
IMPROVED RELLICH TYPE INEQUALITIES IN RN

MEGUMI SANO AND FUTOSHI TAKAHASHI

Abstract. We consider the second or higher-order Rellich inequalities
on the whole spaceRN. In spite of the lack of Poincaré inequality on
the whole space, we show that the higher-order Rellich inequalities with
optimal constants can be improved, by adding explicit remainder terms
to the inequalities.

1. Introduction

Let N ≥ 2,1 ≤ p < N, and letΩ be a bounded domain inRN with 0 ∈ Ω,
orΩ = RN. The classical Hardy inequality

(1.1)
∫
Ω

|∇u|pdx≥
(
N − p

p

)p ∫
Ω

|u|p
|x|pdx

holds for allu ∈ W1,p
0 (Ω), or u ∈ D1,p(RN) whenΩ = RN. (1.1) gives an

expression to the embedding

(1.2) W1,p
0 (Ω) ↪→ Lp(Ω; |x|−pdx),

whereW1,p
0 (Ω) (resp.D1,p(RN)) is the completion ofC∞0 (Ω) (resp.C∞0 (RN))

with respect to the norm∥∇ · ∥Lp(Ω) (resp. ∥∇ · ∥Lp(RN)). It is known that
for 1 < p < N, the best constant (N−p

p )p is never attained inW1,p
0 (Ω), or in

D1,p(RN). Therefore, one can expect the existence of remainder terms on the
right-hand side of the inequality (1.1). Indeed, there are many papers that
deal with remainder terms for (1.1) whenΩ is a smooth bounded domain
(see [1], [8], [9], [12], [13], [20], to name a few). For example, Brezis and
Vázquez [8] showed that the inequality

(1.3)
∫
Ω

|∇u|2dx≥
(
N − 2

2

)2 ∫
Ω

|u|2
|x|2dx+ z2

0

(
ωN

|Ω|

) 2
N
∫
Ω

|u|2dx

holds true for allu ∈ W1,2
0 (Ω) wherez0 = 2.4048· · · is the first zero of the

Bessel function of the first kind. Chaudhuri and Ramaswamy [9] improved
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the Brezis-V́azquez’s result by proving that for any 0≤ β < 2 and 1< q ≤
2(N−β)

N−2 , there exists a constantC > 0 depending onN, β, q andΩ such that

(1.4)
∫
Ω

|∇u|2 dx≥
(
N − 2

2

)2 ∫
Ω

|u|2
|x|2 dx+C

(∫
Ω

|u|q
|x|β dx

)2/q

holds for allu ∈ W1,2
0 (Ω). This improved inequality (1.4) gives an expres-

sion to the embedding (1.2) and

(1.5) W1,2
0 (Ω) ↪→ Lq(Ω; |x|−βdx).

Whenβ = 0, (1.5) is the well-known Sobolev embedding.
On the other hand, whenΩ = RN, Ghoussoub and Moradifam [14]

showed that there is no strictly positiveV ∈ C1((0,+∞)) such that the in-
equality ∫

RN

|∇u|2dx≥
(
N − 2

2

)2 ∫
RN

|u|2
|x|2dx+

∫
RN

V(|x|)|u|2dx

holds for allu ∈ W1,2(RN). Therefore we cannot expect the same type of
remainder terms as in (1.3) would exist in the whole space.

In spite of this fact, the authors of the paper recently showed the fol-
lowing result [22] : Let 2≤ p < N and q > 2. Setα = α(p,q,N) =
N
2 (q − 2) − pq

2 + 2. Then there existsD = D(p,q,N) > 0 such that the
inequality∫

RN

|∇u|pdx≥
(
N − p

p

)p ∫
RN

|u|p
|x|pdx+ D


∫
RN |u#| pq

2 |x|αdx∫
RN |u#|p|x|2−p

dx


2

q−2

(1.6)

holds for all u ∈ W1,p(RN), u . 0. Hereu# denotes the Schwartz sym-
metrization of a functionu onRN:

u#(x) = u#(|x|) = inf

{
λ > 0

∣∣∣∣∣∣ ∣∣∣{x ∈ RN | |u(x)| > λ}
∣∣∣ ≤ |B|x|(0)|

}
,

where|A| denotes the measure of a setA ⊂ RN (see e.g., [17]). We observe
that (1.6) gives a new embedding

W1,p(RN) ↪→ L
pq
2 (RN; |x|αdx) if α ≤ 0,

since whenα ≤ 0, we assure thatu# in (1.6) can be replaced byu and also
the integral

∫
RN |u#|p|x|2−pdx is finite for anyu ∈W1,p(RN).

In this paper, we focus on the higher-order case. A higher-order general-
ization of (1.1) was first proved by Rellich [21]: it holds∫

Ω

|∆u|2dx≥
(
N(N − 4)

4

)2 ∫
Ω

|u|2
|x|4dx
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for all u ∈ W2,2
0 (Ω), whereΩ is a domain inRN, N ≥ 5. More generally, let

k,m ∈ N andk < kp< N. Define

|u|pk,p =

∫
Ω
|∆mu|p dx if k = 2m,∫

Ω
|∇(∆mu)|p dx if k = 2m+ 1, and

Ck,p =

p−2m∏m
j=1 (N − 2p j) {N(p− 1)+ 2p( j − 1)} if k = 2m,

N−p
p C2m,p if k = 2m+ 1.

We putC0,p = 1, C1,p =
N−p

p for the convenience of description. Then the
inequality

(1.7) |u|pk,p ≥ Cp
k,p

∫
Ω

|u|p
|x|kp

dx

holds for allu ∈Wk,p
0 (Ω). It is also known thatCp

k,p is optimal (see [10], [18],

Proposition 7 in Appendix) and never attained by functions inWk,p
0 (Ω). Fur-

thermore, Gazzola-Grunau-Mitidieri [13] provided the following inequality
on a smooth bounded domain: there exist positive constantsA, B > 0 such
that the inequality

|u|22,2 ≥ C2
2,2

∫
Ω

|u|2
|x|4dx+ A

∫
Ω

|u|2
|x|2dx+ B

∫
Ω

|u|2dx

holds for allu ∈ W2,2
0 (Ω), whereN ≥ 5. In addition to this, there are many

papers that deal with various types of Rellich inequalities with remainder
terms on bounded domains (see [2], [3], [4], [5], [6], [7], [11], [15], [19],
[24], [25] etc.).

However, whenΩ = RN case, it seems difficult to get a remainder term
for the inequality (1.7) even in the casek = p = 2, due to the lack of
appropriate Poincaré inequality on the whole space. Main aim of this paper
is to obtain remainder terms for the inequality (1.7) whenΩ = RN. Note that
the inequalities (1.1) and (1.7) have the scale invariance under the scaling

(1.8) uλ(x) = λ−
N−kp

p u
( x
λ

)
for λ > 0 whenΩ = RN. Therefore the possible remainder term to (1.7)
should be invariant under the scaling (1.8) whenΩ = RN. In the following,
ωN will denote an area of the unit sphere inRN and∥ · ∥r = ∥ · ∥Lr (RN).

Our main results are as follows:

Theorem 1. (Radial case) Letk ≥ 2 be an integer,k < kp < N andq > 2.
Setαk =

N
2 (q−2)− kpq

2 +2. Then there existsEk = Ek(p,q,N) > 0 such that
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the inequality

|u|pk,p ≥ Cp
k,p

∫
RN

|u|p
|x|kp

dx+ Ek


∫
RN |u|

pq
2 |x|αk dx∫

RN |u|p|x|2−kp dx


2

q−2

(1.9)

holds for all radial functionu ∈ Wk,p
0 (RN), u , 0. The constantsEk are

explicitly given as

Ek =
4ωN(p− 1)
ω2p

Ck−2,pC
p−1
k,p C(q)−

2q
q−2 ,

whereC(q) is the positive constant in the Gagliardo-Nirenberg inequality
(2.5) below.

In the non-radial case, we obtain only partial results fork = 2,3.

Theorem 2. (Non-radial case) Fork = 2 or k = 3, let k < kp < N and
q > 2. Setαk =

N
2 (q− 2)− kpq

2 + 2 andr = Np
N+2p (i.e. 1

p =
1
r −

2
N ). Then there

existsFk = Fk(p,q,N) > 0 such that the inequality

|u|pk,p ≥ Cp
k,p

∫
RN

|u|p
|x|2p

dx+ Fk


∫
RN |u#| pq

2 |x|αk dx

|u|p−1
k,p ∥∆u∥r


2

q−2

(1.10)

holds for all u ∈ Wk,p(RN) with ∆u ∈ Lr(RN), u , 0. The constantsFk

(k = 2, 3) are explicitly given asFk = EkC
2(p−1)

q−2

k,p H
−2
q−2 whereH is the positive

constant in the Hardy-Littlewood-Sobolev inequality (2.10) below.

Remark3. The remainder term of the inequality (1.9) is scale invariant un-

der the scaling (1.8) onRN: uλ(x) = λ−
N−kp

p u(y), y = x
λ
, x ∈ RN. Indeed, for

a,b ∈ R, we have

(1.11)
∫
RN
|uλ(x)|a|x|bdx= λ−

(
N−kp

p

)
a+b+N

∫
RN
|u(y)|a|y|bdy.

Thus by takinga = pq
2 andb = αk, or a = p andb = 2 − kp in (1.11), we

have ∫
RN
|uλ(x)|

pq
2 |x|αkdx= λ2

∫
RN
|u(y)|

pq
2 |y|αkdy,∫

RN
|uλ(x)|p|x|2−kpdx= λ2

∫
RN
|u(y)|p|y|2−kpdy.

Therefore the remainder term in the inequality (1.9) has the scale invariance.

Remark4. If αk ≤ 0 in Theorem 2, thenu# in the RHS of (1.10) can be
replaced byu thanks to the Hardy-Littlewood inequality:

∫
RN g#h# ≥

∫
RN gh

(see e.g., [17]), and the fact (|x|αk)# = |x|αk.
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2. Proofs of Main results

Next simple lemma is used to prove Theorem 1.

Lemma 5. Let p ≥ 1 anda,b ∈ R. Then it holds

|a− b|p − |a|p ≥ −p|a|p−2ab.

Proof of Lemma 5. First, we assumea ≥ 0. We use the mean value theo-
rem for the functionf (t) = (a− t)p, which is defined fort ≤ a. Whenb ≤ a,
we have

f (b) − f (0) = (a− b)p − ap = pcp−1(−b) ≥ −pap−1b,

wherec ∈ R satisfies 0≤ a − b ≤ c ≤ a if b ≥ 0, or 0≤ a ≤ c ≤ a − b if
b ≤ 0. Whenb ≥ a, then 2a− b ≤ a and we have

f (2a− b) − f (0) = (b− a)p − ap = pcp−1(b− 2a) ≥ −pap−1b,

wherec ∈ R satisfies 0≤ a ≤ c ≤ b− a if b− 2a ≥ 0, or 0≤ b− a ≤ c ≤ a
if b− 2a ≤ 0. This implies the result whena ≥ 0.

The case whena ≤ 0 follows by consideringa = −ã, ã ≥ 0 andb = −b̃,
b̃ ∈ R. □

Proof of Theorem 1. We show the inequality (1.9) for all radial function
u ∈ Wk,p(RN). By density argument, we may assume 0≤ u ∈ C∞0 (RN)
without loss of generality.

First, note that the inequality

(2.1) |u|pk,p = |∆u|pk−2,p ≥ Cp
k−2,p

∫
RN

|∆u|p
|x|(k−2)p

dx

holds from Rellich’s inequality (1.7). Actually whenk = 2, this is the
equality. Thus, in order to prove Theorem, it is enough to show the RHS of
(2.1) is bounded from below by the RHS of (1.9).

Since u is radial, u can be written asu(x) = ũ(|x|) where 0 ≤ ũ ∈
C∞0 ([0,+∞)). We define the new functionv as follows:

ṽ(r) = r
N−kp

p ũ(r), r ∈ [0,∞), and v(y) = ṽ(|y|), y ∈ R2.
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Note thatṽ(0) = 0 and also ˜v(+∞) = 0 since the support ofu is compact.
We claim that ifu ∈Wk,p(RN), thenv ∈ Lp(R2). Indeed, we have

∫
R2
|v(y)|pdy= ω2

∫ ∞

0
|ṽ(r)|prdr

= ω2

∫ ∞

0
|ũ(r)|prN−kp+1 dr =

ω2

ωN

∫
RN

|u|p
|x|kp−2

dx

≤ ω2

ωN

(∫
RN

|u|p
|x|kp

dx

) kp−2
kp

(∫
RN
|u|p dx

) 2
kp

≤ ω2

ωN
C

2−kp
k

k,p |u|
kp−2

k
k,p

(∫
RN
|u|p dx

) 2
kp

< ∞,(2.2)

here we have used Ḧolder’s inequality, Rellich’s inequality (1.7), and the
assumptionu ∈Wk,p(RN). Therefore we have checkedv ∈ Lp(R2).

Fork ≥ 2, k ∈ N andk < kp< N, put

θk = θ(k,N, p) = 2k+
N(p− 2)

p
, and

∆θk f = f
′′
(r) +

θk − 1
r

f
′
(r)

for smooth radial functionsf = f (r). Define

Ak,p =
(N − kp)[(k− 2)p+ (p− 1)N]

p2
.

Then a direct calculation shows that

−∆ũ = rk−2− N
p

(
Ak,pṽ(r) − r2∆θkṽ(r)

)
.

Now applying Lemma 5 with the choice

a = Ak,pṽ(r) and b = r2∆θkṽ(r),
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and using the fact
∫ ∞

0
|ṽ|p−2ṽṽ′dr = 0 sinceṽ(0) = ṽ(+∞) = 0, we have

J =
∫
RN

|∆u|p
|x|(k−2)p

dx− Ap
k,p

∫
RN

|u|p
|x|kp

dx

= ωN

∫ ∞

0
|−∆ũ(r)|p rN−1−(k−2)p dr − Ap

k,pωN

∫ ∞

0
|ũ(r)|prN−kp−1 dr

= ωN

∫ ∞

0

(∣∣∣Ak,pṽ(r) − r2∆θkṽ(r)
∣∣∣p − (Ak,pṽ(r))p

)
r−1 dr

≥ −pωNAp−1
k,p

∫ ∞

0
|ṽ|p−2ṽ∆θkṽ r dr

= −pωNAp−1
k,p

∫ ∞

0
|ṽ|p−2ṽ

(
ṽ′′ +

θk − 1
r

ṽ′
)

r dr

= −pωNAp−1
k,p

∫ ∞

0
|ṽ|p−2ṽṽ′′r dr.(2.3)

Moreover we observe that

−
∫ ∞

0
|ṽ|p−2ṽṽ′′r dr = (p− 1)

∫ ∞

0
|ṽ|p−2(ṽ′)2r dr +

∫ ∞

0
|ṽ|p−2ṽṽ′ dr

=
4(p− 1)

p2

∫ ∞

0
|(|ṽ|

p−2
2 ṽ)′|2r dr

=
4(p− 1)

p2ω2

∫
R2
|∇(|v|

p−2
2 v)|2 dy.(2.4)

Now, we apply the Gagliardo-Nirenberg inequality to|v| p−2
2 v ∈ L2(R2): there

exists a constantC(q) > 0 such that it holds

(2.5) ∥|v|
p
2 ∥Lq(R2) ≤ C(q) ∥|v|

p
2 ∥

2
q

L2(R2)
∥∇(|v|

p−2
2 v)∥

q−2
q

L2(R2)
.

Combining (2.3), (2.4) and (2.5), we obtain

J ≥
4(p− 1)ωNAp−1

k,p

pω2
C(q)−

2q
q−2


∫
R2 |v(y)| pq

2 dy∫
R2 |v(y)|pdy


2

q−2

=
4(p− 1)ωNAp−1

k,p

pω2
C(q)−

2q
q−2


∫
RN |u|

pq
2 |x|αkdx∫

RN |u|p|x|2−kpdx


2

q−2

.(2.6)
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Consequently, from (2.1), the definition ofJ, (2.6) andCk−2,pAk,p = Ck,p,
we obtain

|u|pk,p ≥ Cp
k−2,p

∫
RN

|∆u|p
|x|(k−2)p

dx

= Cp
k−2,p

(
Ap

k,p

∫
RN

|u|p
|x|kp

dx+ J

)

≥ Cp
k,p

∫
RN

|u|p
|x|kp

dx+ Ek


∫
RN |u|

pq
2 |x|αk dx∫

RN |u|p|x|2−kp dx


2

q−2

where

Ek = Cp
k−2,p

4ωN(p− 1)Ap−1
k,p

ω2p
C(q)−

2q
q−2

=
4ωN(p− 1)
ω2p

Ck−2,pC
p−1
k,p C(q)−

2q
q−2 .

This proves Theorem 1. □

Proof of Theorem 2. First, we treat the casek = 2. We show the inequality∫
RN
|∆u|p dx≥ Cp

2,p

∫
RN

|u|p
|x|2p

dx+ F2


∫
RN |u#| pq

2 |x|α2 dx

∥∆u∥p−1
p ∥∆u∥r


2

q−2

(2.7)

for all u ∈ W2,p(RN) ∩ D2,r(RN). Set f = −∆u ∈ Lp(RN) and w(x) =
1

(N−2)ωN

∫
RN

f #(y)
|x−y|N−2 dy. Sincew(Ox) = w(x) for any O ∈ O(N), the group

of orthogonal matrices inRN, we seew is a radial function. Also since
f # ∈ Lp(RN), the Calderon-Zygmund inequality (see [16] Theorem 9.9.)
implies thatw ∈ D2,p(RN) and satisfies−∆w = f # a.e. inRN. Therefore we
have

(2.8) ∥∆w∥p = ∥∆u∥p.
By Talenti’s comparison principle [23], we knoww ≥ u# ≥ 0. Hence we
have ∫

RN
|w|β|x|γ dx≥

∫
RN
|u#|β|x|γ dx if β ≥ 0,(2.9)

≥
∫
RN
|u|β|x|γ dx if β ≥ 0 andγ ≤ 0.

where the second inequality comes from the Hardy-Littlewood inequality.
Furthermore there exists a constantH > 0 such that the inequality

(2.10) ∥w∥p ≤ H∥ f #∥r = H∥(−∆u)#∥r = H∥(−∆u)∥r
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holds from the Hardy-Littlewood-Sobolev inequality, where1
p =

1
r −

2
N .

From (2.8), Theorem 1, (2.9) and (2.10), we obtain∫
RN
|∆u|p dx=

∫
RN
|∆w|p dx

≥ Cp
2,p

∫
RN

|w|p
|x|2p

dx+ E2


∫
RN |w|

pq
2 |x|α2 dx∫

RN |w|p|x|2−2p dx


2

q−2

≥ Cp
2,p

∫
RN

|u|p
|x|2p

dx+ E2


∫
RN |u#| pq

2 |x|α2 dx

C1−p
2,p ∥∆w∥p−1

p ∥w∥p


2

q−2

≥ Cp
2,p

∫
RN

|u|p
|x|2p

dx+ F2


∫
RN |u#| pq

2 |x|α2 dx

∥∆u∥p−1
p ∥∆u∥r


2

q−2

,

whereF2 = E2C
2(p−1)

q−2

2,p H
−2
q−2 , which concludes (2.7).

Next, we treat the casek = 3. As before, setf = −∆u ∈ W1,p(RN) and
w(x) = 1

(N−2)ωN

∫
RN

f #(y)
|x−y|N−2 dy. Again we obtainw ∈ D2,p(RN) and−∆w = f #

a.e. inRN. By Pólya-Szeg̈o inequality (see e.g., [17]), we have

|u|p3,p =
∫
RN
|∇∆u|pdx=

∫
RN
|∇ f |pdx≥

∫
RN
|∇ f #|pdx= |w|p3,p.

This inequality corresponds to (2.8). The rest of the proof will be done by
the same argument as above. □

Remark6. Up to now, we do not obtain the result fork ≥ 4 in Theorem 2.
For example, putf = −∆u ∈ W2,p(RN) for u ∈ W4,p(RN). Since we do not
know the validity of the inequality∫

RN
|∆ f |p dx≥

∫
RN
|∆ f #|p dx,

the argument of the proof of Theorem 2 does not work fork = 4 case. In
stead, if we definef = (−∆)2u ∈ Lp(RN) andw(x) = CN

∫
RN

f #(y)
|x−y|N−4 dy, then

we obtain (−∆)2w = f # in RN and |u|p4,p = |w|
p
4,p. However in this case, we

do not know whether the comparisonu# ≤ w hold or not, which violates the
proof of Theorem 2.

3. Appendix

Davies-Hinz [10] showed that the constantCp
k,p in the inequality (1.7) is

optimal whenΩ = RN. In this Appendix, we will show the fact whenΩ is a
general bounded domain.
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Proposition 7. Letk ∈ N, k < kp< N and letΩ be a bounded domain with
0 ∈ Ω in RN. Then the constantCp

k,p in the inequality (1.7) is optimal. That
is

inf
0,u∈Wk,p

0 (Ω)

|u|pk,p∫
Ω

|u(x)|p
|x|kp dx

= Cp
k,p.

Proof of Proposition 7. By the scaling (1.8) and zero extension, we may
assumeB1(0) ⊂⊂ Ω without loss of generality. First, we show the optimal-
ity of Cp

k,p in the even casek = 2m, m ∈ N. For 0< ε ≪ 1, we define the

functionuε ∈W2m,p
0 (Ω) as follows:

uε(x) =


ε−

N−2mp
p log 1

ε
, if 0 ≤ |x| ≤ ε

|x|−
N−2mp

p log 1
|x| , if ε ≤ |x| ≤ 1,

0, if x ∈ Ω \ B1(0).

Let α = N−2mp
p . By using the formula

∆r−x = x(x− N + 2)r−x−2,

∆

(
r−x log

1
r

)
= x(x− N + 2)r−x−2 log

1
r
+ (2x− N + 2)r−x−2,

we compute that

∆muε =


0, if 0 ≤ |x| ≤ ε,
Am|x|−(α+2m) log 1

|x| + Bm|x|−(α+2m), if ε ≤ |x| ≤ 1,

0, if x ∈ Ω \ B1(0),

whereAm andBm are determined by the iterative formula:

A1 = α(α − N + 2),

Aj+1 = (α + 2 j) (α + 2( j + 1)− N) Aj , j = 1,2, . . . ,

B1 = 2α − N + 2,

Bj+1 = (α + 2 j) (α + 2( j + 1)− N) Bj + 2α + 2(2j + 1)− N j = 1,2, . . . .

Thus we have

Am =

m−1∏
j=0

(α + 2 j)(α + 2( j + 1)− N), |Am| = C2m,p.
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We compute∫
Ω

|∆muε(x)|p dx= ωN

∫ 1

ε

∣∣∣∣∣Am log
1
r
+ Bm

∣∣∣∣∣p r−(α+2m)p+N−1dr

= ωN

(
1

Am

) ∫ Bm+Am log 1
ε

Bm

|t|p dt

= ωN

(
1

Am(p+ 1)

) (∣∣∣∣∣∣Bm+ Am log
1
ε

∣∣∣∣∣∣p(Bm+ Am log
1
ε

) − |Bm|pBm

)
.(3.1)

On the other hand, we have∫
Ω

|uε(x)|p
|x|2mp

dx

= ωN ε
−αp

(
log

1
ε

)p ∫ ε

0
rN−2mp−1 dr + ωN

∫ 1

ε

r−1

(
log

1
r

)p

dr

= ωN
εN−2mp

N − 2mp

(
log

1
ε

)p

+ ωN

∫ log 1
ε

0
tp dt

= ωN
εN−2mp

N − 2mp

(
log

1
ε

)p

+ ωN
1

p+ 1

(
log

1
ε

)p+1

.(3.2)

By (3.1), (3.2) and the fact|Am| = C2m,p, we obtain∫
B1(0)
|∆muε(x)|p dx∫

B1(0)
|uε(x)|p
|x|2mp dx

→ |Am|p = Cp
2m,p asε→ 0,

which implies the optimality ofCp
2m,p.

Next, in the odd casek = 2m + 1, m ∈ N, we consider the function
uε ∈W2m+1,p

0 (B1(0)) as follows:

uε(x) =


ε−

N−(2m+1)p
p log 1

ε
, if 0 ≤ |x| ≤ ε,

|x|−
N−(2m+1)p

p log 1
|x| , if ε ≤ |x| ≤ 1,

0, if x ∈ Ω \ B1(0).

Let β = N−(2m+1)p
p . Note that

∇(∆muε) =


0, if 0 ≤ |x| ≤ ε,
|x|−(β+2m−2)x

{
−Am(β + 2m) log 1

|x| − (Am+ (β + 2m)Bm)
}
,

if ε ≤ |x| ≤ 1,

0, if x ∈ Ω \ B1(0).
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If we make a calculation similar to the even case, we obtain∫
Ω
|∇(∆muε)(x)|p dx∫
Ω

|uε(x)|p
|x|(2m+1)p dx

→ |Am|p(β + 2m)p asε→ 0,

which implies the optimality ofCp
2m+1,p by β + 2m = N−p

p andCp
2m+1,p =(

N−p
p

)p
Cp

2m,p = |Am|p(β + 2m)p. □
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