TORIC FANO VARIETIES ASSOCIATED TO BUILDING SETS

YUSUKE SUYAMA

ABSTRACT. We characterize building sets whose associated nonsingular pro-
jective toric varieties are Fano. Furthermore, we show that all such toric Fano
varieties are obtained from smooth Fano polytopes associated to finite directed
graphs.

1. INTRODUCTION

An n-dimensional toric variety is a normal algebraic variety X over C containing
the algebraic torus (C*)™ as an open dense subset, such that the natural action
of (C*)™ on itself extends to an action on X. The category of toric varieties is
equivalent to the category of fans, which are combinatorial objects.

A nonsingular projective algebraic variety is said to be Fano if its anticanonical
divisor is ample. The classification of toric Fano varieties is a fundamental problem
and has been studied by many researchers. In particular, @bro [2] gave an algorithm
that classifies all toric Fano varieties for any given dimension.

There is a construction of nonsingular projective toric varieties from building
sets. The class of such toric varieties includes toric varieties corresponding to graph
associahedra of finite simple graphs [4]. On the other hand, Higashitani [1] gave a
construction of integral convex polytopes from finite directed graphs. There is a
one-to-one correspondence between smooth Fano polytopes and toric Fano varieties.
He also gave a necessary and sufficient condition for the polytope to be smooth Fano
in terms of the finite directed graph.

In this paper, we give a necessary and sufficient condition for the toric variety
associated to a building set to be Fano in terms of the building set (Theorem 2.5).
The author [5] characterized finite simple graphs whose associated toric varieties
are Fano. Theorem 2.5 generalizes this result (Example 2.6 (2)). Furthermore, we
prove that any toric Fano variety associated to a building set is obtained from the
smooth Fano polytope associated to a finite directed graph (Theorem 4.1).

The structure of the paper is as follows. In Section 2, we state the characteri-
zation of building sets whose associated toric varieties are Fano. In Section 3, we
give its proof. In Section 4, we show that all such toric Fano varieties are obtained
from finite directed graphs.
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2. BUILDING SETS WHOSE ASSOCIATED TORIC VARIETIES ARE FANO

We review the construction of a toric variety from a building set. Let S be a
nonempty finite set. A building set on S is a finite set B of nonempty subsets of S
satisfying the following conditions:

(1) If I,J € B and INJ # 0, then we have I U J € B.

(2) For every i € S, we have {i} € B.
We denote by Bpax the set of all maximal (by inclusion) elements of B. An element
of Bpax is called a B-component and B is said to be connected if Byax = {S}. For a
nonempty subset C' of S, we call B|c = {I € B| I C C} the restriction of B to C.
Bl is a building set on C'. Note that we have B = | |ocp Bl for any building
set B. In particular, any building set is a disjoint union of connected building sets.

DEFINITION 2.1. A nested set of B is a subset N of B\ Bax satisfying the following
conditions:

(1) If I,J € N, then we have either I C Jor JCIorINJ=0.
(2) For any integer k > 2 and for any pairwise disjoint I, ..., I € N, we have
11U-~-UI]€¢B.

The set N(B) of all nested sets of B is called the nested compler. N'(B) is a
simplicial complex on B \ Bpax.

Proposition 2.2 ([6, Proposition 4.1]). Let B be a building set on S. Then all
mazimal (by inclusion) nested sets of B have the same cardinality |S| — |Bmax|- In

particular, if B is connected, then the cardinality of a mazimal nested set of B is
|S] — 1.

First, suppose that B is a connected building set on S. Let S ={1,...,n+ 1}.
We denote by e, ..., e, the standard basis for R™ and we put e,,11 = —e3 —---—ey,.
For I C S, we denote e; = Y., e;. For N € N(B), we denote by R>oN the |[N|-
dimensional cone ) ;. 5 R>oes, where R is the set of non-negative real numbers.
We define A(B) = {R>oN | N € N(B)}. Then A(B) is a fan in R and thus we
have an n-dimensional toric variety X (A(B)). If B is not connected, then we define

X(A(B)) = lcen, .. X(A(Blo))-
Theorem 2.3 ([6, Corollary 5.2 and Theorem 6.1]). Let B be a building set. Then
the associated toric variety X (A(B)) is nonsingular and projective.

EXAMPLE 2.4. Let S = {1,2,3} and B = {{1},{2}, {3},{2,3},{1,2,3}}. Then the
nested complex N'(B) is

{0, ({11 ({21 {8} (2,33},

{1 20 ({1 31 ({2 {2,333, {83, {2, 31}

Hence we have the fan A(B) in Figure 1. Therefore the corresponding toric variety
X(A(B)) is P? blown-up at one point.

Our first main result is the following:

Theorem 2.5. Let B be a building set. Then the following are equivalent:

(1) The associated nonsingular projective toric variety X (A(B)) is Fano.
(2) For any B-component C and for any I, Is € Blc such that [1NIs # 0,1, ¢
Iy and Iy ¢ I, we have Iy Ul = C and Iy N I € Blc.
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FIGURE 1. the fan A(B).

EXAMPLE 2.6. (1) If |S] < 3, then a connected building set B on S is isomor-

phic to one of the following six types:
) {{1}}: a point, which is understood to be Fano.
) {1142} {1, 2}}: P
o) {{1}.42). {3} {1.2,3}}: P2.
d)
()

(f
Thus X (A(B)) is Fano in every case. Since the disconnected building set
{{1}, {2}, {1, 2}, {3}, {4}, {3,4}} yields P! x P!, it follows that all toric Fano
varieties of dimension < 2 are obtained from building sets.
Let G be a finite simple graph, that is, a finite graph with no loops and
no multiple edges. We denote by V(G) and E(G) its node set and edge
set respectively. For I C V(G), we define a graph G| by V(G|;) = I and
E(G|r) = {{v,w} € E(G) | v,w € I}. The graphical building set B(G) of G
is defined to be {I C V(G) | G| is connected, I # @}. Theorem 2.5 implies
that the toric variety X (A(B(G))) is Fano if and only if each connected
component of G has at most three nodes, which agrees with [5, Theorem
3.1].
If |S| = 4, then a connected building set B on S whose associated toric
variety is Fano is isomorphic to one of the following nine types:

() {{1}, {2}, (3}, {4}, {1. 2, 3, 4}}.
) {1 120 {31, 140, {1, 2,3}, {1, 2,3, 4},
) {1 {25, {31 {4 {1, 2}, {1, 2, 3. 4}1.
) {1}, {2}, {3}, {4}, {1, 2}, {3, 4}, {1, 2, 3, 4}}.
g {{1}, {2}, {3}, {4}, {1, 2}, {1, 2, 3}, {1, 2, 3, 4} }.
)
)

(a
(b
(
(d) {{1},{2},{3},{1,2},{1,2,3}}: P? blown-up at one point.

{1}, {2}, {3}, {1,2},{1,3},{1,2,3}}: P2 blown-up at two points.

{{1}, {2}, {3}, {4}, {3, 4}, {1, 2, 3}, {1, 2, 3, 4}}.
{{1h 2} {3}, {4). {L, 2}, {3, 4}, {1, 2. 3}, {1, 2,3, 4}}.
{010 25 (3%, {4 {1, 21, {1, 2,3}, {1, 2,4}, {1, 2, 3, 4}}.

() {01 120, 31 {4), {1, 21, {3, 43, {1, 2, 3}, {1, 2, 4}, {1, 2, 3, 4}}.
Among 18 types of toric Fano threefolds, 13 types are indecomposable and
five types are products of P! and toric del Pezzo surfaces (see, for example
[3, pp.90-92]). This shows that there are nine types of indecomposable toric
Fano threefolds that are obtained from building sets. On the other hand,
(1) shows that all toric del Pezzo surfaces are obtained from building sets.

(b
(c
(d
(e
(f
(g
(h

) {{1}, {2}, {3}, {1,2},{1,3},{2,3}, {1,2,3}}: P? blown-up at three points.
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Thus there are exactly 14 types of toric Fano threefolds that are obtained
from building sets.

3. PROOF OF THEOREM 2.5

We recall a description of the intersection number of the anticanonical divisor
with a torus-invariant curve, see [3] for details. For a nonsingular complete fan A
in R™ and 0 < r < n, we denote by A(r) the set of r-dimensional cones of A. We
denote by X (A) the associated toric variety. For 7 € A(n — 1), the intersection
number of the anticanonical divisor —Kxa) with the torus-invariant curve V(7)
corresponding to 7 can be computed as follows:

Proposition 3.1. Let X(A) be an n-dimensional nonsingular complete toric va-
riety and T = R>ov1 + -+ + R>ovp—1 € A(n — 1), where v1,...,v,—1 are primi-
tive vectors in Z™. Let v and v’ be the distinct primitive vectors in Z"™ such that
T+ R>ov and 7+ Rx>ov” are in A(n). Then there exist integers ay,...,an—1 such
that v +v" + a1vy + - - + an_1vn—1 = 0. The intersection number (—Kxa).V (7))
is equal to 24+ a1 + -+ Gn_1.

Proposition 3.2. Let X(A) be an n-dimensional nonsingular complete toric va-
riety. Then X(A) is Fano if and only if (—Kx).V(7)) is positive for every
TE€AMN-1).

Let B be a building set on S. For C € B\ Bpax, we call
N(B)c ={N C (B\ Buax) \ {C} | NU{C} € N(B)}
the link of C in N(B). N(B)c¢ is a simplicial complex on
{I € (B\ Bmax) \ {C} [{I,C} e N(B)}.
For a nonempty proper subset C of S, we call
C\B={IcS\C|I#0;Ie€BorCUI € B}
the contraction of C from B. C'\ B is a building set on S\ C.

Proposition 3.3 ([6, Proposition 3.2]). Let B be a building set on S and let C €
B\ Bmax- Then the correspondence

I\C (CcI),
{1 685
induces an isomorphism N (B)c — N (B|c U (C\ B)) of simplicial complezxes.

The symmetric difference of two sets X and Y is defined by XAY = (X UY) \
(X NY). The following is the key lemma.

Lemma 3.4. Let B be a connected building set on S and let 11,1, € B with
LN #0,1 ¢ Iy and Iy ¢ I;. Then the following hold:

(1) There exist Ji,Jo € B with J; N Jy 7é 0 and Jy U Jy C 1 U I, j1 €
J1\ Ja,j2 € Jo\ J1, a mazimal nested set N of Bl|j,nj, and a mazimal
nested set N of B|(j, nJ,)\{j1,52} Such that

(3.1) {Jk} UN U (Blrng)max U N U (Bl Ado)\ (1,52} Jmax

are nested sets of B for k = 1,2. If 1 NIy ¢ B, then we can choose
Ji,Jo € B so that Jy N Js ¢B or JJUJy C 1 UI.
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(2) Furthermore, if Jy U Jy C S, then there exists a nested set N of B such
that

{Jk, J1 U J2} UN U (B 110 )max U N U (B(g, AJs)\ {172} )max U N

are mazimal nested sets of B for k=1,2 (N can be empty).
If JiATy = {j1, ja}, then N and (B (7, A75)\{j1,j2} Jmax are understood to be empty.

Proof. (1) We use induction on |I;Aly|. We have |I[; ALy > 2. Suppose |[[1AL| =
2. Weput J; = I; and Jo = I». Clearly J; N Jy # @ and J, U Jy C I; UI,. We
choose any maximal nested set N of B|j,ns,.- Then {J1} UN U (B|s,nJ, )max and
{J2} UN U (B|j;nJ,)max are nested sets of B. If Iy NIy ¢ B, then J; N Jy ¢ B.

Suppose |I1 Al > 3. We choose i1 € I \ Is,is € I\ I, and maximal nested
sets N and N’ of B a1, and B| (1, A1,)\{41,is}> Tespectively. If

{1} UN U (Bl1,n15)max U N U (B (1, AL)\{i1,i} ) max

are nested sets of B for k = 1,2, then there is nothing to prove. Without loss of
generality, we may assume that

(3.2) {11} UN U (Bl rnm)max U N U (Bl(1; A1)\ {ir iz} Jmax
is not a nested set of B. We find I, I}, € B satisfying I1NI, C I'NI5, 11 ¢ 15,1, ¢ I
and I1 U I) = I U Iy as follows:

Case 1. Suppose that (3.2) does not satisfy the condition (1) in Definition 2.1.
{I1} UN U (B|1,n1,)max and N' U (B|(1, A1;)\{i1,i2} )max are nested sets. For any
K € NU (B|1,n1,)max and L € N" U (B|(1, A1)\ {i1,i2} )max, We have K N L = .
Hence there exists L € N' U (B|(1, A1,)\{i1,i2})max such that Iy ¢ L, L ¢ I and
LNL#(. Then UL € B. Weput I{ =, UL and I}, = I5. Since L C 1 Al,
it follows that L\ I € (I{ NI5)\ (1 NIz). Thus L1 NI, C I} NI

Case 2. Suppose that (3.2) does not satisfy the condition (2) in Definition 2.1,
and there exist

Ki,....,K, € NU(B|n)maxs L1,y Ls € N'U(B|(1, AL)\{i1,i2} ) max

for r,s > 1 such that Ky,..., K., Ly,...,Ls are pairwise disjoint and K7 U--- U
K,UL U---ULy € B. Then we have [, UL, U---UL, € B for kK =1,2. We put
I =13 ULy U---ULg for k =1,2. Since L1 U---U Ly C 1ALy, we must have
L CIior I, C I, It Iy C Iy, then it follows that 1] \ Iy C (I3 N I§)\ (I1 N I3).
Thus I1 NIy € I{ NI}, Similarly, I C I} implies [; NIy C I1 N 1.

Case 3. Suppose that (3.2) does not satisfy the condition (2) in Definition 2.1,
and there exist L1,..., Ly € N'U (B|(1, A1)\ {1,is} )max such that I1, Ly, ..., L, are
pairwise disjoint and I[{UL,U---ULgs € B. Weput I} = UL U---ULg and I}, = I5.
Since Ly U---ULs; C I1 AL, it follows that (L1 U---ULg)\ I C (I1NIH)\ (I1 N13).
Thus Il ﬂIQ g Ii ﬂ]é

In every case, we have i1 € I] \ I}, ip € I, \ I} and I{ U1, = I, U I. Hence
|LAL = [ Uly| — |1 NI < |1 UL — |1y N 1s| = |[[;AL|. By the hypothesis of
induction, there exist Jy,Jo € B with J1NJy # 0 and J U Jo C I{ UL =11 U I,
Jj1 € J1\ Ja,j2 € Jo \ J1, a maximal nested set N of B|,ns, and a maximal nested
set N’ of B|(j, AJ.)\{41,5.} Such that (3.1) are nested sets of B for k = 1,2.

Suppose that Iy NIy ¢ B. If I1 NI, ¢ B, then by the hypothesis of induction, we
have JyNJy ¢ Bor JyUJy C I1UIL = I;UI,. Suppose I{ NI, € B. We may assume
that Iy C I1. Weput I{ = I and I} = I1N1,. We have INIY = NI, D I1NI; # )
and I{'UI) C I1UI,. Since I} C I and i ¢ I7, it follows that io € ([;1UI3)\(I7UIY).
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Hence |[[JALIY| = Iy UIY| — |I{ N 1Y) < |1 U L] — |1y N Is| = [[1ALz|. We have
i1 € IP\IJ and I} \ I, C I} \ I{, since I} U I, = I; U I,. By the hypothesis of
induction, there exist Jy,Jy € B with JyNJy £ @ and Jy U Jy C I{ UIY C 11 U I,
Jj1 € J1\ Ja,j2 € Jo\ J1, a maximal nested set N of B| s, and a maximal nested
set N’ of B|(j, AJs)\{41,5.} Such that (3.1) are nested sets of B for k = 1,2.
Therefore the assertion holds for |I; Al
(2) We see that
{Jk} UN U (Blsn7,)max U N U (Bl (1, A7)\ {12 } ) max|
=1+ LN Ja| +[(J1AJ2) \ {1, j2 }
= |J1 U ng -1
for k = 1,2. Hence by Proposition 2.2, (3.1) are maximal nested sets of B|j,u,-
We choose any maximal nested set M of (J; U J2) \ B. Then

{Jk} UNU (B‘Janz)HlaX U N’ ) (B‘(JlAJg)\{jl,jz})max UM
are maximal nested sets of B|s,uz, U ((J1 U J2) \ B). By Proposition 3.3,
{Jk} UN U (Blrns)max UN"U (Bl A1)\ {12} Jmax U N
are in N'(B) j,uJ, for some N” € N(B). Thus
{Jk, J1 U J2} UN U (B 110 )max U N U (B(g, AJs)\ {172} )max U N
are maximal nested sets of B. O

EXAMPLE 3.5. The proof of Lemma 3.4 (1) gives a method for obtaining explicit
Jy and Jo. Let S ={1,2,3,4,5,6},

B = {{1},{2}, {3}, {4}, {5},{6},{2,5},{2,3,4},{3,4,5},{1,2,3,4},
{2’37 47 5}7 {37 4’ 576}’ {1’ 2737 47 5}7 {27 37 4’ 576}’ {]‘7 2’37 47 5’ 6}}7

I ={1,2,3,4}, I, = {3,4,5,6},i; = 1 and i3 = 6. Then I; NI, = {3,4} ¢ B. We
have

Blnor = {85 {41}, Bliiap)fiey = ({23, {5}, {2, 53}

(0 and {{2}} are maximal nested sets of B|r,n7, and Bl (1, A1)\ {iy,i,}» Tespectively.
However,

{L} U DU (Blrnr,)max U {{2}} U (B|(11Afz)\{’i1,i2})max
= {{1, 2,3, 4}7 {3}» {4}7 {2}7 {27 5}}
is not a nested set because of I; = {1,2,3,4} and L = {2,5} (Case 1). Thus we put
I =NLUL=1{1,2,3,4,5} and I}, = I, = {3,4,5,6}. But Iy N1, = {3,4,5} € B.
Thus we put I{ = I = {1,2,3,4}, I = I1 N1 = {3,4,5},i/ =1 and ¢4 = 5. Then
we have
Blrary = {3444}, Blaramhr.ayy = {2}
The only maximal nested set of each is the empty set. However,
{IYUOU(Blryary Jmax U U (Bl aryyn{iyiy} Jmax
={{1,2,3,4}, {3}, {4}, {2}}
is not a nested set because {2,3,4} € B (Case 2). Thus we put J; = I{ U {2} =
{1,2,3,4}, Jo = I U {2} = {2,3,4,5},j1 = 1 and jo = 5. Then we have

B|J10J2 = {{2}7 {3}7 {4}’ {273’4}}a Ji1AJy = {jlan}'
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We choose {{2},{3}} as a maximal nested set of B|j,nj,. Then

{J1} U{{2}, {3}} U (Blains)max = {{1,2,3,4},{2}, {3}, {2,3,4}},
{JQ} U {{2}7 {3}}’ U (B|J1ﬂJ2>max = {{27374a 5}’ {2}7 {3}7 {27374}'}

are nested sets of B.

Proposition 3.6 ([6, Proposition 4.5]). Let B be a building set on S and let NU{I; }
and N U{I2} be two mazimal nested sets of B with the intersection N € N(B).
Then the following hold:
(1) We have I ¢ I and Is ¢ I.
(2) Ifll PP 75 (Z), then (B|11012)max C N.
(3) There exist I3, ..., I € N such that Iy U Iy, Is, ..., I}, are pairwise disjoint
and Iy U---UIy € NUBpax ({Is,...,Ix} can be empty).

Proof of Theorem 2.5. Any building set is a disjoint union of connected building
sets. The disjoint union of connected building sets corresponds to the product of
toric varieties associated to the connected building sets. The product of nonsingular
projective toric varieties is Fano if and only if every factor is Fano. Hence it suffices
to show that, for any connected building set B on S = {1,...,n+ 1}, the following
are equivalent:

(1) X(A(B)) is Fano.

(2/) L,IbeB L1 NI 7& @,Il §Z Iy, I ¢ L=LUILILL=Sand I; NI € B.

(1) = (2'): Suppose that there exist I1,I, € Bwith 1 NIy # 0,1} ¢ I,Io ¢ I
such that I; UTy € S or I; N[> ¢ B. We will use the notation of Lemma 3.4.

The case where I; U Iy C S. By Lemma 3.4, we have maximal nested sets

{Jr, J1 U Jo} UN U (B 1,00 max U N U (Bl A7)0\ {1 .ja} Jmax U N

of B for k =1,2. Let

T= RZO({Jl U JQ} UNU (B|J10J2)max U N/ U (B|(J1AJ2)\{j1,j2})max U N”).
Clearly

ey, tej — Z ec —ejug, = 0.
CE(B‘JlﬂJz)max

Hence by Proposition 3.1, we have (=K x a(B))-V (7)) = 2 — (Bl s,n7;)max] =1 < 0.
By Proposition 3.2, X (A(B)) is not Fano.

The case where Iy Ul = S and Iy NIy ¢ B. By Lemma 3.4 (1), we have nested
sets

{Jk} UNU (B|J10Jz)max UN'U (B|(J1AJ2)\{j1,j2})max
of B fOI‘k=1,2, where JlmJQ %BOI‘ J1UJ2 g[lUIQ =S. IfJ1UJ2 _g_ S, then
by Lemma 3.4 (2), we have maximal nested sets
{Jk, J1 U J2} UN U (B 1,0 )max U N U (B(g, Aga)\ {12} )max U N
and a similar augment shows that X(A(B)) is not Fano. If J; NJy ¢ B and
J1 U Jo = S, then we have |(B]j,nJ, )max| > 2. Let
T = RZO(N U (B|Jm-72)max UN'U (B|(J1AJ2)\{j1,jz})maX)'

Note that 7 is an (n — 1)-dimensional cone. Since ey, = es = 0, it follows that

ey +ej, — E ec = 0.
CE(BlyynJy)max



8 YUSUKE SUYAMA

Hence by Proposition 3.1, we have (—Kxa())-V(7)) = 2 — [(BlsnJy)max| < 0.
By Proposition 3.2, X(A(B)) is not Fano.

(2') = (1'): Let NU{I;} and N U {Iz} be two maximal nested sets of B with
the intersection N € N'(B). We need to show that (—Kx -V (R>oN)) > 0.

The case where I) NIz = (). By Proposition 3.6 (3), there exist I3, ..., Iy € N such
that I; Uy, I3, . .., Ij are pairwise disjoint and Iy U---UIx € NUBpax = NU{S}.
Since

er, +er, +ern, +---+ern, —enu.urn, =0,

we have

[ k=1 (LU---UILeN),
(_KX(A(B))~V(R>0N))_{ k (LU---UI = 8).

Hence (_KX(A(B))~V(R20N)) > 1.

The case where I N Iy # (. By Proposition 3.6 (1), we have I ¢ I, and
I, ¢ I. Applying (2') for I} and I, we have [y UI; = S and I; N I; € B. Thus
{1 N Ic} = (B|1,n1)max € N by Proposition 3.6 (2). Since er,ur, = es = 0, it
follows that

e, ten, —enni, = 0.
Hence (—Kxa(B))-V(R>oN)) = 1 by Proposition 3.1.

Therefore X(A(B)) is Fano by Proposition 3.2. This completes the proof of

Theorem 2.5. [l

4. SMOOTH FANO POLYTOPES ASSOCIATED TO FINITE DIRECTED GRAPHS

We review the construction of an integral convex polytope from a finite directed
graph. Let G be a finite directed graph with no loops and no multiple arrows. We
denote by V(G) and A(G) its node set and arrow set respectively. A(G) is a subset
of V(G) x V(G). Let V(G) = {1,...,n+1}. For € = (,j) € A(G), we define
p(€) € R"! to be e; — ej. We define Py to be the convex hull of {p(¥€) | € €
A(G)} in R"!. Pg is an integral convex polytope in H = {(z1,...,zn4+1) € R"T! |
1+ + Tpy1 =0}

An integral convex polytope is said to be Fano if the origin is the only lattice
point in the interior, and it is said to be smooth if the vertices of every facet form
a basis for the lattice. Not all finite directed graphs yield smooth Fano polytopes.
See [1] for the characterization of finite directed graphs that yield smooth Fano
polytopes of dimension n.

We state our second main result:

Theorem 4.1. Let B be a building set. If the associated toric variety X (A(B))
is Fano, then there exists a finite directed graph G such that Pg is a smooth Fano
polytope and its associated fan is isomorphic to A(B).

For a connected building set B on .S, we put
(4.1) U ={I € B\ {S} | there exists J € B\ {S} s.t. INJ # 0 and TUJ = S}.

Lemma 4.2. Let B be a connected building set on S such that X (A(B)) is Fano.
IfI,JeUwithl#J and INJ # 0, then we have IUJ =S and INJ € B.

Proof. Let I,J € U with I # J and INJ # (). We show that I ¢ J and J ¢ I.
Assume I C J for contradiction. There exists K € U such that I N K # () and
TUK =5.
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First we apply Theorem 2.5 (2) for J and K. We have JN K D INK # () and
INK CcJ\K. Let z € S\ J. Then we must have z ¢ I and thus z € K. Hence
x € K\ J. Thus Theorem 2.5 (2) implies J N K € B.

Next we apply Theorem 2.5 (2) for I and JNK. We have IN(JNK) =INK # ()
and I\ K C I\ (JNK). Let # € J\ I. Then we must have x € K. Hence
x € (JNK)\ I. Thus Theorem 2.5 (2) implies I U (J N K) = S. This contradicts
that JTU(JNK)=JN({ITUK)=J CS. Therefore I ¢ J.

Similarly we have J ¢ I. Theorem 2.5 (2) implies I UJ = S and INJ € B.
This completes the proof. ([l

Lemma 4.3. Let B be a connected building set on S such that X (A(B)) is Fano.
Then the following hold:

(1) U in (4.1) must be one of the following:
(a) U=19.
(b) |U| = 2.
(¢) U=A{L,J,S\(INJ)} for some I,J € B, and the union of any two
elements of U is S.
(2) Let I,J € U withINJ # 0 and [UJ = S. If K € B\{S,1,J} with
KgI\N\JK¢gINnJand K ¢ J\ I, then we have K = S\ (INJ).

Proof. (1) If U # 0, then we have |U| > 2. Suppose |U| > 3. Let I € U. There
exists J € U such that INJ # P and TUJ = S. Let K € U\ {I,J}. We may
assume I N K # (). Lemma 4.2 implies TUK =S and INK € B. Since J\ I C K,
we have J N K # (). Lemma 4.2 implies JUK = S and JNK € B.

Assume I NJ N K # @ for contradiction. We apply Theorem 2.5 (2) for I N K
and JN K. We have I\J C (INK)\(JNK)and J\I C (JNK)\ ([INK).
Thus Theorem 2.5 (2) implies (I N K) U (J N K) = S. This contradicts that
INK)UWJNK)=IUJ)NK=K CS. Hence INJNK =0. Thusz € INJ
implies x ¢ K.

On the other hand, x € S\ K implies x € INJ, since [UK = JUK = S. Thus
K =S\ (InJ). Therefore we must have U = {I,J, S\ (INJ)}. The union of any
two elements of U is S.

(2) Let K € B\ {S,[,J} with K ¢ I\J K ¢ INnJand K ¢ J\I. We
may assume that there exists z € K\ I. If IN K = ), then we have K C J\ I,
which is a contradiction. Hence INK # §. If I C K, then JUK DTUJ = S.
Thus K € U. However (1) implies K = S\ (I N J), which is a contradiction.
Hence I ¢ K. Theorem 2.5 (2) implies ] U K = §. Thus K € U and (1) implies
K=S5\({InJ). O

For a building set B on S, we put
I(B) = max{k | there exist I;,...,I; € B such that |[I1| >2,I; C--- C I}
and we define m(B) to be
{ {(I€B|I|>23L,....Iyp) €Bst. ICL,C--- C Iz} (U(B) 2;,
(B 1).

IN IV

{feB||I]=2}
[(B) is understood to be zero when B counsists of the singletons.

Lemma 4.4. Let B be a building set on S such that I, J € B with INJ # 0 implies
I CJorJCI. Then there exists a bijection f : S — {1,...,|S|} such that f(I)
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is an interval for any I € B, that is, f(I) is equal to [i,j] ={z € {1,...,]5]} |i <
x < j} for some 1 <i<j<|S|

Proof. We use induction on [(B). It is obvious for {(B) = 0 and for [(B) = 1.
Assume [(B) > 2. Note that B\m(B) is a building set and m(B) is pairwise disjoint.
We have I(B \ m(B)) = I(B) — 1. By the hypothesis of induction, there exists a
bijection f : S — {1,...,]S|} such that f(I) is an interval for any I € B\ m(B).
Since m(B \ m(B)) is also pairwise disjoint, for any I € m(B), there exists unique
J € m(B\ m(B)) such that I C J. Hence for each J € m(B \ m(B)), we can
modify f|y:J — f(J) without changing the image of J so that every f|;(I) is an
interval. Thus we can construct a bijection satisfying the condition. Therefore the
assertion holds for I(B). O

Proof of Theorem 4.1. By connecting finite directed graphs that yield toric Fano
varieties with one node, we obtain a graph that yields a toric variety isomorphic
to the product of the toric Fano varieties of the graphs. Hence it suffices to prove
the assertion when B is connected and S = {1,...,n+ 1}. By Lemma 4.3 (1), U
in (4.1) falls into the following three cases:

(a) The case where U = . Since X (A(B)) is Fano, B satisfies the assumption
of Lemma 4.4. Hence we may assume that every element of B is an interval.
We define a finite directed graph G as follows: Let V(G) = {1,...,n + 1}. For
K =1i,j] € B\ {S}, we put

- { (i,j+1) (1<j<n),
K (i,1) (j=n+1).

Let A(G) = {€x | K € B\ {S}}. We define a linear isomorphism F : H — R"
by e; — e;11 > e; for 1 < i < n. Then F induces a bijection from {p(?K) | K €
B\ {S}} to {ex | K € B\ {S}}, which is the set of vertices of the smooth Fano
polytope corresponding to A(B).

(b) The case where |[U| = 2. Let U = {I, J}. We may assume that I = [1,b] and
J=la,n+1)for1 <a<b<n+1 By Lemma 4.3 (2), we have B={S}UU U
B|pg U B|ins U Bl 1. Note that I\ J,INJ and J\ I are intervals. Furthermore,
since X(A(B)) is Fano, B|j\ s, B|ins and B|j\ satisfy the assumption of Lemma
4.4. Hence we may assume that every element of B is an interval. Let V(G) =
{1,...,n+1} and A(G) = {€x | K € B\ {S}}. Then the isomorphism F induces
a bijection from {p(€ k) | K € B\ {S}} to {ex | K € B\ {S}}.

(¢) The case where U = {I,J,S\ (INJ)} for some I,J € B, and the union of
any two elements of U is S. We may assume that I = [1,b] and J = [a,n + 1] for
1 <a<b<n+1. ByLemma4.3 (2), we have B = {S}UUUB|\ jUB|n;UB| ;-
I\ J,InJ and J\ I are intervals. Since X(A(B)) is Fano, Bl s, B|ins and
B|j\r satisfy the assumption of Lemma 4.4. Hence we may assume that every
element of B\ {S\ (I NJ)} is an interval. Let V(G) = {1,...,n+ 1} and A(G) =
{€x | K eB\{S,S\(INJ)}}U{(b+1,a)}. Then F induces a bijection from
{p(@x) | K € B\{S,S\ (IN)}}U{p((b+1,a))} to {ex | K € B\ {S}}.

Therefore we have constructed a finite directed graph G such that the fan asso-
ciated to Pg is isomorphic to A(B). This completes the proof of Theorem 4.1. O

EXAMPLE 4.5. Let S ={1,2,3,4,5} and
B ={{1},{2}, {3}, {4}, {5},{2,3},{4,5},{1,2,3},{2,3,4,5},{1,2,3,4,5} }.
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Then by Theorem 2.5, the toric variety X (A(B)) is Fano. We define a finite directed
graph G by V(G) = {1,2,3,4,5} and

A(G) ={(1,2),(2,3),(3,4),(4,5), (5,1),(2,4), (4,1), (1,4), (2, 1)}
Then A(B) is isomorphic to the fan associated to the smooth Fano polytope Pg.

€3

FIGURE 2. the directed graph G.

EXAMPLE 4.6. The converse of Theorem 4.1 is not true. The finite directed graphs
in Figure 3 yield smooth Fano polytopes (see [1, Theorem 2.2]). However, these
polytopes cannot be obtained from building sets.

PP

FIGURE 3. directed graphs whose smooth Fano polytopes cannot
be obtained from building sets.
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