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Abstract

We study the maximization problem of the Trudinger-Moser inequality. In
this study, we consider the effect of the Lebesgue norm on attainability of
the best constant. By the Lebesgue norm, there exists a borderline related
to existence and non-existence.

Keywords: maximization problem, Trudinger-Moser inequality, two
dimension, variational problem

1. Introduction

1

Assume that N > 2, ay = Nwy_;, where wy_; is the surface area of
(N — 1)-dimensional unit sphere. The classical Trudinger-Moser inequality
asserts that for any bounded domain Q C RY,

N
N-1
sup / NN < 40
uew, (@) /2

IVuln<1

Due to [11], apy is the largest possible constant. In [3], they showed that
maximizer exists when €2 is a unit ball. In general bounded domain case, the
existence result was shown in 2-dimensional case by [6]. In the N-dimensional
general bounded domain case, existence of the maximizer was shown by [9].
Recently, [12] was proved the existence of the maximizer by using the blow
up analysis different from the technique in [3]. In addition to these, there
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are many researches on the Trudinger-Moser inequality. For example, whole
space case is due to [1, 14, 8, 7, 4], the Trudinger-Moser inequality on W1 (Q)
is due to [15], and so on.

In this study, we consider the case when N = 2, ) = B, where B is a
unit ball. We investigate existence and non-existence of maximizer for

C(\,p) == sup / (ea?“2 — )\]u\p> dz,
ueHL(B) /B
[Vul2<1
where X is a positive parameter and p > 1. We can regard this problem as
the perturbed Trudinger-Moser inequality

I7:= sup /(1 + g(u))e” dz,
ueH}(B) /B
[Vul3<a

and our problem is the case when av = ap and g(u) = — A p|/“2|p 5. In [12], they
ay' et

consider IJ under the following conditions:
@< ay g€CR), infg>—1 g(t)=g(-1), Jim_g(#) = 0.

For example, g = 0 satisfies the above conditions, and thus the maximization
problem on the classical Trudinger-Moser inequality is included this. They
studied the blow up analysis for H}(B)-norm of the non-compact sequence
on the Trudinger-Moser functional. Their results are useful to study the
maximizing problem 9. In our problem, the perturbation g does not satisfy
the condition infg ¢ > —1. This fact causes the problem that there is the
possibility of I = I9, for some a < aj, because the function e2l” — )\ . |P
is not a increasing function.

In [5], they studied the case when p = 2. They showed existence of
maximizer for A < as and they supposed that the maximizer does not exists
for A > ay. Here, we can see that this term as| - |? in their conjecture is the
second term of ea2|"2, that is, we observe

, . ak| - |2
e =14ayf P+ )
k=2 )

and the term is appeared. We forecast that there is a relation between
this term and the attainability of the maximization problem. Therefore, we



consider the maximization problem C(\,p), and we study the effect of the
LP-term. The main theorem is as follows:

Theorem 1.1. (1) If p > 2, then for any A, there exists a maximizer of
C(\,p).
(II) If p € [1,2], then there exists a positive constant N\, = A\«(p) such that
(i) For A <\, there exists a mazimizer of C(\,p).
(i) For A > X\, mazimizer of C(\,p) does not exist.
(III) If p € [1,2), then there exists a mazimizer of C'(A\.,p), where A, is a
positive constant obtained in the part (II).

From these results, we can see that 2 is the borderline on the exponent p
essentially. In addition, we can show the conjecture of [5] partially. In order
to prove this theorem, we use the blow up analysis. We apply the techniques
in [8], [15], and [12]. The techniques of [8], [15] are similar. However, the
strategy of [12] are different from those of the others. In [8] and [15], they
study the behavior of the Trudinger-Moser functional on the concentrating
sequence. On the other hand, in [12], as we referred to before, they inves-
tigated the behavior of H(B)-norm of the concentrating sequence. We will
combine these two techniques.

This paper is organized as follows. In Section 2, we prepare some lemmas
and propositions. Especially, we investigate the properties of C'(A, p) on the
parameter A. In Section 3, we prove the theorem. To prove this, we prepare
two important propositions. In Section 4, we show these two propositions by
applying the technique in [8], [15], and [12].

2. Preliminaries

First, we fix some notation. The L?(B)-norm is written as || - ||,. The
constant Cy is defined by C(0,p). For simplicity, sometimes we write v(r)
as the radially symmetric function v(z) by supposing that r = |z|. For a
function v, we define vy and v_ as vy := max{v,0} and v_ := min{v, 0}.

We prepare some lemmas and proposition to prove Theorem 1.1. We set

Orad(/\vp) = sup / <6OQUQ - >\|u|p> dl‘,
uEHéymd(B) B
[Vul2<1

where Hj,.,(B) is the set of radially symmetric functions in Hj(B). By the
symmetrization of function in H}(B), we can see that C'(\,p) = Crea(X,p)
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and existence of maximizer of C'(\, p) is equivalent to existence of maximizer
of Crad()\, p)
We take a sequence {u,} satisfying

{un} C Hypoa(B),  [[Vtalla <1, u, — 0 weakly in Hy(B) (1)
lim ||Vu,lls =1, lim ||Vu,|2s\s.) =0 for any € > 0. (2)
n—oo n—oo

We call {u,} satisfying (1), (2) a normalized concentrating sequence. Then
we have the following upper bound:

Proposition 2.1 ([3]). For any normalized concentrating sequence {u,}, we
have

lim sup/ eidr < |B| 4 er.
B

n—o0

Proposition 2.2 ([5]). There exists a normalized concentrating sequence
{yn} such that

. 2
lim [ e*¥dx = |B|+er.

More precisely, for sufficiently large n, vy, satisfies
/ eYidy = |B| + em + £,
B

where €, is a positive constant such that £, — 0 as n — oco.

The following lemma follows from the definition of C'(\, p) and Proposi-
tion 2.2.

Lemma 2.3. (i) C(\,p) is continuous and non-increasing with respect to

A
(i) We have C'(\,p) > |B| + e for any A and p.

Proposition 2.4. For anyt € [0, 1), we have
sup / (eo‘?“Q - )\|u|p> dr < C(\,p).
B

u€HZ(B)
IVull2<t



Proof. By the part (ii) of Lemma 2.3, we can see that 0 is not maximizer.
Set

Ci(\,p) = sup / <e“2“2 — )\\u|p> dx
ueHY(B) J B
[Vull2<t

and assume that Cy(\, p) = C(\, p). We take a maximizing sequence {u,} C
H}(B), that is,

IVu,lla <t, lim / (eawﬁ - )\]un]p> dx = C(\,p).
n—o0 B

Then we have u, — us weakly in H}(B) and ||[Vus|lz = £ < t. More-
over, by the compactness of the Trudinger-Moser functional and the Sobolev
embedding, it follows that

/ (e”“i’ - )\|uoo|p> dr = lim (e‘”"i - /\|un|p) dx = C(\,p).
B

n—oo B

In addition, we may assume that u., > 0. Since u, is also the maximizer of

sup / (6”“2 — )\]u\p> dx,
ueHL(B) /B

IVull2=t

there exists the Lagrange multiplier L such that

L/ VusVodr — / <oz2uooe"‘2“§° — 2Au§51> pdx =0
B B 2
for any ¢ € H}(B). On the other hand, for s € [0,1/#] we set

F(s) = /B et — N(sfuse] 7] .

Then since f'(s)|s=1 = 0 we have

/ <2a2uioeo‘2“g° — p>\u§0> dx =0,
B

and hence L = 0. From this, it follows that

2 p —9
Qaug, p—2 _
e Aubs 0.

20&2

for any x € B. However, for any A and p, this equality does not hold for x
near 0B since uy|gp = 0. O



Lemma 2.5. (i) If C(\,p) > |B| + em, then mazimizer of C(\,p) exists.
(i1) If there exists A\, such that C(\,p) = |B| + em, then for A > A\, maxi-
mizer does not exist.

Proof. We prove (i). Assume that {u,} is a maximizing sequence of C'(\, p),
namely, {u,} satisfies

(1} € Hyuo B, Va1, Jim [ (e = Mu,l?) do = COLp)
n—oo B

Since {u,} is bounded sequence, there exists u,, such that up to a subse-
quence u, — Uy weakly in H}(B), and ||Vus|2 < 1. By the assumption
and Proposition 2.1, we can see that {u,} is not normalized concentrating
sequence. Therefore by the theorem in [10] and the Sobolev embedding, we

have
lim <e°‘2“% — /\|un|p> do = / (eazui’ — )\|uoo|p> dx.

Consequently u, is the maximizer.
We prove (ii). Assume that A > X, and u, € Hj
C(A,p). Then we have

aq(B) 1s a maximizer of

|IB| +er < C(\p) = / (eazui — )\|u)\|”> dx
B
< / (eawi - A*ywp) dr < C(\.,p) = |B| + er.
B

This is a contradiction. O

Proposition 2.6 (Proposition B.1 in [2]). We define the function with pos-
itive parameter t, which is introduced in [11] originally.
log %

)= wfi(logZ)%t% min{— 1},

mi(r) ma(r t(log2)’

where

_1 log *
ma(r) == w, 2(10g2)% min{ﬁié, 1} :

Assume that u, € Hy ,,4(B) satisfying ||[Vu,|| <1, u, — 0 weakly in Hy(B).
In addition, u, satisfies

liminf/ eidr > |B].
B

n—oo
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Then, there ezists a sequence {t,} C (0,1) such that
U, —my, — 0 strongly in Hy(B).

Remark 2.1. In [2], they wrote that this proposition holds for all dimension.
However, the author can confirm the validity of this proposition only when
N = 2.

3. Proof of Theorem 1.1

In this section, we prove Theorem 1.1. We prepare the following two
propositions. We will prove these in the next section.

Proposition 3.1. We assume that p € [1,2], and that there exists a mawi-
mizer of C'(\,p) for sufficiently large A\. We write uy as the mazimizer for
A. Then, there ezist positive constants Cy = C1(p), Cy = Cy(p) such that for
sufficient large X we have

IVualz<1- Ay @

- + o [|ur | ZH).

Proposition 3.2. We fix A\ and p. Assume that uy is a mazimizer of

Cr(A,p) := sup / (eo“’““2 — )\|u|p> dz,
ueHL(B) J B
[Vull2<1

where oy, is a sequence of real numbers such that oy, 7 ag as k — oo. If
SUp,cp uk(r) = u(0) = oo as k — oo, then there exists a positive constant

C = C(p) such that
1 1 C

af fJuellls ™ [fu5

(67 —
Va2 (1+ )+ ol

First, we prove the part (I). Since it follows that

lim sup / <e(a2’€)u2 - )\|u|p> de = C(\,p),
=0 ueni(B) JB
Vull2<1

uy defined in Proposition 3.2 is a maximizing sequence of C'(\, p). In addition,
since || Vugll2 < 1, there exists uy, € H}(B) such that up to a subsequence

7



Up — U weakly in Hj(B), and ||Vusll2 < 1. For p > 2, if sup,.p ux(z) —
oo as k — oo, then ||[Vug||? > 1 for sufficient large k¥ by Proposition 3.2,
which contradicts that |[Vuglls < 1. Thus sup,.zur(x) is bounded for k
uniformly. By the dominated convergence theorem, we have

/ <eo‘2“g° - )\|uoo|p> dr = lim (e“‘wz — )\|uk|p> dr = lim Ci(\,p) = C(\, p).
B k—o0

k—o00 B

Consequently u, is the maximizer of C'(A, p).

Next, we prove the part (II). In order to show existence of A, we show
nonexistence of maximizer for large \. For p € [1,2], we assume that u, is a
maximizer for sufficiently large A\. By Proposition 2.4, we have ||[Vu,||2 = 1.
However, by Proposition 3.1 we have [|[Vu,l|ls < 1 for sufficiently large A,
which is a contradiction. Therefore maximizer does not exists for sufficiently
large A. By part (i) of Lemma 2.5 we can find that C'(\,p) = |B| + er for
sufficiently large \. We define \, € [0, 00) as

A i=1nf {A > 0|C'(\,p) = |B| +er}.

By Lemma 2.3, we can see that C(\,p) = |B| + em for A > A, and C(\,p) >
|B| + em for A € (0, \.). Consequently, this A, is the borderline of the result
of part (II) by Lemma 2.5. To finish the proof of the part (II), we have to
confirm that A\, > 0. By Proposition 2.2, we have Cy > |B| + ewr. Thus we
have C'(\,p) > |B| + er for sufficiently small A and hence A\, > 0.

Finally, we prove the part (IIT). We set a sequence A, such that A, 7 A,
as n — oo. By the part (II), maximizer of C'(\,,p) exists and we write this
as u,. By the part of (i) of Lemma 2.3, we can see that u, is a maximizing
sequence of C'(\,,p). If sup,cpu,(z) — 0o as A — oo, we can show that
IVu,|l2 < 1 for sufficiently large n by preparing similar proposition to Propo-
sition 3.1. This contradicts that ||Vu,|2 = 1. Consequently sup,.p u,(z) is
bounded uniformly for sufficiently large n, and by the dominated convergence
theorem we can show existence of maximizer.

4. Proof of Proposition 3.1 and 3.2

Since the proof of Proposition 3.2 is close to the proof of Proposition 3.1
we only prove Proposition 3.1. Fix p € [1,2] and set a sequence \j, such that
A\ — 00 as k — oo (a suitable subsequence is also written by Ag). Assume



that uy, := uy, € Hy(B) is the maximizer of C(\y,p). From Proposition 2.4,

we have
1 ouy, . . .
|Vuglla =1, wup € Hy,0a(B), ux >0, >, sa decreasing function.
’ r

By the part (ii) of Lemma 2.3 we have

|B| 4+ er < lim / (6a2ui — )\k]uk]p> dx < C(0,p) — lim )\k/ lug|Pdz.
Thus up to a subsequence
/ upPde = OAY),  up(e) = 0 for € B\ {0},
B
In addition, since
|B| + er < lim ((3“2“z - /\k|uk|p> dr < lim [ e dx (3)
k—oo Jp k—oo Jp

we have

lim supuy = lim ug(0) = oo.
k—oo zeB k—o00

By the Lagrange multiplier theorem, uy is a solution of

200

—Au = 37 <ue"‘2“2 - L)\kup_1> ;ou>0, in B,
u=0 on 0B,

where

M = ag/ (uie‘m“i - i)\kui) dx.
B 200

1/2

By setting vy := a5 “ug, vy satisfies

—Av, = ﬁ—i (vke”i — 2;?)\;61)’,3_1) . v >0, in B, (1)
v =0 on 0B,
and
IVurlls = an, My = /B (v,ﬁe”i _ chj)/zAkvﬁ) d. (5)
2

We note that limy_ o v, = 0in B\{0} and limy,_,, vx(0) = oo. For simplicity,
we set

¢ = vg(0) = sup v (x).
zeB



Lemma 4.1. We have
k11_>11010 )\k/Bvidx =0.
Proof. We show that limy_,. A [z ujdz = 0. By the part (i) of Lemma 2.3

and (3), we can find that u is a normalized concentrating sequence. Thus
by Proposition 2.1, it follows that

. 2
lim [ e**“rdx = |B|+ em.
k—00 B

This observation and (3) yield the equality of the lemma. O

Lemma 4.2. For sufficient large k, we have
My, > aserm + o(1).

Proof. By the part (ii) of Lemma 2.3 and Lemma 4.1, we have

|IB| +er < / (eo‘wi — /\kug) dx
B

< / eawid:p%—/ e”“zdx—)\k/uid:v
[ukgl] [“k>1] B

< |B|+o0(1) —i—/ w2k dy — )\k/ uhdx
[ug>1] B
M,
< |Bl+ = +o(1).
%)
O
Lemma 4.3. For sufficiently large k, we have
My < ¢ (|B| +em +0o(1)).
Proof. By Lemma 4.1, we have
M, = / v/,ze”E — L/Q)\kvi dx
B 20
< ci/ e'tdz + o(1)
B
= c (|B| +er+o0(1)).
O
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We set

VM %
\/_Ck: )

T ‘=

and
r(y) = cr(vr(rry) — cr),
Ur(y) = ¢ v(rey).

Then, we have

—A¢p =4 [¢ke¢k(1+¢k) — #ci_ze_ci)\gbz_l in By, (6)
A _
—Ayy, = [W‘f K - 2 / 5 e A | i By, (7)

Multiplying (7) by c;)y, integrating on By, , and we have

gy = 4 ¢£eci(¢i_1)dx _ mecg—Qe—ci/\k wzdx] ’
Biry, 200 Biry,
and thus
o A, VAT 0, y
ey = <a-— @)
o fBl/Tk Y2dx wak Yidx
Thus we can use the elliptic regularity theory. We have
Y — 1 in CF(R?). (9)
On the other hand, in (8), by Lemma 4.1 we have
- &%) Qo D
4 P2t Wi Dy = —/ V2evidr = g+ — )\k/ VP = ap+o(1),
Bi/r, ’ My Jp " ? Mk2ap/2 B " 2o(l)
and by (9)
lim Yidr > lim hm/ Yidr = lim |Bg| = oo
k—o00 Bi/p, R—00 k—00 Bgr R—o00
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Hence

D p—2 —c
ch 26 i)\k = 0(1)
Ay

Concerning the equation (6), by the elliptic regularity theory,
O = oo = —log(1+ [2*) in CF.(R?),
— Ao = 4e??=  in R?.

For a constant p > 1 we set

Ug,p = min {%,Uk} . (10)
p

Lemma 4.4.
lim / |V ,|2da = a2
k—o00 B p

The strategy is same as the proof of Lemma 3.3 in [8] and the proof of
Lemma 3.6 in [15].

Lemma 4.5. We have
..My
lim inf —5

k—o0 Ck

> er.

Proof. By Lemma 4.4 we have

/ eVhdr = / vk da + / eVhde
B [vp<ck/p] [vp>ck /]

2
2 1% 2
< /e“km + = v,%e”kd:v
B C. JB

2
p° My | ao / 9 2 p P Qg P / P
= + =— | — vietkdy — —=\pvh | do + ———=)\ vdr| + o1
’ ‘ Cg\ (o) Mk B ( k 2&3/2 Kok Mk 2@;27/2 k B k ( )

2
= |B|+ %Mk +o(1).
A

On the left hand side, we have
/ ekdr = / ek dr = |B| + em + o(1).
B B
Hence we obtain the inequality of the lemma. ]
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Combining Lemma 4.3 and 4.5, for sufficiently large k

M,
em + o(1) < =~ < |B| + er + o(1). (11)
Ck

Lemma 4.6. For any ¢ € C*(B) we have

o1 v
lim M/Bckvke Fodr = ¢(0).

k—o00 k

We can prove in the same way as the proof of Lemma 3.6 in [8] and the
proof of Lemma 3.9 in [15].

Proposition 4.7. There exists positive constants Cy,Cy such that for suffi-

ciently large k we have
ﬁ < / vpdr < %
4 ~ Jp e

Proof. We consider the equation:
—A(cug) = X‘Z—i [(ckvk)e’”i — #Akckvi_l} in B,
R
v, =0 on 0B.
It follows that

(8%

p
Acyvy)odr = ——/ et — ——Neep? | da
/B( )+ My Jiacpor>0) 2a§/2 ¢

Q2 p p-1

IN

a’Uk
= a3+ ol —|—c/ —do
2 () F OB aV

< g +o(1),
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and

0%) 2 p -1
— | (Acpvg)_dz = —/ cpupe’t — ——— et dz
/B M, [Ac v <0 20/2)/2 F

(6) 2
< —/ckvke”kdx
Mk B

= as+o(l).

Thus we have [, [Ac\vi|dz < 2a340(1) and hence there exists w € W!(B)
such that
chup — w  weakly in - W>'(B).

From this,
crop — w  weakly in- Wh4(B)

for any ¢ € [1,2), and we have

/B (cpvp)Pdz — /B whdz. (12)

Moreover, the compact embedding yields that
crop — w  strongly in - C%(B; \ B.) (13)

for any € > 0. To end the proof, we show that w # 0.
By Proposition 2.6 there exists a sequence {¢;} such that

/ ’V(Uk — a;/thk)de — 0,
B

where m;, is defined as in Proposition 2.6. In addition, since H}-norm has
the scaling invariance, it follows that

L7 (it ~ ol

2
dr — 0.

Thus we have ) ) .
ty 2og(r'*) — ay%w; 2 (log2)7 — 0

for each r € (0,1/2). Since vy, is a radially decreasing function, we can find
that t;, = O(c?). We go back to Proposition 2.6 and it follows that

/B ‘V (aiﬂmt;ﬁ(\xb — tévk(ri))

14

2
dr — 0,




where 1

1 1 1
M, (r) =t my, (rv) = tkml(rt% ).

From this, we have
1 1 _1 1
tRog(rie) — oé/zwl 2(log 2)’%15,;1 (log —) — 0,
r

for each r € (e~(1&2% 1), Especially, this convergence holds for r € (=K' 1)
with a positive constant K. Setting r'/* = s, and we have

1 _1 1
tPug(s) — a;/le ?(log 2)_% <log —) — 0 (14)
s

for each s € (e7%,1), in the sense of the pointwise convergence on r = s't.

If t;, = o(c?) holds, then
1
(log —> — 0.
s

ty =3 (C +o(1)). (15)

N

/2 —% _
o(1)cpug(s) — ay' “w; ?(log 2)

This contradicts (13). Hence it follows that

Combining (12), (14) and (15), we have

1
tr = ¢ (a3 wi(log2) " 4+ 0(1)), and w= aé/zwfl (log —) :

|z]
Consequently, we show that w # 0. O]
We note that
M —0 (16)
& .

Indeed, from Lemma 4.1 we have

o(l) = )\k/vidx = %/(ckvk)pdx = % {/ wPdz + 0(1)} :
k JB k B

We set 0, € (0,1) as the point such that

ek On)* _ > ZZ)/Q kv (6)P 7% = 0.
g

15



Since vy, is decreasing function with respect to r, this point J is unique and
eVr(m)? _ %Akvk(r)p_Q >0 forr e |0,d]
QOép/
2
e’ — L Nn(r)P 2 <0 for 1 € (8, 1),

2
20/;/

We observe that

o2 2 _v? 052/ 2 _v? 042/ 2 _v?
— [ vieYdr = — viekdr + — vielkdr = I + I,. 17
Mk/B ¢ My Jp, " My Jpos,, 1+ (1)

Sk

First, we show that

C
L <— (18)
Ck
for some positive constant C. For # > 1, we have
e \2 p—2 e \2
e(#) Lﬂ)\k (C—k) > e(#) - +ci(p71) — 00
2008 0 208/ 70r—2

as k — oo, where we used (16). Thus we have vg(d;) < ¢;/0. We define vy g
in the same way as (10). Then by using Lemma 4.4, we have

1-0 1
(6) 2 (0%)] %9 0 2 0 C
L < — vz g€ modr < — </ Uy 99 Vo dr <
Mk B Mk B ’ B Ck

Next, we show that

6
L < 47r+—j+0(c,;4). (19)
Ck
In order to prove this we apply the strategy of blow up analysis in [12].
We go back to the equation (4). Recall that as follows:
The function ¢ is defined by ¢y (y) := cx(ve(rpy) — cx) and ¢y satisfies

2 Sk 2 p—1
—Aypr =4 (1 + %) e¢k< +c%) — Tpcz—Qe—Ci)\k (1 4 %) in By, .

ks k
(20)
Then ¢p, — ¢oo := —log(1 + |z|?) in C?_(R?) and ¢, satisfies
—A¢o = 4€??>  in R2

From the following lemma to Proposition 4.11, since the proofs are same
as those in [13] and [12], we introduce only the statements.
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Lemma 4.8. Set ny := ci(dr—doo). Then there exists o, such that n, — Neo
in C3.(RN), 1 is written by

loc

2r? 1, 1—72 (147 Jogt
%) = fo%e) - = dt?
o) = Geo(r) + 7773 2¢°°(T)+1+r2/1 1—¢

and Ny 1S the unique solution of

—Aw = 4€??= (¢ + @2 + 2w) in R?,
w(0) = w'(0) = 0.

Moreover, Ne = ¢poo + O(1) as 7 — oo and fRQ —Anydr = 4mr.

We write 0 o
O =0+ 5 + 7
Ck Cr,

On the second term in the right hand side, we have

2p _9 _.2 _9 _.2
G e RN = o(gf e ).
5!

Thus we have

% 2
—A¢r = 4 (1 + ¢—§) ™ (2+ %) +o(cP e ¢%)

Ck

s [ 4 Pt O 2e | Moo F 2113, + AdooTloo + 2Nl + O3, + 305, + 2%
i Ch

+0(c;%).

From this, we have z; — 2o, in C7_(R?) and

{—Azoo = 4% (Moo + 202 + 4doctioe + 200cd’ + O3, + 2%+ 22) in R?,
200(0) = 2.(0) = 0.
We can observe that

2oo(1) = Blog(r) + O(1) asr — oo,

where [ is represented by

1 2
= — | —Azedr =6+ —.
/6 2w /]RQ “ v + 3

We rewrite 0 . -
k
Ck C Ck
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Lemma 4.9. Let 0 < S < sp < €% and 7 : [9, s — R| be given so that

7 = o(c8) uniformly on [S, s;]. Set

Moo Zoo T
= Qoo+ —5 +—F 1+ —,
¢ QS C2 CZ{ CZ

&
and . A A
2¢+7 e'e] o0
Tl =t [4 (14 57 ) 4 fg 4 S04 52
Ck Ck Ck
Then

Ti(r, 7) = 4e?%> (27 +o(1)T + 0(05252)7' + 0(56))

uniformly for r € [S, sg], where

E(r):=1+1log(l+r) (21)
Proposition 4.10. There exist M > 0, T > 0, and large constant K(M,T')
such that
c / M .
|76| < M&(r)  for r € [0,e*], |m.(r)| < — forre [T, e%],
r

for any k > K(M,T), where £ is defined in (21).

Proposition 4.11. Given a sequence {si} with s € [cl,e*] for some q > 2,
we have

o2 20y = 4 an —4 29
Mk/B viekdr = 41 + i +o(c.”). (22)

SETk k

Lemma 4.12. We have

On < 0o i [, ury ']
for sufficient large k.

Proof. By Lemma 4.8 we have

mo(2) < —1, and /A%M<0
R2

Moreover, by the definition of 7 in Lemma 4.9 we can see that
—ATk(T) = 77.3(7“, Tk),

18



and thus we have

Zoo T _ Zoo T _
sup =% + 5| = o(y*), and / A(—w—’é) da = o(c;”)
o) % Ck B G G

by Proposition 4.10. From these facts, it follows that

/ Adpdr = / Agboodm—kiz Anoedz + 0(c;?)
B B

2 2 k JB 2
°k “k °k

= —4r — % +0(c;?)
Ck

< —4m.

Since A¢y, < 0 in [0, 57 '], for 7 € [¢?, 01, '] it follows that

/ Agzﬁkde/ A¢kdx<—47r</ A¢oodr.
T B

2 T

By this inequality and ¢y (c) < ¢oo(ci), we have ¢y < @ O

We can calculate in the same way as the proof of Proposition 14 in [12].
Therefore for s given in Proposition 4.11 we have

9
@2 / < =L +o(egh). (23)
Mk B6k\Bskrk Ck)

Hence combining Proposition 4.11 and (23), we finish the estimate of (19).
Finally, by (11), Proposition 4.7, (17), (18), and (19) we prove the Propo-
sition 3.1.
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