, where
F is the set of facets of the Delzant polytope P.

Proof. We prove the equivalence between (1) and (3). We can prove the equivalence between
(2) and (3) similarly, so we omit the proof. The equivalence between (2) and (3) was proved
by [9], however the following proof is different from their proof.

A manifold M admits a spin structure if and only if its first Stiefel-Whitney class wy (M) and
second Stiefel-Whitney class wq(M) vanish. Since the cohomology group H!(M(P)) of the
projective toric manifold M (P) is trivial, its first Stiefel-Whitney class w; (M (P)) vanishes.
So, it is enough to prove the equivalence between (3) and the vanishing of wa(M(P)).

Let T™ be a compact torus (SY)", M = M(P), and 7 : ET™ x7n M — BT"™ be the Borel
construction of M. Since the Serre spectral sequence of m degenerates at the Es-level, we have
the following exact sequence.

(2.1) 0 — H2(BT™ Zs) = H2n(M;Zs) 2 HX(M;Zs) — 0,

where p* is the surjection induced from an inclusion of the fiber p: M — ET™ xXpn M.
Let Fi,...,F, be the facets of P and 7i,...,7, be elements in H?,(M;Zs) which are

Poincaré dual to the characteristic submanifolds of M corresponding to Fi,..., F,,. Then,
7*(u) is written as a linear combination of 7y, ..., 7, as follows (see [8] for example):
m
m(u) =Y viw)m.
i=1

Here, v; can be regarded as an element in Hom(H?(BT™);Zs) = Ha(BT™;Zs). So, 7*(u) is

written as follows:
m

W*(U) = Z<u7 Ui>7—’i7
i=1
where ( , ) denotes the natural pairing between cohomology and homology. Let X\ be a
homomorphism F to Ho(BT";Zs) which maps F; to v;. Then,

7 (w) = (u, N (F1))m1 + -+ (u, N (F)) o
It is known that the equivariant Stiefel-Whitney class w’" (M) is of the form

m

W™ (M) = T[4+ 7).

i=1
so we have wi" (M) = Zn ([4]). The second Stiefel-Whitney class wa(M) is the image of
i=1

wl™ (M) by p* in (2.1). Since (2.1) is an exact sequence, the equation wo(M) = 0 is equivalent
to the existence of an element u in H?(BT"™;Zsy) such that 7*(u) = wl" (M). So we have

m m

S NE)NT = 7

i=1 =1
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Therefore, wy(M) vanishes if and only if (u, \'(F})) is 1 for each ¢ = 1,...,m, which implies
the equivalence between (1) and (3). O

Remark 2.2. The same proof as above shows that Proposition 2.1 holds for a toric manifold
whose realization of the underlying simplicial complex of the corresponding fan is a disk
([1, 7]), for a quasitoric manifold ([4]) and for a topological toric manifold ([6]).

A truncation of a Delzant polytope P along a face corresponds to blowing-up along the
submanifold of M (P) corresponding to the face. To be precise, let F' be a codimension k
face which is an intersection of k facets Fi,..., Fy of a Delzant polytope P, and A(F;) be
the facet vector of the facet F; for each i. A face truncation at F' is to cut P along the face
F in such a way that the facet vector of the new facet is A(Fy) + -+ + A(F)) (Figure 1).
The projective toric manifold corresponding to the truncated Delzant polytope is formed by
blowing-up M (P) along the submanifold corresponding to the face F.

b|c —>  blb+c|C

FIGURE 1. face truncations and new facet vectors corresponding to blowing-up

3. SPIN TORIC MANIFOLDS ASSOCIATED TO FINITE SIMPLE GRAPHS AND BUILDING SETS

We set [n+ 1] := {1,...,n+ 1}. In this section, we assume that a graph G is simple, and
review the construction of a toric manifold M(G) (resp. M(B)) from a finite simple graph
G (resp. a building set B on [n + 1]), and characterize a graph G (resp. a building set B)
whose associated toric manifold M (G) (resp. M (B)) admits a spin structure. There are two
kinds of constructions of a Delzant polytope from G (resp. B). One is to realize a Delzant
polytope in R"*! by Minkowski sum, and the other is to truncate faces of a simplex in R™.
In this section, we use the second construction.

Let G be a simple graph with n + 1 nodes, and its node set V(G) be [n + 1]. We set

B(G) :={I Cc V(GQ) | G|I is connected},

where G|I is a maximal subgraph of G with the node set I (i.e. the induced subgraph). The
empty set () is not in B(G). We call B(G) a graphical building set of G. A graphical building
set B(G) is a building set on V(G), so we review the construction of a toric manifold from a
building set.
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Definition 3.1. A building set B on [n+ 1] is a collection of nonempty subsets of [n+ 1] such
that

(1) B contains all singletons {i} for every 1,

(2)ifI,JeBand INJ #0, then IUJ € B.

If [n + 1] € B, then B is called a connected building set.

Example 3.2. We consider the following path graph Ps.
Then,

P3123
*—eo—o

B(P3) = {{1}’ {2}’ {3}> {1’ 2}7 {2> 3}’ {17 2, 3}}a

which we simply express as follows:
B(Ps) ={1,2,3,12,23,123}.

When a building set B is connected, we construct a Delzant polytope Pgp in R™ as follows
([3]). We take an n-simplex in R™ such that its facet vectors are ey, ..., e,, and —ej —- -+ — ey,
where e1, ..., e, are the standard basis of R". Each facet vector e; (1 < i < n) corresponds
to an element 4 in B, and the facet vector —e; — --+ — e, corresponds to an element n + 1
in B, where i in B means the singleton {i} in B. We truncate the n-simplex along faces in
increasing order of dimension. Let F; denote the facet corresponding to an element i in B.
For every element I = i; ...i; in B\ [n+ 1] we truncate the simplex along a face F;, N---NFj,
in such a way that the facet vector of the new facet, denoted F7, is the sum of the facet
vectors of the facets Fj,,...,Fj;,. Then the resulting polytope, denoted Ppg, is a Delzant
polytope, and called a nestohedron. The set B\ [n + 1] one-to-one corresponds to the set
of facets of Pg. Let M(B)(Mg(B)) denote a (real) toric manifold corresponding to Pg. A
nestohedron constructed from a graphical building set B(G) is called a graph associahedron,
and the associated (real) toric manifold is denoted by M (G)(Mg(G)). When a building set
B is disconnected, the corresponding nestohedron is defined as the product of nestohedrons
associated to connected building sets in B. The corresponding (real) toric manifold is also
defined as the product of (real) toric manifolds associated to connected building sets in B.

Remark 3.3. The size of an n-simplex is not important because the size does not affect the
topology of the associated toric manifolds. The important data are a simple polytope and its
facet vectors.

Example 3.4.

(1) When a graph G is a point, the associated (real) toric manifold is also a point. We
understand that a point is orientable and admits a spin structure.

(2) When G is a connected graph with 2 nodes, the corresponding graph associahedron Pg in
R is an 1-simplex (Figure 2), and the associated (real) toric manifold is diffeomorphic to CP*
(RP!). CP! admits a spin structure and RP! is orientable.

(3) When G is a connected graph with 3 nodes, G is a path graph Ps or cycle graph Cs.
If G is the path graph Ps, then its graphical building set B(Ps) is {1,2,3,12,23,123}, and
the corresponding graph associahedron Pp, is a pentagon (Figure 2). So, the associated
toric manifold is diffeomorphic to CP?§2CP? and does not admit a spin structure. If G is
the cycle graph Cj, then its graphical building set B(Cs) is {1,2,3,12,23,31,123}, and the
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corresponding graph associahedron Pc, in R? is a hexagon (Figure 2). So, the associated toric
manifold is diffeomorphic to CP?#3CP2? and also does not admit a spin structure.

€1 —€1
) o— R

R? R?
61 _61_62
e1 16 —€1
€2

FIGURE 2. graph associahedrons and facet vectors in (2) and (3)

Example 3.5.

(1) A building set on [1] is only {1}, so the corresponding nestohedron Py is a point, and the
associated (real) toric manifold is a point.

(2) Building sets on [2] are {1,2} and {1,2,12}. If B is {1,2}, then its nestohedron Pgp is a
point, so the associated (real) toric manifold is a point. If B is {1, 2,12}, then its nestohedron
Pp is an 1-simplex, so the associated (real) toric manifold is diffeomorphic to CP! (RP?!).

(3) Building sets on [3] are essentially the following.

{1,2,3}, {1,2,3,12}, {1,2,3,12,23,123}, {1,2,3,12,23,31,123},

{1,2,3,123}, {1,2,3,12,123}.
Each nestohedron Pp is a point, 1-simplex, pentagon, hexagon, 2-simplex, and square. The
last two are not constructed from any graph, and the corresponding Delzant polytopes are
as in Figure 3. The toric manifolds M (B) (resp, real toric manifolds Mr(B)) associated to
the building sets are respectively diffeomorphic to a point, CP!, (CP%QW, CP?43CP2?, CP?,
and CP?§CP? (resp, a point, RP! 3RP% 4RP? RP?, and 2RP?).

Lemma 3.6. Let B be a connected building set on [n+1]. Then the following are equivalent.
(1) The toric manifold M (B) admits a spin structure.

(2) The real toric manifold Mg(B) is orientable.

(3) n+1 is even and any element in B\{[n + 1]} has odd order.

Proof. Let F be the set of facets of the nestohedron Pg, A be a function mapping each facet
of Pp to its facet vector, and A be the modulo 2 reduction of A\. By Proposition 2.1, it is
enough to show the equivalence between (3) and the existence of a homomorphism e from Z5
to Zg = {0, 1} satisfying e(N (F)) = {1}.
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€1

el —€1— €2 —€1 — €2

€2

FIGURE 3. nestohedrons corresponding to {1,2,3,123} and {1,2,3,12,123}

The nestohedron Pp has ey, ..., e,, and e; + - - - + e, as facet vectors modulo 2, where the
facets associated to these facet vectors correspond to the singletons in B, that is, N (F}) =
€1, N(Fp) = en, N (Fp41) = €1 4+ -+ + €,. Suppose that there is a homomorphism € from

ZYy to Zo = {0,1} such that ¢(N(F)) = {1}. Then n is odd. We assume that there is an
element I with an even order in B\{[n+ 1]}, and let F} be the facet of Pg corresponding to I.

Then, since e(N'(F1)) = -+ = e(N(Fph+1)) = 1, we have e(N(Fy)) = 0. This is a contradiction.
If (3) holds, then we can take the homomorphism e from Z5 to Zs = {0, 1} mapping each
e; to 1. O

Lemma 3.7. Suppose that a smooth manifold M is diffeomorphic to the product of smooth
manifolds My, ..., M. Then the followings hold.

(1) M is orientable if and only if each factor M; is orientable.

(2) M admits a spin structure if and only if each factor M; admits a spin structure.

Proof. We use the following formula. Let £, 1 be vector bundles over base spaces By, B2. Then
the [-th Stiefel-Whitney class of the product bundle & x n over By x Bsg is

(3.1) fx 77 sz X Wi—; "7)

In particular
w1 (M) = wi(My) + - - + w1 (Mg).
Therefore, w(M) = 0 if and only if w;(M;) =
among wi (M), ..., wi(My). This means (1).
If M admits a spin structure, then wi(M;) = -+ = w1 (M}) = 0 because of the orientability
of each M;. So, it follows from (3.1) that

’ZUQ(M) = ’LUQ(Ml) +---+ wz(Mk).

Therefore wa(M) = 0 if and only if since there is no relation among wa(Mj), ..., wa(My),
wa(My) = --- = wa(My) = 0. This means (2). O

- = w1 (M}) = 0 since there is no relation

The following theorem follows from Lemmas 3.6 and 3.7.
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Theorem 3.8. Let B be an union of connected building sets By, ..., By on subsets S1,...,Sk
in [n+ 1]. Then the following are equivalent.
(1) The toric manifold M (B) admits a spin structure.
(2) The real toric manifold Mgr(B) is orientable.
(3) Each building set B; satisfies either of the following.

1) 18] = 1.

(I) |S;| is even and any element in B;\{S;} has an odd order.

Corollary 3.9. Let G be a finite simple graph.

(1) The toric manifold M(G) admits a spin structure if and only if M(G) is diffeomorphic to
(CPYHYk,

(2) The real toric manifold Mg(G) is orientable if and only if Mr(G) is diffeomorphic to
(RP1)*,

Moreover, the corresponding graph is the disjoint union of k connected graphs with 2 nodes
and finitely many points.

o o o e " o o o 0 - o

Proof. We assume that a graph G has k connected component G, ..., Gg. Then we can take
the graphical building set of G as B in Theorem 3.8, the graphical building set of G; as B;,
and the node set of G; as S;. (3)(I) in Theorem 3.8 means that G; is a point, and (3)(II)
means that G; is a connected graph with 2 nodes. In fact, G; has even nodes because |S;]| is
even, and if GG; has more than or equal to 4 nodes, then GG; has a connected proper subgraph
with 2 nodes, which gives an even order element in B; \ {S;}. O

Remark 3.10. A compact toric manifold M has trivial 1-st cohomology group ([5]), so that
M admits only one spin structure if M admits a spin structure.

4. SPIN TORIC MANIFOLDS ASSOCIATED TO FINITE PSEUDOGRAPHS

In this section, we construct a toric manifold M(G) from a pseudograph G (i.e. a graph
may have multiedges and loops) ([2]), and characterize a pseudograph G whose associated
toric manifold M (G) admits a spin structure.

Definition 4.1. Let G be a finite pseudograph.

(1) A tube Gy of G is a proper connected subgraph of G such that if a pair of nodes of G; is
connected by an edge of G, then G; contains at least one edge connecting the pair.

(2) Two tubes are compatible, if one is included in the other, or they are disjoint and cannot
be connected by an edge of G.

(3) A tubing of G is the set of pairwise compatible tubes and the union of such tubes is not G.

Example 4.2. (a) and (b) in Figure 4 are tubings. However, (c) in Figure 4 is not a tubing
because two tubes are not compatible. (d) in Figure 4 is also not a tubing because the union
of the tubes is the whole graph.

Definition 4.3. Let G be a pseudograph.

(1) Suppose that a pair of nodes is connected by at least two edges. Then the set of all edges
connecting the pair of nodes is called a bundle.

(2) The underlying simple graph G4 of G is the graph obtained by deleting all loops and
replacing each bundle to an edge.
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@@ @ o @®
(a)

(b)

—E
(d)

(c)

FIGURE 4. tubings and non-tubings

Example 4.4. The underlying simple graph of the left pseudograph in Figure 5 is the right
simple graph. Here, B; and By are bundles.

FIGURE 5. underlying simple graph

For each tube Gy of a pseudograph G, we define a set S as follows.

) All nodes of G; are in S.

) All edges of G; except for edges not contained in bundles and all loops of Gy are in S.
) All edges in bundles of G not containing edges of Gy are in S.

) All loops not incident to any node of G; are in S.

We call S a label of Gy.

Definition 4.5. A tube G, is called full, if it is a subgraph that consists of some of the nodes
of the original graph and all of the edges that connect them in the original graph (i.e. an
induced subgraph of G).

(1
(2
(3
(4

Example 4.6. Figure 6 shows examples of full tubes of a graph and their associated labeling.
Here, 3abcd means the set {3, a,b,c,d}.

Let G be a pseudograph with n + 1 nodes and [ loops, By, ..., Br be bundles of G with
b1 +1,...,br + 1 edges, A® be an s-simplex, and p be a ray. We define

k
Yai=A" X HAbi x pl,
i=1
and label every face in X as follows.
(1) Each facet of A™ corresponds to a node of G. Each face of A™ corresponds to a proper
subset of the node set of G and is the intersection of the facets associated to nodes in that
subset.
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1a2c¢c3 4
« o _Jo—e (e

b d
3abcd 123abcd

o WS
©)
3abcde

FiGgure 6. full tubes and corresponding labels

(2) Each vertex of Ab corresponds to an edge of the bundle B;. Each face of Ab corresponds
to a subset of an edge set of B; defined by the vertices spanning the face.

(3) Each p corresponds to a loop of G.
Each face of ¥ is labeled by the product of each factor naturally.

Remark 4.7. Let G; be a tube of G. Suppose that the label of Gy contains k nodes of G and
does not contain [ edges in bundles and m loops. Then the face of ¢ corresponding to Gy is
of codimension k + [ + m by the way of labeling faces of Y.

Facets of X are

k
(facets of A™) x H A x p,
i=1
k
A" x (facets of Ab) x H A x gl (j=1,...,k), and
i=1,i#j

k
A" x HAb" x (facets of p!).
i=1
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k
The number of facets in each line above is n + 1, Z(bj + 1), and [ respectively. We embed
j=1
Y¢ in an Euclidean space such that a facet vector of each facet is respectively

€l,...,€n, —€1 — " — €En,

€n+ly--5€ntbyy —CEnt+l — " T Entbyy

Cn4bi+1s- 5 Cntbi+bay " Cntbi+1 — * 7 T Cntbitbos

Entbytodbr 115+ o5 Endby by "Endby b1+l T 0T T Endby by
Cn4bi+-+bg+1ls -+ s Cntby+-+bp+1-

Here, {e;}; is the standard basis in the Euclidean space of the dimension of .

Example 4.8. We consider the pseudograph G drawn below. We embed Y in R? in such a
way that each facet vector is

lab — e1, 2ab— ey, 3ab — —ey —e9, 123a — ez, 123b — —eg.

G 1 a
2 3
e »
o4 Ye 23a
3a " \2a
23 a
Slaf— a 12a
3 2 X | = 3lab [ Db
sl 12 315" =112

FIGURE 7. Y and labels of faces

Then, we construct a pseudograph associahedron K'G by truncating Y along some faces.
At first, one truncates Y along faces with labels corresponding to full tubes as follows. If a
face I’ of X with a label corresponding to a full tube is denoted by FyN---N Fy, where each
F; is a facet of X, then truncate ¢ along the face F' in such a way that the facet vector of
the new facet is the sum of the facet vectors of Fi, ..., Fi.. We repeat this truncation from low
dimensional faces to high dimensional faces. The label corresponding to a full tube is (nodes
of this full tube)(every edge in bundles and every loop in G). Therefore, if we truncate X
along all faces with labels corresponding to full tubes, then ¥ turns to

k
(4.1) Pg, x [] A% x ¢,
i=1
where Pg, is the graph associahedron corresponding to the underlying simple graph G, of G.
Next, one truncates (4.1) along faces with labels corresponding to non-full tubes in the same
way as full tubes.
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Proposition 4.9. ([2]) Let G be a pseudograph, and KG be the pseudograph associahedron
constructed from G. If G does not have any loop, then KG is a Delzant polytope and if G has
a loop, then KG is a simple polyhedral cone. Its face poset is isomorphic to the set of tubings
of G, ordered under the reverse subset containment. In particular, there is a one-to-one
correspondence between facets of KG and tubes of G.

We denote the (real) toric manifold corresponding to KG by M (G)(Mgr(G)).

Example 4.10. We shall observe the pseudograph associahedron KG for the pseudograph
G in Example 4.8. Figure 8 indicates all tubes of G and the corresponding labels. The first
line indicates full tubes, and the second line indicates non-full tubes. Truncating ¥ along

2
I 2 3 i %

lab 2ab 3ab 12ab 23ab

2 1 2 2
3 2.8 L2912 3

23a 23b 123a 123b

FIGURE 8. tubes and corresponding labels

faces with labels corresponding to the full tubes, g turns into the left in Figure 9. This is
the product of 1-simplex and the graph associahedron constructed from the underlying simple
graph of G. Moreover, truncating the left in Figure 9 along faces with labels corresponding to
non-full tubes, the left turns into the right in Figure 9. This is the pseudograph associahedron
K G associated to G. Each facet vector is as follows:

123a
3a
3la
o 3ab
3ab “
lab

d A

31" -
123b

FIGURE 9. pseudograph associahedron

lab — e, 2ab — e, 3ab — —e1 — e, 12ab — e; +e2, 23ab— —e;
23a — —e1 +e3, 23b— —eq —e3, 123a — eg3, 1230 — —eg3
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Example 4.11. When G is the disjoint union of n+ 1 nodes, the pseudograph associahedron
K@ is as follows. The polytope ¥ is an n-simplex, and the nodes of G correspond to the
n + 1 facets of the n-simplex. Every tube of G is 1 node and full. Suppose that the tube
G; of G is the node ¢ of GG, then the label of G; is i. So, KG is an n-simplex since KG is a
polytope obtained by truncating the n-simplex along n + 1 facets. Therefore, the associated
toric manifold M (G) is diffeomorphic to CP™.

Remark 4.12. The graph associahedron Pg of G above is a point. If a simple graph G is
not connected, then the associated pseudograph associahedron K G is different from the graph
associahedron Pg.

Theorem 4.13. Let G be a finite pseudograph.
(1) The toric manifold M(G) admits a spin structure if and only if M (G) is diffeomorphic to
one of CP*~(k : 1 or even), CP',CP' x CP!, and C.
(2) The real toric manifold Mg(G) is orientable if and only if Mr(G) is diffeomorphic to one
of RP*=1(k : 1 or even),RP',RP' x RP!, and R.
Moreover, the associated pseudograph is respectively the disjoint union of k nodes, a connected
simple graph with 2 nodes, a connected pseudograph with 2 nodes and 2 multiedges, and 1 node
with 1 loop.

Remark 4.14. If G is a pseudograph with loops, then the realization of the underlying
simplicial complex which is dual to the boundary complex of K G is a disk. Because truncating
Y along faces preserves the homeomorphic type of a realization of the underlying simplicial
complex. So, by Remark 2.2, Proposition 2.1 can be applied even if G has loops.

Proof. If M(G) is diffeomorphic to one of CP*~1(k : 1 or even), CP!, CP! x CP!, and C, then
M (G) admits a spin structure.

The toric manifold M (G) does not admit any spin structure unless the following two con-
ditions are satisfied:

(4.2) The cardinality of the node set V(G) is 1 or even.

(4.3) The number of multiedges in any bundle is even.

Because if the cardinality n + 1 of the node set V(G) is more than one, then K G has facet
vectors eq,...,ep, —€1 — -+ — €y, s0 (3) in Proposition 2.1 implies (4.2) if M(G) admits a
spin structure. A similar argument implies (4.3). If ¥ is truncated along a codimension 2
face, then (3) in Proposition 2.1 is not satisfied. Therefore, it is enough to consider G which
satisfies (4.2) and (4.3) and whose associated pseudograph associahedron KG is constructed
without truncating Y& along any codimension 2 faces.

Suppose that G contains a proper full tube shown in Figure 10. The label of this full tube
is ij(all edges in all bundles and all loops), so this tube corresponds to a codimension 2 face of
Y by Remark 4.7. Therefore, G does not contain the proper full tube in Figure 10 if M(G)
admits a spin structure.

(1) Assume that G is a connected pseudograph in Figure 10 with the node set {1, 2} and has
more than or equal to 2 loops (Figure 11). Labels of two full tubes are lay ... agly ...l 1} ... 1],
and 2a;1 ...agl1 ... 1,1} .. .1}, and corresponding faces of ¥ are two facets. Since truncating
Y.¢ along facets does not change Y, a non-full tube obtained by removing 2 loops from G
corresponds to a codimension 2 face of . So, M(G) does not admit a spin structure.

(2) Assume that G is a pseudograph with the node set {1, 2}, edges a1, ...,ax (kis 1 or even)
and a loop [ incident to the node 1 (Figure 12). Labels of two full tubes of G are laj ... axl
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. kis 1 or even.
Si,5; >0

g

lSz‘ l;

F1GURE 10. proper full tube

FIGURE 11. pseudograph and non-full tube in (1)

and 2aj . .. axl, and corresponding faces of 3¢ are two facets. Similarly to (1), a non-full tube
which is the node 1 corresponds to a codimension 2 face of X. So, M(G) does not admit a
spin structure.

G ay

l

2 kis1or even.
0
FIGURE 12. pseudograph and non-full tube in (2)

(3) Assume that G is a pseudograph with the node set {1,2} and multiedges a1, ...,ax (k >
4, even) (Figure 13). Labels of full tubes are laj ...a; and 2qa; . .. ag, and corresponding faces
of X are two facets. So, a non-full tube obtained by removing 2 edges from G corresponds
to a codimension 2 face of ¥¢. So, M(G) does not admit a spin structure.

(4) If G is a pseudograph with the node set {1,2} and has 1 or 2 multiedges but does not
have loops (Figure 14), then the associated toric manifolds CP! and CP! x CP! admit spin
structures.
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k is even

and more than or equal to 4.

0

FIGURE 13. pseudograph and non-full tube in (3)

G G

- o « »
U U

cp! CP' x CP!
FIGURE 14. (4)

(5) Assume that G is a pseudograph with 1 node and s loops (s > 2) (Figure 15). There
is no full tube, so a non-full tube obtained by removing 2 loops from G corresponds to a
codimension 2 face of Xg. So, M(G) does not admit a spin structure.

(6) If G is a pseudograph with 1 node and 1 loop, then the associated toric manifold C
admits a spin structure. If GG is 1 node, then the associated toric manifold is a point and
admits a spin structure (Figure 16).

G G G

Q :

: u U
51 C {a point}

FiGure 15. pseudograph and
non-full tube in (5) FIGURE 16. (6)

The above observation shows that if GG is connected, then the associated toric manifold
admits a spin structure if and only if G is 1 node, 1 node with 1 loop, a path graph with 2
nodes, or a pseudograph with 2 nodes and 2 multiedges.

Suppose that G is not connected. Then each connected component of G has only 1 node
since G does not contain a proper full tube in Figure 10. If a connected component of G
has s loops (s > 1), then a tube obtained by removing 1 loop from the connected component
corresponds to a codimension 2 face of X. So, if G is not connected, then each connected
component of G is 1 node if M(G) admits a spin structure. g
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