TORIC WEAK FANO VARIETIES ASSOCIATED TO BUILDING
SETS

YUSUKE SUYAMA

ABSTRACT. We give a necessary and sufficient condition for the nonsingular
projective toric variety associated to a building set to be weak Fano in terms
of the building set.

1. INTRODUCTION

A toric Fano variety is a nonsingular projective toric variety over C whose anti-
canonical divisor is ample. It is known that there are a finite number of isomorphism
classes of toric Fano varieties in any given dimension. The classification problem of
toric Fano varieties has been studied by many researchers. In particular, @bro [2]
gave an explicit algorithm that classifies all toric Fano varieties for any dimension.

A nonsingular projective algebraic variety is said to be weak Fano if its anti-
canonical divisor is nef and big. Sato [5] classified toric weak Fano 3-folds that are
not Fano but are deformed to Fano under a small deformation, which are called
toric weakened Fano 3-folds.

We can construct a nonsingular projective toric variety from a building set. Since
a finite simple graph defines a building set, which is called the graphical building set,
we can also associate to the graph a toric variety (see, for example [8]). The author
[6, 7] characterized finite simple graphs whose associated toric varieties are Fano
or weak Fano, and building sets whose associated toric varieties are Fano. In this
paper, we characterize building sets whose associated toric varieties are weak Fano
(see Theorem 2.4). Our theorem is proved combinatorially by using the fact that
the intersection number of the anticanonical divisor with a torus-invariant curve
can be computed in terms of the building set.

A toric weak Fano variety defines a reflexive polytope. Higashitani [1] con-
structed integral convex polytopes from finite directed graphs and gave a necessary
and sufficient condition for the polytope to be terminal and reflexive. We also dis-
cuss a difference between the class of reflexive polytopes defined by toric weak Fano
varieties associated to building sets, and that of reflexive polytopes associated to
finite directed graphs.

The structure of the paper is as follows: In Section 2, we review the construction
of a toric variety from a building set and state the characterization of building sets
whose associated toric varieties are weak Fano. In Section 3, we consider reflexive
polytopes associated to building sets and finite directed graphs. In Section 4, we
give a proof of the main theorem.
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2. THE MAIN RESULT

Let S be a nonempty finite set. A building set on S is a finite set B of nonempty
subsets of S satisfying the following conditions:
(1) I,J € Bwith INJ # 0 implies I U J € B.
(2) {i} € Bforeveryie S.

We denote by Byax the set of all maximal (by inclusion) elements of B. An element
of Bmax is called a B-component and B is said to be connected if Biax = {S}. For
a nonempty subset C of S, we call B|c = {I € B |I C C} the restriction of B to
C. Blc¢ is a building set on C. Note that B¢ is connected if and only if C € B.
For any building set B, we have B = | o Blc. In particular, any building set
is a disjoint union of connected building sets.

DEFINITION 2.1. Let B be a building set. A nested set of B is a subset N of
B\ Bpax satisfying the following conditions:

(1) If I,J € N, then we have either I C Jor JC T or INJ = 0.
(2) For any integer k£ > 2 and for any pairwise disjoint I1,...,I; € N, the
union I; U---U I is not in B.

Note that the empty set is a nested set for any building set. The set N'(B) of all
nested sets of B is called the nested complex. N'(B) is in fact an abstract simplicial
complex on B\ Bax.

Proposition 2.2 ([8, Proposition 4.1]). Let B be a building set on S. Then every
mazimal (by inclusion) nested set of B has the same cardinality |S| — |Bmax|- In
particular, if B is connected, then the cardinality of every mazimal nested set of B
is |S| — 1.

We are now ready to construct a toric variety from a building set. First, suppose
that B is connected and S = {1,...,n + 1}. We denote by ey,...,e, the standard
basis for R™ and we put e,4+1 = —e; — -+ - — e,. For a nonempty subset I of S, we
denote e; = 3, e;. Note that eg = 0. For N € N(B) \ {0}, we denote by R>oN
the | N|-dimensional cone ) ;. R>per in R", where R> is the set of nonnegative
real numbers, and we define R to be {0} € R™. Then A(B) = {R>oN | N €
N(B)} forms a fan in R™ and thus we have an n-dimensional toric variety X (A(B)).
If B is not connected, then we define X(A(B)) = [[cep. .  X(A(B|co))-

Theorem 2.3 ([8, Corollary 5.2 and Theorem 6.1]). Let B be a building set. Then
the associated toric variety X (A(B)) is nonsingular and projective.

The following is our main result:

Theorem 2.4. Let B be a building set. Then the following are equivalent:

(1) The associated toric variety X (A(B)) is weak Fano.
(2) For any B-component C and for any I, Is € Bl such that [1NIs # 0,1 ¢
I and Is ¢ I, we have at least one of the following:
(1) L1 NI, e BlC
(11) Il UIQ =C and |<B|11012)max‘ S 2.
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REMARK 2.5. In a previous paper [6], we proved that the toric variety associated
to a graphical building set is weak Fano if and only if every connected component of
the graph does not have a cycle graph of length > 4 or a diamond graph as a proper
induced subgraph. However, it is unclear whether this result can be obtained from
Theorem 2.4.

EXAMPLE 2.6. Theorem 2.4 implies that if |S| < 4, then the toric variety X (A(B))
is weak Fano for any connected building set B on S. Any building set is a disjoint
union of connected building sets, and the disjoint union corresponds to the product
of toric varieties associated to the connected building sets. Since the product of
toric weak Fano varieties is also weak Fano, it follows that all toric varieties of
dimension < 3 associated to building sets are weak Fano.

We recall a description of the intersection number of the anticanonical divisor
with a torus-invariant curve, see [3] for details. Let A be a nonsingular complete
fan in R™ and let X(A) be the associated toric variety. For 0 < r < n, we denote
by A(r) the set of r-dimensional cones in A. For 7 € A(n — 1), the intersection
number of the anticanonical divisor —K x(a) with the torus-invariant curve V(7)
corresponding to 7 can be computed as follows:

Proposition 2.7. Let A be a nonsingular complete fan in R™ and 7 = R>ov; +
<o+ Rsovp—1 € A(n — 1), where vq,...,v,—1 are primitive vectors in Z"™. Let v
and v be the distinct primitive vectors in Z™ such that T +R>ov and 7+ R>ov’ are
in A(n). Then there exist unique integers ay,...,an—1 such that v + v + ajvy +
o+ ap_1vp—1 = 0. Furthermore, the intersection number (—Kxa).V (7)) is equal
to2+a1+---+a,_1-

Proposition 2.8 ([4, Proposition 6.17]). Let X(A) be an n-dimensional nonsingu-
lar projective toric variety. Then X(A) is weak Fano if and only if (=Kxa).V (7))
is nonnegative for every (n — 1)-dimensional cone T in A.

EXAMPLE 2.9. Let S ={1,2,3,4,5} and
B = {{1},{2},{3},{4},{5},{1,2,3,4},{2,3,4,5},{1,2,3,4,5} }.

Then the nested complex N (B) consists of

({1,425, {3,{1,2,3,4}}, {1}, {2}, {4}, {1, 2,3, 4}},

({13, {3}, {4}, {1,2,3,4}}, {{2}, {3}, {4}, {1, 2,3, 4}},

{{2}, {3}, {4},{2,3,4,5}}, {{2}, {3}, {5}, {2,3,4,5}},

{{2}, {4}, {5}, {2,3,4,5}}, {{3}, {4}, {5}, {2,3,4,5}},

{13, {25, {35, {53} ({1} {25, {4}, {53}, {{1}. {3}, {4}, {5}}

and their subsets. The pair I = {1,2,3,4} and I, = {2,3,4,5} does not satisfy
the condition (2) in Theorem 2.4. Hence the 4-dimensional toric variety X (A(B))
is not weak Fano. In fact, there exists a 3-dimensional cone 7 in A(B) such that
(_KX(A(B))~V(T)) < —1. Let

Ny = {{2}7 {3}7 {4}7 {17 2,3, 4}}7 Ny = {{2}7 {3}7 {4}7 {2= 3,4, 5}}
Then we have
RZONl = Rzoez + Rzgeg + R2064 + Rzo(el + e9 + €3 + 64),
RZONQ = Rzoez —+ Rzoeg —+ R2064 + Rzo(—el).
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Let us consider 7 = R>oN1NR>o N2 = R>gpea+R>oe3+Rx>peq. Since (e1+e2+e3+
e4)+(—e1)—ez—e3—eyq = 0, Proposition 2.7 gives (—Kxay)-V (7)) =2-3 = 1.
Therefore X (A(B)) is not weak Fano by Proposition 2.8.

3. REFLEXIVE POLYTOPES ASSOCIATED TO BUILDING SETS

An n-dimensional integral convex polytope P C R"™ is said to be reflezive if O
is in the interior of P and the dual P* = {u € R" | (u,v) > —1 for any v € P} is
also an integral convex polytope, where (-,-) denotes the standard inner product
in R™. Let A be a nonsingular complete fan in R™. If the associated toric variety
X (A) is weak Fano, then the convex hull of primitive generators of rays in A(1)
is a reflexive polytope. For a building set B such that the associated toric variety
X(A(B)) is weak Fano, we denote by Pg the corresponding reflexive polytope.

Higashitani [1] gave a construction of integral convex polytopes from finite di-
rected graphs (with no loops and no multiple arrows). We describe his con-
struction briefly. Let G be a finite directed graph whose node set is V(G) =
{1,...,n+1} and whose arrow set is A(G) C V(G)xV(G). For € = (i,j) € A(G),
we define p(€) € R™! to be ¢; — ;. We define P to be the convex hull of
{p(€)| € € A(G)} in R"*!. Py is an integral convex polytope in the hyperplane
H={(x1,...,Zpy1) ER"™ | 21+ -+ 1,1 = 0}. In a previous paper we proved
that if X(A(B)) is Fano, then Pp can be obtained from a finite directed graph:

Theorem 3.1 ([7, Theorem 4.1]). Let B be a building set. If the associated toric
variety X (A(B)) is Fano, then there exists a finite directed graph G such that Pg

is equivalent to Pg, that is, there exists a linear isomorphism f : R™ — H such
that f(Z") = HNZ"" and f(Pg) = Pg.

However, there exist infinitely many reflexive polytopes associated to building
sets that cannot be obtained from finite directed graphs. The following proposition
provides such examples:

Proposition 3.2. Let S = {1,...,n+ 1} and B = 25\ {0}. Then X(A(B)) is
weak Fano by Theorem 2.4 but the reflexive polytope Pp cannot be obtained from
any finite directed graph for n > 3.

Proof. Suppose that there exists a finite directed graph G such that Pg is equivalent
to Pg. Since 0 € Pg, there exists a nonempty subset A’ of A(G) and positive real
numbers a— for @ € A’ such that Dovear a=p(€) = 0. If (i1,i3) € A, then we
must have (ig,i3) € A’ for some i3 € V(G). Continuing this process, eventually
we obtain a directed cycle of G. In general, if G has a nonhomogeneous cycle (a
directed cycle is a nonhomogeneous cycle), then the dimension of Pg is |[V(G)| —1
(see [1, Proposition 1.3]). Hence we have |[V(G)| = n + 1. Since G has at most
n(n + 1) arrows, Pg has at most n(n 4+ 1) vertices. On the other hand, Pp has
27+l — 2 vertices. Thus we have the inequality 2"T* — 2 < n(n + 1), but this
inequality does not hold for n > 3. This is a contradiction. Thus we proved the
proposition. ([l

ExAMPLE 3.3. There also exists a reflexive polytope associated to a finite directed
graph that cannot be obtained from any building set. Let G be the finite directed
graph defined by

V(G) ={1,2,3,4}, A(G)={(1,2),(2,3),(3,1),(1,4), (4,3)}.
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Then Pg cannot be obtained from any building set. Pg is a reflexive 3-polytope
with six lattice points. However, there are only three types of reflexive 3-polytopes
with six lattice points that are obtained from building sets. They are realized by
the following building sets:

{1}, {2}, {3}, {43, {1, 2}, {1,2,3,4}},
{1}, {2}, (3}, {4}, {1, 2,3}, {1,2,3,4}},
{1}, {2}, (3}, {1, 2,3}, {4}, {5}, {4, 5}}.

All the building sets yield reflexive polytopes not equivalent to Pg.

FIGURE 1. the directed graph G whose reflexive polytope cannot
be obtained from any building set.

4. PROOF OF THEOREM 2.4
First we introduce some notation.

DEFINITION 4.1. Let B be a building set on S.

(1) We denote by N (B)max the set of all maximal (by inclusion) nested sets of
B. N(B)yax is a subset of N'(B).
(2) For C € B\ Bpax, we call

N(B)c ={N C (B\ Bmax) \{C} | NU{C} € N(B)}
the link of C in N(B). N(B)¢ is an abstract simplicial complex on
{I € (B\ Buax) \ {C} [{I,C} e N(B)}.
(3) For a nonempty proper subset C' of S, we call
C\B={IcS\C|I#0;IeBorCUI € B}
the contraction of C' from B. C'\ B is a building set on S\ C.
The symmetric difference of two sets X and Y is defined by XAY = (X UY)\
(XnNY).
Lemma 4.2. Let B be a connected building set on S and let 1,1 € B with
LNl #0, 1 ¢ I, Is ¢ I and |I; AIz| > 3. Suppose that
11 € Il\IQ,iQ c IQ\Il,
N € N(Bl1,n1,)max: N' € N(B(1, A1)\ {i1,i2} )max
such that
(41) {Ik} UNU (B|11ﬂ12)max U N/ U (Bl(IlAIQ)\{il,ig})max

is not a nested set of B for some k = 1,2. Then there exist I{,15 € B such that
Lonh, D hyine [ \Iyioe L\, [iNI, 21Ny and [ UIL, =1 U L.
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Proof. The proof is similar to a part of the proof of [7, Lemma 3.4 (1)].

Without loss of generality, we may assume k = 1. Note that {1} U N U
(B|1,n1,)max and N' U (B(1, AT:)\{i1,is} Jmax are nested sets of B. Thus (4.1) falls
into the following three cases.

Case 1. Suppose that (4.1) does not satisfy the condition (1) in Definition 2.1.
Then there exist

K e {Il} UNU (B|I1ﬂ12)maxa LeN'U (B‘(IlAIQ)\{ihiz})max

such that K ¢ L,L ¢ K and KNL # (. If K € NU(B|,n1,)max, then KN L = (),
a contradiction. Thus we must have K = I;. Then UL € B. Weput I} = UL
and I} = I. Since L C 1AL, it follows that L\ Iy C (I1 NI5) \ (I1 N13). Thus
nnir,2>nnli,.

Case 2. Suppose that (4.1) does not satisfy the condition (2) in Definition 2.1,
and there exist

Ky,..., K., e NU <B|11ﬂ12)maxa Ly,....Ls € N'U (B‘(IlAb)\{il,ig})max

for r,s > 1 such that Ky,...,K,,L,...,Ls are pairwise disjoint and K; U --- U
K.,UL;U---ULg; € B. Then we have I, UL, U---U L, € B for each k =1,2. We
put I = [,UL U--- UL for k=1,2. Ly U---ULs C 1Al implies I, C I}, for
some k = 1,2. Since I}, \ I C (I{ N 1) \ (11 N I2), we have I{ N 15 D Iy N I,.

Case 3. Suppose that (4.1) does not satisfy the condition (2) in Definition 2.1,
and there exist

Ly,...,Lg € N'U(B|(1, AL)\{i1,is} ) max

such that Iy, Lq,..., L are pairwise disjoint and Iy ULy U---U Ly € B. We put
I =6LUL U---ULgs and I, = I. Since Ly U---U Ly C Iy, it follows that
LiUu---ULsc (IINnIHN\(I1Nnl). Thus I1 NI, 2 I N Is.

In every case, we have iy € I \ I},i2 € I\ I{ and I{ UI) = I UI,. This
completes the proof. O

Lemmas 4.3 and 4.5 play key roles in the proof of Theorem 2.4.

Lemma 4.3. Let B be a connected building set on S and let 11,1, € B with
LNl #0, 1 & Iy,Io ¢ I, and I N Iy ¢ B. Then there exist

Jl,JQ EB,jl S Jl\Jz,jQ S JQ\Jl,
N e N(B|J1ﬂJz)maxyN/ S N(B|(J1AJ2)\{j1,j2})max
such that JlﬁJQ#Q),JlﬁJQ géB,JlUJg cUly and
{Jk} UNU (B|J10J2)max UN'U (B|(J1AJ2)\{j1,j2})max

is a nested set of B for each k = 1,2. If J1AJy = {j1, j2}, then N" and (B|(j, A1)\ {ji1,j»} )max
are understood to be empty.

Proof. We use induction on |I;Alz|. We have |I[;Aly| > 2. Suppose |1 AL = 2.
We put J; = I; and Jy = I5. Then JlﬂJg#(Z),JlﬁJg ¢B and Jy U Jy = 11 U L.
We pick N € N(B| ;175 )max- Then {Ji} UN U (B|s;n7,)max 18 & nested set of B
for each k =1, 2.

Suppose [I1AIz| > 3. We pick i1 € I1 \ I,ia € Iz \ I1, N € N(B|1,nL )max and
N’ € N(B|(1, A1)\ {in in} Jmax- If

{1} UN U (Bl1,n1,)max U N U (B (1, AL)\{i1,iz} ) max
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is a nested set of B for each k£ = 1,2, then there is nothing to prove. Otherwise,
by Lemma 4.2, there exist I,15 € B such that If D I1,I} D I,iy € I1 \ I},iz €
NI N 20N and I, UL, =1, U L.
Case 1. Suppose I{ NI, ¢ B. We have |[[[ALL = |[I[J UL — |1 NI <

|Iy U Iy — |I; N Iz = |[[LAL]. By the hypothesis of induction, there exist

Ji,Jo € Byji € Ji\ Jo, ja € Jo \ Ji,

N € N(B|jnzs)max, N' € N(B|(J1A-]2)\{j1,j2})max
such that J1NJa £ 0, J1NJy ¢ B, Jy1UJy CI{UI, =1 Ul and

{Jk} UNU (BlJsz)max UN'U (B|(J1AJ2)\{j1,j2})max
is a nested set of B for each k =1, 2.

Case 2. Suppose I1 NI, € B. We may assume that I; C I7.

Subcase 2.1. Suppose I1NIy € B. We put I = I and I} = I{NIy. Then we have
'nify =nLNIy ¢ B,iy € IY\IY and I\ I; C I§\I{. Since iy € (I1UI2)\ (I{UIY),
we have I UT) C I} U L.

Subcase 2.2. Suppose I} NIy ¢ B. We put I{ = I} and I = I,. Then we have
I'nll=IiNl ¢ Byiy € I{\I,io € I\ I{ and If UI) = I{UI, =, UIs.
Since {1\ I € (Iy nI{)\ (I1 N I), we have [ NI, C I N IJ.

In every subcase, we have IV ALY| = [I[{ UL — I NIJ| < |LUL|— | NI =
|I; Als|. By the hypothesis of induction, there exist

Jl,.]g EB,jl S Jl\JQ,jQ S Jg\Jl,
N e N(B|J1ﬂJz)maX7Nl € N(B|(JlAJ2)\{j1,j2})Inax
such that J; N Jy #@,JlﬂJQ ¢B,J1UJ2 CI{/UIg Cc I Uy and

{Jk} UN U (Blsn5)max UN"U (B (1, AJa)\{j1.jo} Jmax

is a nested set of B for each k =1, 2.
Therefore the assertion holds for |I; Al|. O

EXAMPLE 4.4. Let S ={1,2,3,4,5,6} and
B = {{1},{2}, {3}, {4}, {5}, {6}.{1,2,3,4},{2,3,4,5},{3,4,5,6},
{1,2,3,4,5},{2,3,4,5,6},{1,2,3,4,5,61}.
Let us consider Iy = {1,2,3,4} and I, = {3,4,5,6}. We pick i = 1 and is = 6.
Then
B‘Ilﬁfz = {{3}3 {4}}7 B|(I1A12)\{i1,i2} = {{2}3 {5}}

The only maximal nested set of each is the empty set. However,

{Ii} UD U (Blrnr,)max U DU (Bl (1, A1)\ {i1,i2} ) max

= {{L 2,3, 4}a {3}a {4}7 {Q}a {5}}
is not a nested set because {3} U {4} U {2} U {5} = {2,3,4,5} € B (Lemma 4.2,
Case 2). Thus we put

W =10{2,3,4,5y ={1,2,3,4,5}, IV =1,U{2,3,4,5} = {2,3,4,5,6}.

We have Il(l) N 12(1) ={2,3,4,5} € B (Lemma 4.3, Case 2) and I C I{l). Since
11(1) NI, ={3,4,5} ¢ B (Subcase 2.2), we put

1D =1M=11,2345), I{=I,=1{34,56}
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We pick ng) =1 and Z-;2) = 6. Then
Bl = {85 {41 {51}, Bl Ao e ey = {121
The only maximal nested set of each is the empty set.
{(IP1rupu (Bl 22,2 Jmax U U (Bl ;2 )1 (42 102y Jmae
- {{13 2,3,4, 5}7 {3}7 {4}3 {5}7 {2}}
is not a nested set because {3} U {4} U {5} U {2} = {2,3,4,5} € B (Lemma 4.2,
Case 2). Thus we put
I =17 0{2,3,4,5) = {1,2,3,4,5}, Y = I U{2,3,4,5} = {2,3,4,5,6}.
We have If?’) N Ié?’) ={2,3,4,5} € B (Lemma 4.3, Case 2) and 12(2) c Ié?’). Since
1?0 1{¥ = {2,3,4,5) € B (Subcase 2.1), we put
=11 =q2345, =1 ={345,06}
Then
4 4
Blyw e = {81 {4 (51 IR =2,

The only maximal nested set of B‘I(4)HI(4) is the empty set and
1 2

{IPYUOU (Bl o 0)mex = {{2,3,4,5}, {3}, {4}, {5},
{]2(4)} upu (B|I£4)njé4))max = {{35 4,5, 6}7 {3}7 {4}’ {5}}

are nested sets of B.

Lemma 4.5. Let B be a connected building set on S and let 1,1 € B with
LNl #0, 1 & I, I ¢ Iy and |(Bl,nL )max| = 3. Then there exist

Ji,J2 € Byji € Ji\ Ja, jo € J2 \ 1,
N e N(B|J1ﬂJz)maX7N/ € N(B|(J1AJ2)\{j1’j2})maX
such that Jy N Jy £ 0, J1 N Jy ¢ B and

{Jk} UNU (B|J10J2>m'dx UN'U (B|(J1AJ2)\{j1,j2})max
is a nested set of B for each k = 1,2. Furthermore, we have J; U JJo C I; U Iy

=

or [(Blnngs)max| = 3. If JiATy = {j1,j2}, then N' and (B(j, 70\ {j1,5>} Jmax are
understood to be empty.

Proof. We use induction on |I;Alz|. We have |I[;Aly| > 2. Suppose | AL = 2.
We put J; = I; and Jo = Is. Then J; N Js # 0 and |(B|s,nJ,)max| > 3. We pick
N € N(B|s,nJ;)max- Then {Ji} U N U (B|j,nJ,)max 1S & nested set of B for each
k=12

Suppose [I1AIz| > 3. We pick i1 € I1 \ I,ia € Iz \ I1, N € N(B|1,nI, )max and
N € N(Bl(1, A1)\ {i1,is} Jmax- If

{1} UN U (B|1,n15)max U N" U (B (1, A1)\ {i1,ia} )max

is a nested set of B for each &k = 1,2, then there is nothing to prove. Otherwise,
by Lemma 4.2, there exist I,I; € B such that If D I1,I} D I,iy € I1 \ I},iq €
o\, LN DL N and I[ UL, =1 Uls.
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Case 1. Suppose |(B|1az;)max| > 3. We have [[[AL] = [I] U Iy — [I] N I5] <
|Iy U] — |I; N Iz = |1 AL]. By the hypothesis of induction, there exist

Ji,Jo € B,j1 € J1\ Ja, 52 € J2 \ Ju,
N e N(B|J1ﬂJ2)max7N/ € N(B|(J1AJ2)\{j1,j2})max
such that Jy N Jy #0,J; N Je ¢ B and

{Jk} UN U (Bls,n75)max UN"U (B (1, AJa)\{j1.ja} Jmax

is a nested set of B for each k = 1, 2. Furthermore, we have J;UJy C I1UI, = [1UI,
or ‘(B|J1FTJ2)max| > 3.

Case 2. Suppose |(B|rn1)max| < 2. For any K € (B[1,n1,)max, there exists
unique Ly € (B|I{ﬂlé)max such that K C Lx. Hence there exists L € (B|I{mlé)max
that contains more than one element of (B|1, A7, )max- Let K1, ..., K, be all elements
of (B|1,nI,)max contained in L. Note that I; N Io N L is the disjoint union of
Ky,...,K.. Lchnl,then B>L=I1nNnlLNnL=KU---UK, ¢ B, a
contradiction. Thus L ¢ I; N I5. We may assume L ¢ I5.

Subcase 2.1. Suppose [ NL e B. f L C I, then B> I1NL=I1NILNL=
K;U---UK, ¢ B, a contradiction. Thus L ¢ Ir. Weput I{ = 1N L and I = I5.
Then we have I NI =L NI, NL ¢ B,L\ I, C I{ \ I} and iy € I} \ I{. Since
i1 € (Il @] IQ) \ (I{I U Iél), we have Iil ury - L Ull.

Subcase 2.2. Suppose Iy N L ¢ B. We put I{/ = I; and I = L. Then we have
I'NIY = LNL ¢ B,iy € IP\I{ and I{\I!' = I\, # 0. Since iy € (I,UI)\(I{UIY),
we have I UT) C I} U L.

In every subcase, by Lemma 4.3, there exist

Ji,Jo € B,j1 € J1\ Ja, j2 € Jo \ Ji,
N e N(B|J1QJ2)maX7N/ S N(B|(J1AJ2)\{j1,j2})max
such that JlﬁJg#(Z),JlﬂJ2¢B,J1UJ2 C[YUIQCI;LUIQ and

=

{Jk} UNU (BlJsz)max UN'U (B|(-71A=12)\{j1,j2}>max
is a nested set of B for each k =1, 2.
Therefore the assertion holds for |I; Al|. O
EXAMPLE 4.6. Let S ={1,2,3,4,5,6,7} and
B = {{1},{2}, {3}, {4}, {5}, {6}, {7}, {2,4,6},{2,3,4,5},{1,2,3,4,5},
{2,3,4,5,6},{3,4,5,6,7},{1,2,3,4,5,6},{2,3,4,5,6,7},{1,2,3,4,5,6,7}}.

Let us consider I; = {1,2,3,4,5} and I, = {3,4,5,6,7}. We picki; =1 and ix = 7.
Then

Blnan ={{3}, {4}, {5}}, Bl an)\fiiy = {2} {61}
The only maximal nested set of each is the empty set. However,
{Ii} U0 U (Bl1,nn)max U0 U (Bl(1, A1)\ ir,is} Jmax
= {{1,2.3,4,5}, 3}, {4}, {5), {2}, {6})
is not a nested set because {4} U {2} U {6} = {2,4,6} € B (Lemma 4.2, Case 2).
Thus we put

I =1 0{2,4,6} ={1,2,3,4,5,6}, IV =1,0{2,4,6} ={2,3,4,5,6,7}.
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We have IV N I{Y = {2,3,4,5,6} € B (Lemma 4.5, Case 2) and L = {2,3,4,5,6}.
Since L ¢ Il and 1 NL = {2 3,4,5} € B (Subcase 2.1), we put
I? =1 nL=1{2345}, I¥=1I,={3,4,567)

We pick Z.gz) =2 and ié2) = 7. Then

Bl = {85 {45 {5}, Bl oA a2 iy = {161}
The only maximal nested set of each is the empty set.

{170 U (Blygor o Jmax UBU (Bl oy i sy Jma

={{2,3,4,5}, {3}, {4}, {5}, {6}}

is not a nested set because {2,3,4,5} U {6} = {2,3,4,5,6} € B (Lemma 4.2, Case
3). Thus we put

I =123456}, I =1 ={345,67}
We have 1(3) N 1(3) {3,4,5,6} ¢ B (Lemma 4.3, Case 1) and
3) 3
Bliwne = 135,44}, (5} {6}}, |7 ALY =2

The only maximal nested set of B‘I“)m“) is the empty set and
1 2

(I} UDU (Bl max = {{2.3,4,5,6}, {3}, {4}, {5}, {6}},
{157} U0 U (Bl max = {{3.4.5.6, 7}, {3}, {4}, {5}, {6}}
are nested sets of B. Furthermore, we have Ifs) U 12(3) C LUl
ExAMPLE 4.7. Let S ={1,2,3,4,5,6,7} and
B = {1}, {2}, {3}, {4}, {5}, {6}, {7}, {2,6},{4,5,6},{2,4,5,6},{1,2,3,4,5},
{27 37 47 5’ 6}’ {3’ 47 57 67 7}7 {17 27 3’ 4’ 57 6}7 {27 37 47 57 6’ 7}’ {]" 27 37 47 57 6’ 7}}'
Let us consider I; = {1,2,3,4,5} and I, = {3,4,5,6,7}. We picki; =1 and is = 7.
Then
Blnnn = {81 {41 {51}, Bluiann iy = ({2}, {6}, {2,631}
The only maximal nested set of B|r,~r, is the empty set. We choose N’ = {{2}} €
N(B‘(Ilﬂlz)\{il,ig})ma)('
{Il} upu (B|IlﬁI2)max UN'U (B|(11A12)\{i1,i2})max
={{1,2,3,4,5},{3}, {4}, {5}, {2}, {2,6}}

is not a nested set because {1,2,3,4,5} N {2,6} = {2} # 0 (Lemma 4.2, Case 1).
Thus we put

I =1 0u{2,6} ={1,2,3,4,5,6}, IV =1I,={34,56,7}.

We have I:El) N1 (M = = {3,4,5,6} = {3} U{4,5,6} (Lemma 4.5, Case 2) and L =
{4,5,6}. Since L gZ I and Iy N L = {4,5} ¢ B (Subcase 2.2), we put

I? =1 ={1,2,3,4,5}, I{¥=L=1{4,5,6).
We pick igz) =1 and ig) = 6. Then
B‘If)mlf) = {{4}7 {5}}7 B|(Iiz)Afém)\{ng),i;Q)} = {{2}7 {3}}
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The only maximal nested set of each is the empty set.
2

{12( )} upu (B|I£2>0152))max uobu (B|(Il(2)A12(2>)\{i§2)7i;2)})max

= {{4,5,6}, {4}, {5}, {2}, {3}}
is not a nested set because {4,5,6} U {2} U {3} = {2,3,4,5,6} € B (Lemma 4.2,
Case 3). Thus we put

10 =1% = {1,2,3,4,5}, 1Y ={2,3,4,5,6}.

We have 11(3) N 12(3) ={2,3,4,5} ¢ B (Lemma 4.3, Case 1) and

3 3
Bl e = 125 (3} (4.5}, 157457 =2,

The only maximal nested set of B\I@,)m(g) is the empty set and
1 2

{1} UBU (Bl 0 max = {{1,2,3,4,5}, {2}, {3}, {4}, {5}},

{12(3)} upu (B|I£3)ﬂIéS))max = {{2a 3,4,5, 6}v {2}7 {3}’ {4}’ {5}}

are nested sets of B. Furthermore, we have 11(3) U 12(3) C LUl

Proposition 4.8 ([8, Proposition 3.2]). Let B be a building set on S and let C €
B\ Bpax. Then the correspondence

INC (CclI),
IH{I (C ¢ 1)

induces an isomorphism N (B)c — N(B|c U (C\ B)) of simplicial complezxes.

Lemma 4.9. Let Jl,Jz € B with J1 N Jy 75 @, J1 ¢ JQ,JQ ¢ J1 and Jy U Jy g S.
Let N € N(B|jus,) such that {J} UN" € N(B| 07 )max for each k = 1,2.
Then there exists M € N(B) such that {Ji, J1UJ2} UN" UM € N(B)max for each
k=1,2.

Proof. We pick M" € N((J1 U J2) \ B)max- Then
{JyUN" UM € N(Bl 01, U ((J1UJ2)\ B))max

for each k = 1,2. Hence by Proposition 4.8, there exists M € N(B) such that
{Jx}JUN" UM are maximal simplices of N'(B) s, u.,. Hence {Ji, J1JUJ2}JUN"UM €
N (B)max for each k =1, 2. O

Proposition 4.10 ([8, Proposition 4.5]). Let B be a building set on S and let
Ii,I, € B with I, # I and N € N'(B) such that N U{L,}, N U{lz} € N(B)max-
Then the following hold:
(1) Wehave I ¢ Iz and Is ¢ I.
(2) If LN Io #0, then (B|1,n1, )max C N.
(3) There exists {Is,..., Iy} C N such that I U Iy, I3, ..., I are pairwise dis-
joint and Iy U---U Iy € NU Bpax ({Is,...,I} can be empty).

We are now ready to prove Theorem 2.4.

Proof of Theorem 2.4. The disjoint union of connected building sets yields the
product of toric varieties associated to the connected building sets. Since the
product of nonsingular projective toric varieties is weak Fano if and only if ev-
ery factor is weak Fano, it suffices to show that, for any connected building set B
on S ={1,...,n+ 1}, the following are equivalent:
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(1) The associated toric variety X (A(B)) is weak Fano.

(2") For any I1,I> € B such that Iy NIy # 0, 1) ¢ Iy and I ¢ I;, we have at
least one of the following:
(i"y [ NI, €B.
(11/) Il U 12 =S and |(B‘Ilﬂlz)max| S 2.

(]./) = (2/)1 Let 11,12 € B such that Il ﬁ]g 7é @,Il ¢ 12712 ¢ Il and Il ﬂIz ¢ B.
We show that if Iy Uy C S or [(B|r,nI,)max| > 3, then the toric variety X (A(B))
is not weak Fano.

Case 1. Suppose Iy UIs € S. By Lemma 4.3, there exist

Ji,Jo € B,j1 € J1\ Ja, ja € Jo \ Ji,

N € N(Blynz)mas: N € N(B| (4, 215\ {12} ) max
such that J1NJo # 0, J1NJe ¢ B, J;UJy, C Ul C S and
(4.2) {Jk} UN U (Bls,n75)max UN"U (B (1, AJa)\{j1.ja} )Jmax

is a nested set of B for each k = 1,2. Since the cardinality of (4.2) is |J1 U J3| — 1,
(4.2) is a maximal nested set of B|,J,- By Lemma 4.9, there exists M € N (B)
such that

{Jk, J1 U JQ} UN U (B|J1mj2)1nax UN'U (B|(J1AJ2)\{j17j2})max UM € N(B)max
for k =1,2. Let
7 =R>o({/1 UJ2} UN U (Bl sn1,)max U N U (Bl (7, 202\ (G142} Jmax U M).

Clearly

e tej, — E ec —ejug, =0.
CE(B|synJig)max

Since |(B|s,nJ, )max| > 2, Proposition 2.7 gives
(—Kxam)yV(m) =2 = [(Blhns)max| —1<2-2-1=—1.
Therefore X (A(B)) is not weak Fano by Proposition 2.8.
Case 2. Suppose that I; U Ty = S and |(B|,n1,)max| = 3. By Lemma 4.5, there

exist,

Ji,Jo € Byji € Ji\ o, ja € Jo \ Ui,

N e N(B|J1ﬂJ2)max7N/ € N(B|(J1A.]2)\{j1,j2})max
such that J; NJy #0,J;NJy ¢ B and

(4.3) {Jk} UN U (Blsn)max U N"U (Bl(1; AJ5)\ (1,2} ) max

is a nested set of B for each k = 1,2. Furthermore, we have Jy U Jo C [y Ul =S
or [(B| 0y )max| = 3. If JyUJy © S, then a similar augment shows that X (A(B))
is not weak Fano. Suppose that J; U Jy = S and |(B|j,nJ, )max| > 3. Then (4.3) is
a maximal nested set of B. Let

T = IREO(ZV U (B|J10J2)max U N’ U (B|(J1AJ2)\{j1,jz})max)~

Since e j,ug, = es = 0, it follows that

ey t+ej, — E ec = 0.
CE(BlyynJy)max
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Proposition 2.7 gives

(—Ex(am)V (7)) =2 = [(Blrns)mx| <2-3=-1.

Therefore X (A(B)) is not weak Fano by Proposition 2.8.

(2") = (1'): Let I1, I € B with I # Iy and N € N(B) such that NU{I1}, NU
{I2} € N(B)max- We need to show that (—Kxasy)-V(R>oN)) > 0.

Case 1. Suppose Iy N I3 = (. By Proposition 4.10 (3), there exists {I3,..., Iz} C
N such that I1 U Iy, I3, ..., I} are pairwise disjoint and Iy U--- Ul € N U Bpax =
N U{S}. Since

er, +ent+en,+---+en —enu.un, = 0,

Proposition 2.7 gives

(=Kxam)-V(R>oN)) =

Hence (_KX(A(B))-V(REON)) > 1.

Case 2. Suppose I NIy # (). By Proposition 4.10 (1), we have I; ¢ I and
L ¢ 1.

(i") Suppose I) N I € B. By Proposition 4.10 (2), we have {I; N Iy} =
(B|1,ni;)max € N. By Proposition 4.10 (3), there exists {I3,...,Ix} C N such
that I; Uly, I3, . .., Ij are pairwise disjoint and Iy U---U I € NUBpax = NU{S}.
Since

k—1 (ILU---UI; €N),
k (IlU“'UIk:S).

er, +en, —ennn, +e, +- - +ern, —enu.ur =0,
Proposition 2.7 gives

[ k-2 (LU---ULeN),
(=Kx(am)-V(RzoN)) = { k=1 (Lu- UL =35).

Hence (_KX(A(B))-V(RZON)) > 0.
(ii") Suppose that I; U Iy = S and |(B|1,n1,)max| < 2. By Proposition 4.10 (2),
we have (B|1,nz,)max € N. Since ey, ur, = es = 0, it follows that

er, terp — E ec = 0.
Ce(B|1ynIy)max

Proposition 2.7 gives
(=Kxam)-V(R>0N)) =2 — [(Blr,nr,)max| >2—2=0.

Therefore X (A(B)) is weak Fano by Proposition 2.8. This completes the proof
of Theorem 2.4. O
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