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Abstract. A weakly reflective submanifold is a minimal submanifold of a Riemannian manifold
which has a certain symmetry at each point. In this paper we introduce this notion into a class of
proper Fredholm (PF) submanifolds in Hilbert spaces and show that there exists so many infinite
dimensional weakly reflective PF submanifolds in Hilbert spaces. In particular each fiber of the
parallel transport map is shown to be weakly reflective. These imply that in infinite dimensional
Hilbert spaces there exist so many homogeneous minimal submanifolds which are not totally geodesic,
unlike in the finite dimensional Euclidean case.

Introduction

In [7] Ikawa, Sakai and Tasaki introduced a concept of weakly reflective subman-
ifolds, which constitute a special class of minimal submanifolds in finite dimensional
Riemannian manifolds. This class is related to other classes of minimal submanifolds
as follows:

totally geodesic
reflective austere = minimal
weakly reflective &l

Let M be a finite dimensional Riemannian manifold. A reflective submanifold of M
is defined as a connected component of the fixed point set of an involutive isometry
of M. An immersed submanifold M of M is called weakly reflective ([7]) if for each
p € M and each ¢ € T;-M , there exists an isometry ve of M which satisfies

ve(p) =p,  (dve)p§ = ¢ ve(M) =M.
Here we call such an isometry v¢ a reflection of M at p with respect to £. An immersed
submanifold M of M is called austere ([4]) if for each & € T M the set of eigenvalues

with their multiplicities of the shape operator A¢ is invariant under the multiplication
by (—1).

2010 Mathematics Subject Classification: 53C40.

Key words and phrases: minimal submanifold, weakly reflective submanifold, PF submanifolds in
Hilbert spaces.

Supported by the Grant-in-Aid for JSPS Research Fellow (No0.18J14857).




2 M. MORIMOTO

It is an interesting problem to study submanifold geometry of orbits under isomet-
ric actions of Lie groups and to determine their weakly reflective orbits. Podesta ([16])
essentially proved that any singular orbit of a cohomogeneity one action is weakly re-
flective. Ikawa, Sakai and Tasaki ([7]) classified weakly reflective orbits and austere
orbits of s-representations. Ohno ([13]) gave sufficient conditions for orbits of Her-
mann actions to be weakly reflective. Recently Enoyoshi ([3]) showed that there exists
a unique weakly reflective orbit among the principal orbits of the cohomogeneity one

action of the exceptional Lie group G2 on a Grassmann manifold &3 (Im Q). Notice
that at present all known examples of weakly reflective submanifolds are homogeneous,
that is, orbits of isometric actions by certain Lie groups.

The purpose of this paper is to introduce the concept of weakly reflective subman-
ifolds into a class of proper Fredholm (PF) submanifolds in Hilbert spaces and show
that many infinite dimensional weakly reflective PF submanifolds are obtained from
finite dimensional weakly reflective submanifolds in compact normal homogeneous
spaces through the parallel transport map.

The study of submanifolds in Hilbert spaces was initiated by Terng ([18]). In
order to apply infinite dimensional Morse theory to submanifolds in Hilbert spaces,
she introduced a class of proper Fredholm (PF) submanifolds (cf. Section 1) and studied
isoparametric PF submanifolds. In particular she gave examples of PF submanifolds
which are orbits of the gauge transformations. Such examples were extended by Pinkall
and Thorbergsson ([15]) and eventually reformulated by Terng as P(G, H)-actions
([18]). More generally, PF submanifolds can be obtained through the parallel transport
map P : Vg — G/K ([10], [20]), which is a Riemannian submersion of a Hilbert
space V, := HY([0,1],g) onto a compact normal homogeneous space G/K (see (5) in
Section 2). It is known that if N is a closed submanifold of G/K, then the inverse
image @}1(N ) is a PF submanifold of V. Nowadays the parallel transport map is
known as a precious tool for obtaining PF submanifolds.

In this paper we first define weakly reflective PF submanifolds similarly to the
finite dimensional case. Then under suitable assumptions we show that if N is a weakly
reflective submanifold of G/K, then the inverse image @5 (N) is a weakly reflective
PF submanifold of V; (Theorems 5, 6, 7, 8). From these results and examples of
weakly reflective submanifolds in G/K, we obtain many examples of homogeneous
weakly reflective PF submanifolds (Examples 1, 2, 3, 4, 5, 6). Moreover we see that
these weakly reflective PF submanifolds are not totally geodesic at all except for rare
cases clarified in Theorem 3. As a consequence those show (Remark 2) that in infinite
dimensional Hilbert spaces there exist so many homogeneous minimal submanifolds
which are not totally geodesic, unlike in the finite dimensional Euclidean case ([17]).

This paper is organized as follows. In Section 1 we introduce weakly reflective
PF submanifolds and related notions. In Section 2 we prepare the setting of P(G, H)-
actions and the parallel transport map @x. In Section 3 we study the second funda-
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mental form and the shape operator of a PF submanifold obtained through @5. In
Section 4 we give some criteria for so obtained PF submanifolds to be totally geodesic.
In Section 5 we define the canonical reflection of V;; and prove that each fiber of @ is
a weakly reflective PF submanifold of V. In Section 6 under suitable assumptions we
show that a submanifold N of a compact normal homogeneous space G/K is weakly
reflective if and only if the inverse image @' (N) is a weakly reflective PF submanifold
of V. In Section 7 supposing that G/K is a Riemannian symmetric space of compact
type we show that for any weakly reflective submanifold N of G/K the inverse image
@' (N) is a weakly reflective PF submanifold of Vj.

1. Weakly reflective PF submanifolds and their minimality

Let V be a separable Hilbert space over R. An immersed submanifold M of finite
codimension in V' is called proper Fredholm (PF) ([18]) if the restriction of the end
point map T+M — V, (p,€) — p+ & to a normal disk bundle of any finite radius
is proper and Fredholm. As in the following, weakly reflective PF submanifolds and
related notions are defined similarly to the finite dimensional case, except for minimal
submanifolds. Note that ([18, p. 16]) for a PF submanifold M, its shape operator in
the direction of each normal vector is a self-adjoint compact operator on a Hilbert
space, which is not of trace class in general.

DEFINITION 1. Let M be a PF submanifold of V. M is called reflective if it is
a connected component of the fixed point set of an involutive isometry of V. M is
called totally geodesic if its second fundamental form is identically zero. M is called
weakly reflective if for each p € M and each £ € T;-M , there exists an isometry vg of
V' which satisfies

Vf(p):p7 (dyf)sz_gv VE(M):M

Here we call such an isometry v¢ a reflection of M at p € M with respect to {. M is
called austere if for each & € T M the set of eigenvalues with their multiplicities of
the shape operator A is invariant under the multiplication by (—1).

At present, three kinds of definitions of ‘minimal’ PF submanifolds are known
(King-Terng [10], Heintze-Liu-Olmos [5], Koike [9]).

Let A¢ be the shape operator of M in the direction of £ € T+M. We denote
by w1 < pe < -+ <0 < --- < A < )\ its non-zero eigenvalues repeated with
multiplicities. Ag is called (-regularizable ([10]) if >, A5 4>, |ux|® < oo for all s > 1
and tre A == limg 1 (D, A] — D) |1k|®) exists. Then we call tre A¢ the (-regularized
mean curvature in the direction of £. M is called (-regularizable if A¢ is (-regularizable
for all € € T+M. If M is (-regularizable and tr; A¢ vanishes for all £ € T+ M, we say
that M is (-minimal.



4 M. MORIMOTO

Ag is called regularizable ([5]) if tr Ag < oo and tr, Ae = > 70 (Mg + px) con-
verges, where we regard A\ or uy as zero if there are less than k positive or negative
eigenvalues, respectively. Then we call tr, A¢ the regularized mean curvature in the
direction of £&. M is called regularizable if A¢ is regularizable for all & € T-M. If M
is regularizable and tr, A¢ vanishes for all £ € T+M, we say that M is r-minimal.

M is called formally minimal ([9]) (shortly, f-minimal) if try Ae := > po | mykg
converges to zero for each unit normal vector ¢ € T+-M, where {xk;}3°, denotes
the set of all distinct non-zero eigenvalues of A, arranged so that |ki| > |kgy1| or
K = —Kgt1 > 0, and my, is the multiplicity of k.

Note that each isometry of V' is written by z +— Px + ¢, where P is an orthogonal
transformation of V' and ¢ € V. Note also that if M is connected, then the following
are equivalent: (i) M is reflective, (ii) M is totally geodesic, (iii) M is an affine
subspace of V. Moreover we have the following relation for PF submanifolds.

totally geodesic q - (-minimal
o= N - .
reflective austere - 7 - r-minimal
= ~ 2
weakly reflective * ~  f-minimal

We do not know whether an austere PF submanifold is ¢-minimal, r-minimal or f-
minimal in the infinite dimensional case. It is clear that regularizable austere PF sub-
manifolds are r-minimal. It also follows easily from the definition that (-regularizable
austere PF submanifolds are both (-minimal and r-minimal.

2. P(G, H)-actions and the parallel transport map

In this section we prepare the setting of P(G, H )-actions and the parallel transport
map.

Let & be a Hilbert Lie group, 9t a Hilbert manifold. A &-action on 90 is called
proper Fredholm (PF) ([14]) if a map & x 9 — M x M, (g,p) — (g - p, p) is proper,
and for each p € MM amap & — M, g — ¢ - p is Fredholm. If an infinite dimensional
Hilbert Lie group action on a separable Hilbert space V is isometric and PF, then
each of its orbits is a PF submanifold of V' ([14, Theorem 7.1.6]).

Let G be a connected compact Lie group with Lie algebra g. Fix an Ad(G)-
invariant inner product of g and equip the corresponding bi-invariant Riemannian
metric with G. For simplicity of notation, we regard G as a subgroup of a general
linear group.

We denote by V, := H°([0,1],g) a Hilbert space of all Sobolev H-paths (i.e.
L2-paths) in g parametrized by ¢ € [0, 1]. Also denote by G := H1([0,1],G) a Hilbert
Lie group of all Sobolev H'-paths in G parametrized by t € [0,1]. We use ~ to denote
a map which corresponds to each x € g (resp. a € ) the constant path & € Vj (resp.
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4 € §). G acts on Vg via the left gauge transformations:

1 1

grxu=gug ' —g'g"', g€G, uev,.

The differential d(g*) of the transformation g+ : V. — V, u — g % u is given by
d(g%)(X) = gXg~ ' for X € TyV, = V. We know that the G-action on Vj is isometric,
transitive and PF ([18, p. 24]).

Let H be a closed subgroup of G x G with Lie algebra . Define a Lie subgroup
P(G,H) of G by

PG, H):={9€G][(9(0),9(1)) € H}.

with Lie algebra Lie P(G,H) := {Z € H*([0,1],9) | (£(0),Z(1)) € h}. The induced
action of P(G, H) on Vj is called the P(G, H)-action ([19]). Note that P(G, H) is an
inverse image of H under the Lie group homomorphism

V:G—GxG, g (g(0),9(1))

Since ¥ is a submersion, it follows that the P(G, H)-action on Vj is isometric and PF
(19, p. 132]). It also follows that if H = {e} x G, then P(G,{e} x G) acts on V;
transitively and freely ({20, p. 685]). Similarly P(G,G x {e}) acts on Vj transitively
and freely (see also (13) in Section 5).

The natural left action of H on G is defined by

(b1,b2) - a:=biaby"', a€G, (by,b) € H. (1)

The P(G, H)-action is closely related to this H-action through the parallel transport
map ([10]), which is defined as follows. Let E : V; — P(G,{e} x G), u — E, be a
map defined by a unique solution to the linear ordinary differential equation

E;'E!, = u,
E,(0) =e.

The parallel transport map @ : Vy; — G is defined by
D(u) == E,(1), ueV.
It follows ([19, p. 133]) that for g € G and u € Vj,
() @9+ u) = U(g)-d(w), (i) P(G,H) +u=&  (H-d(w).  (2)
In other words, the following commutative diagram holds.
G > P(GH) ~ V, D PGH)xu = & YH- d(u))
vl vl P o]
GxG D H ~ G D H- -9
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The differential of a map

PG {e} xG)—=V,, g~ g 10 (3)

is given by T: P(G, {e} xG) — TyVy, Z — Z'. We know ([10, Proposition 3.2]) that (3)
is an isometric diffeomorphism with respect to the right invariant Riemannian metric

(-,-) on P(G,{e} x G) defined by
<Z’ W> = <Z,,W,>L27 Z,W e TéP(G, {e} X G)

Since (3) is the inverse map of E, the differential (d®), : TyVy — g of & at 0 € V is
given by

(dQS)O(X) = /01 X(t)dt, X eTyV, =2V,

Hence the following orthogonal direct sum decomposition holds.

~—

TV, = § & Ker(dd);, X = (fol X(t)dt) ® (X — X(t)dt) . (4

Moreover the following facts are known (]20, p. 686], [20, Lemma 5.1]).
PROPOSITION 1.

(i) @ is a Riemannian submersion.
(ii) P(G,{e} x {e}) acts on each fiber of ® transitively and freely.
(iii) @ is a principal P(G,{e} x {e})-bundle.
(iv) Any two fibers of @ are congruent under the isometries on Vj.
(v) If N is a closed submanifold of G, then ®~'(N) is a PF submanifold of V.

Furthermore the following properties are known ([10, Theorem 4.12], [5, Lemma 5.2]).
PROPOSITION 2. Let N be a closed submanifold of G. Then

(i) @~L(N) is both (-reqularizable and regularizable.
(i) For each X € T+®Y(N) the following coincide:
(a) The (-regularized mean curvature of ®~1(N) in the direction of X,
(b) The regularized mean curvature of ®~1(N) in the direction of X,
(c) The mean curvature of N in the direction of d®(X) € T+N.
(iii) The following are equivalent:
(a) @=1(N) is -minimal, (b) ®~1(N) is r-minimal, (¢) N is minimal.

Let K be a closed subgroup of G with Lie algebra ¢. Denote by g = £ + m the
orthogonal direct sum decomposition. Restricting the Ad(G)-invariant inner product
of g to m we define the induced G-invariant Riemannian metric on a homogeneous
space G/K. Thus G/K is a compact normal homogeneous space. We denote by
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7 : G — G/K the natural projection, which is a Riemannian submersion with to-
tally geodesic fiber. For each = € g, x¢ and z, denote the - and m-components,
respectively.

The parallel transport map Pk over G/K is defined by

P =mod:Vy, - G—G/K. (5)

Note that if K = {e}, then &, = @. Note also that @k has the same properties as in
Propositions 1 and 2.

In the rest of this section, we mention several facts which will be used later. By
(2) (i), the following diagram commutes for each g € P(G, G x {e}).

V, L=V,

@l @l (6)
a (9(0),¢€) e

Let G, K be as above. For a € G we denote by [, the left translation by a and
L, an isometry on G/K defined by L,(bK) := abK for b € G. Then a diagram

¢ = ¢
T »
G/K Lty G/K
commutes. Combining (6) with (7), the following diagram commutes for ¢ € P(G, G x

{e}) and a := ¢(0).

V, —Z— v,

QKJ, ‘PKl (8)
G/K 1y G/K
Let G, H be as above. For each a € G, set H* := (a,e)"'H(a,e). We have
H:-a=1,(H*-e). Then it follows from (2) (ii) and (6) that for ¢ € P(G,G x {e}),
u:=gx0and a:= &(u) = ¢(0),
P(G,H)*u=gx(P(G,H") %0).
The following are Lie algebraic expressions of the tangent spaces of orbits. Since
d%|8:0 (expsZ) 0= —Z' for Z € Lie P(G, H), we have
T5(P(G,H) x0) = {-Z' € TV, | Z € Lie P(G, H)},

_ 9)
Te(H'e)*{x7y€g|(xay)€h}'
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3. Second fundamental forms and shape operators

In this section we study the second fundamental form and the shape operator of
a PF submanifold obtained through the parallel transport map.

Let G, Vg, ® be as in Section 2. Let F := &~ !(e) be a fiber of & at e € G. Denote
by ¢ : ' — V; the inclusion map and regard F' as a submanifold V. Recall that
P(G,{e} x {e}) acts on F transitively and freely. Let £ : T;Vy — I'(¢*T'V}) denote a
map of the extension to a P(G, {e} x {e})-equivariant vector filed along F, i.e.,

E(X)gup=9Xg™", X €T,Vy, g€ P(G {e} x{e}). (10)
By (9) we have

ToF ={-Q € Vg1 Qe H'([0,1],9), Q(0) =Q(1) =0}, (11)
and by (4) we have TOLF =g.

LEMMA 1. The Levi-Civita connection VT, the second fundamental form of,

the shape operator AY, and the normal connection \vZid of F satisfy the following.
For —-Q',—R' € T,F, { € T{F,

(i) VTE E(-R) = [Q. R~ [}1Q.—R(t)d,
(i) of (=Q',—R') = fol Q, —R'|(t)dt,

(i) Aﬁ(—@’) = [fo t)dt, €]

(iv) VTF { JhQ(t)at g}

PRrROOF. Since Vj is flat, it follows from (10) that
s 5(_R/)(exp sQ)*O = [Q7 _Rl]a

Vel = & 5206<£><CXPSQ ~ Q.4

TV,
V Q/U(C/’( Rl): ds

By (4) our claim follows. O

The following theorem gives Lie algebraic formulas for the second fundamental
form and the shape operator of a PF submanifold obtained through @.

THEOREM 1. Let N be a closed submanifold of G through e € G. Denote respec-
tively by aN and AN the second fundamental form and the shape operator of N, and by
a? M) and A?T' ) those of &1(N). For X,Y € Tyd~1(N), £ € THoH(N)(C §).

(i) a® ' N(X)Y) = (fo t)dt, f(}Y(t)dt)
+L o X0yt fy v dt} — (fo [Jy X()ds, v (1) dt)L,
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(ii) AT M08 = AY ( s X(t)dt)
[fo t)di f] [fo 5)ds 5} Uo fo s)dsdt 5} )

where T and L denote the projections of g onto T.N and T:-N, respectively.

PROOF. (i) Recall that @ is a Riemannian submersion with decomposition (4).
We use superscripts h and v to denote the projections of TV, onto g and TjF,
respectively. Set N := &~1(N). Then

N (X, Y) =V (X" Y + oV (X" YY) + oV (XU, Y + oV (XY, YY)
= o™ (dP(X), dP(Y))
+ (VI TEXM) g + (VETEN™) 75 + 0 (X", Y )7 i

Define Q, R € H'([0,1],g) by

= —Q/ YT) = R/
{ Q(0) =Q(1) =0, { Y(0) =Y (1) =0.
Explicitly @ and R are
=tX"— [T X =tYh— [V
By Lemma 1 we have

aN(X,Y) = oN(do(X),dD(Y))

[fo t)dt Xh} [fo t)dt, Yh} (fo dzt)L
Let us calculate each term above.

o Ryt x| = 507 X" = [ fy fo ¥ (s)dsdt, X",
[y QUydt, Y| = SIX™ Y]~ | [ fy X(s)dsdt, Y".
For the third term, note that integrating by parts we have
Jy tY (t)dt = [t [y Y(s)d ] — [ Y (s)dsdt = Y" — [ [TV (s)dsdt.
Using this we have
Jy 1@, =RI(®)dt= [y [tX" = [3 X (s)ds, Y () = Y] at
_ [Xh, IS tY(t)dt} — l[xh,vh

_fo [fo s)ds, Y (t }df-i- [fo fo s)dsdt, Y
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= S[XM YR = (XM oY dsdt}

_fo [fo s)ds, Y (t }dt-i- {fo fo s)dsdt,Y"|.

From these calculations we obtain (i).
(ii) By (i) and Ad(G)-invariance of the inner product of g, we have

(AN (X),Y) 2= (@N(X,Y),6) 12
= (AN (X" = §X". €] + [y X(9)ds. €] Y
This proves (ii). O

REMARK 1. Let G, K, w, Pk be as in Section 2. Let N be a closed submanifold
of G/K through eK € G/K. It follows that for z,y € T.r }(N), £ € TN =
Trr=H(N),

(1) aﬂil(N) (1.7y) = CVN(ﬁl,'m7ym) + %[xbym]J_ - i[xmwyé]J_a
() AT (@)= AN (w) + gl €le — glon )T,

where oV and AN are respectively the second fundamental form and shape operator

of N, and a™ M A™ ') are those of 7~1(N). By using these formulas we can
easily generalize Theorem 1 to the case of the parallel transport map @k over G/K.

The following corollary can be obtained easily from Theorem 1 (ii).

COROLLARY 1. Let N be as in Theorem 1. Decompose Ty®~'(N) =T.N®T,F.
For € € TSN, z € T.N, —Q' € T,F with expression (11),

(i) AT @) (0= AY (@) + (- 3) [2.€),
(i) AT Q)= Q.8+ [feware”

Here we mention second fundamental forms and shape operators of P(G, H)-
orbits. The following formulas generalize Lemma 1 (ii) and (iii). Recall the Lie
algebraic expressions of the tangent spaces (9).

THEOREM 2. Let H be as in Section 2. The second fundamental form aP(G.H)x0
and the shape operator AP(G.H)x0 of an orbit P(G, H) %0 through 0 € Vg are given by
the following. For —Z',—W' € Ty(P(G, H) x0), { € T:-(P(G, H) *0),

(i) aP(G’H)*O(—Z/, —W/) _ fol{[Z’ —W’](t)}ldt

(i) LGNz = (7.8 + [J) 2]
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where T and L denote the projections of g onto T.(H -e) and T;-(H - €), respectively.

In order to prove Theorem 2, we use the following formulas for H-orbits. These
formulas can be proved independently by straightforward computations.

PROPOSITION 3. Let H be as in Section 2. The second fundamental form o

and the shape operator A™¢ of an orbit H -e through e € G are given by the following.
Forz—y,z—weT.(H e), E€THH -e),

. e 1 1

(i) a(x—y,z —w) = —3lz—w, z 4wt = —5 ([z,w] - v, 2",
(ii) Age(@“—y)z—j
PROOF OF THEOREM 2. Set N := H -e and N := P(G, H) %0 so that N =

@~Y(N). By Theorem 1 (i), Proposition 3 (i) and the fact that o is a symmetric
bilinear form, we have

aN (=2, - W)= a™(W(0) = W(1), Z(0) — Z(1)) + & [Z(0) — Z(1), W(0) — W (1)]*
~ (i 1200) - 20, ~wr @) ar)

%[W(O) —W(1),2(0) + Z(1)]* + 5 [2(0) — Z(1), W(0) = W(1)]*
( { ), Jo =Wt )dt} 1z, —w (zt)dt)L

( )dt)L.

This proves (i). (ii) follows from Theorem 1 (ii) and Proposition 3 (ii). O

z+y,€".

4. Totally geodesic properties

The purpose of this section is to give criteria for a PF submanifold ¢~!(V) to be
totally geodesic (Theorem 3), where @ is the parallel transport map and N is a closed
connected submanifold of G through e € G. From these criteria we see that #~1(N)
is mot totally geodesic except for rare cases. This leads us to a remarkable property
of homogeneous minimal submanifolds in Hilbert spaces (Remark 2).

Let g** = [g, g] denote the semisimple part and c(g) the center of g. We know the
orthogonal direct sum decomposition g = g*° @ c(g). We write G*° for a connected
subgroup of G generated by g°®*

THEOREM 3. Let G, Vy, @ be as in Section 2 and N a closed connected sub-
manifold of G through e € G. The following are equivalent.

(i) @71(N) is a totally geodesic PF submanifold of V.
(ii) N is a closed subgroup of G such that g°°> C T.N.



12 M. MORIMOTO

(iii) N is a closed subgroup of G such that T:-N C ¢(g).
(iv) N is a closed subgroup of G which contains G*%.

ProoF. Equivalence of (ii), (iii) and (iv) is clear. (iii) = (i): Since N is totally
geodesic and TLN C ¢(g), it follows from Theorem 1 (ii) that ¢~1(N) is totally
geodesic at 0 € V. Since N is a closed subgroup of G, we have ¢~1(N) = ¢~(({e} x
N)-e) = P(G,e x N) %0 and in particular ' (N) is homogeneous. Thus ¢~ *(N) is
a totally geodesic PF submanifold of Vj. (i) = (iii): Let £ € T.* N and z € g. Since ®
is a Riemannian submersion, N is totally geodesic. Thus by Corollary 1 (i) we have

0=a2" M) ) = (t - D)z €.

for all t € [0,1]. This shows [x,£] = 0 and thus we obtain T:-N C ¢(g), which is
equivalent to g** C T.N. Then T.N is a Lie subalgebra of g because g*° = [g, g].

Since N is connected and totally geodesic, N is identical to a connected Lie subgroup
of G generated by T.N. Hence N is a closed subgroup of G and (iii) follows. O

COROLLARY 2.

(i) If G is abelian, then ®~'(N) is a totally geodesic submanifold of Vy for any
closed connected submanifold N of G.

(ii) Suppose that G is semisimple. Let N be a closed connected submanifold of G.
Then the following are equivalent. (a) ®~1(N) is a totally geodesic submanifold
of Vg. (b) N=G. (c) 71 (N) = V.

PrOOF. (i) Choose a € N and set N’ := a"!N. Then ¢~ 1(N’) is totally
geodesic and thus the assertion follows from commutativity of (6). (ii) is clear. O

REMARK 2. It is known that any homogeneous minimal submanifold in a finite
dimensional Euclidean space must be totally geodesic ([17]). From Theorem 3 and
examples of homogeneous weakly reflective PF submanifolds given Sections 5, 6 and
7, we see that in infinite dimensional Hilbert spaces, there exists so many homogeneous
minimal submanifolds which are not totally geodesic.

For fibers of the parallel transport map, we have the following.
COROLLARY 3.

(i) Let G, K, $k be as in Section 2. The following are equivalent. (a) The fiber of
P at eK € G/K is a totally geodesic submanifold of Vy. (b) Each fiber of $x
is a totally geodesic submanifold of Vy. (c) g% C €. (d) m C ¢(g). (e) G*° C K.

(ii) Let G, @ be as in Section 2. The following are equivalent. (a) The fiber of ¢ at
e € G is a totally geodesic submanifold of V. (b) Each fiber of @ is a totally
geodesic submanifold of Vy. (c) G is a torus.
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REMARK 3. Recall that @ : V; — G is a principal P(G, {e} x {e})-bundle which
is not trivial in general. Corollary 3 (ii) shows that @ is a Hilbert space bundle if and
only if G is a torus. In this case @ is a trivial bundle. This agrees with Kuiper’s
theorem ([1, p. 67]), stating that any Hilbert space bundle must be trivial.

5. The canonical reflection of the Hilbert space V,

In this section we focus on intrinsic symmetry of the parallel transport map and
show that each fiber of the parallel transport map is weakly reflective.

Let G, G, Vg, @ be as in Section 2. Denote by » a map which corresponds to each
u € Vg (resp. g € G) the inverse path uy (resp. gx € G):

ug(t) =u(l —t),  gx(t) = g(1—1).

DEFINITION 2. The canonical reflection v of Vg is an involutive linear orthogonal
transformation of V defined by

t(u) == —uy, uecV.
Since (gu) = —(g’)# for each g € G, we have
t(g%x0) =gy x0, g€g.

Thus by (2) (i), we obtain a commutative diagram
Vv, — V,
o4 12)
G —— G

where i is an isometry of G defined by i(a) = a~! for each a € G. It also follows that
the following diagram commutes.

G D PG{e}xG) ~ Vg
# 4 # 4 vl (13)
g D PG Gx{e}) n~ V
For each g € P(G,{e} x G) we can easily see that
9#9(1)7 € P(G.{e} x G) and  ((g#)g(1)7") 0 = gy *0.

Hence via an isometry (3), v induces an involutive isometry t of P(G, {e} x G), which
is defined by

t(9) =9(1) "9, g€ PG {e}xQq).

The reflective submanifold associated to t is described as follows.
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PROPOSITION 4. Let W denote the fixed point set of v. Then

(i) W is a closed linear subspace of Vg,
(ii) W is isomorphic to the Hilbert space H°([0,1/2],g),
(iii) W is contained in the fiber of  at e € G.
PRrROOF. (i) follows from linearity of v. (ii) is clear by the expression W = {u €
Vg |Vt €]0,1], u(t) = —u(l —1t)}. (iii) follows from (12). O

One application of the canonical reflection is the following.

THEOREM 4. Let N be a closed totally geodesic submanifold of G. Then ®~1(N)
is an austere PF submanifold of V.

PrOOF. Let (u,X) € T+®~1(N). Denote by Ax the corresponding shape op-
erator of #~1(N). Choose g € P(G,G x {e}) so that u = g x 0. Set a := &(u) = ¢(0),
N’ := a"'N and ¢ := a~}(d®(X)) € T N'. The horizontal lift of ¢ at 0 € Vj is
the constant path & € T3-&~'(N). By commutativity of (6) we have g * (67" (N')) =
&~1(N) and (dg)¢ = X. Thus in order to show the invariance of the set of eigenvalues
of Ax by the multiplication by (—1), it suffices to prove this for the shape operator
Ag of &~1(N') in the direction of . Since N is also totally geodesic, it follows from
Corollary 1 that the diagram

—A-
Tyd~H(N') — Ty~ 1(N')
commutes. This implies that the set of eigenvalues of Aé is invariant under the mul-

tiplication by (—1). Thus our claim follows. O

COROLLARY 4. Let G, H be as in Section 2. If an orbit H - a through a € G is
totally geodesic submanifold of G, then the orbit P(G, H) x u through u € @ 1(a) is
an austere PF submanifold of V.

For the study of weakly reflective submanifolds later, we now introduce the fol-
lowing lemma.

LEMMA 2. Let M and B be Riemannian Hilbert manifolds and w: M — B be a
Riemannian submersion. Let N be a closed submanifold of B and (p,&) € T+rn~1(N).
Suppose that ve and vy ¢y are isometries of M and B, respectively. Suppose also that
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ve(p) = P, Van(e)(7(p)) = 7(p) and the following diagram commutes.

M 2 M

" " (14)
B 9, B

Then the following are equivalent:

(i) ve is a reflection of 7= (N) with respect to &,
(ii) var(e) is a reflection of N with respect to dm(§).

PROOF. It is easy to see that the condition v¢(m~1(N)) = 771 (V) is equivalent
to the condition v4.(¢)(N) = N. Then by commutativity of the diagram

TirY(N) =2 Tia=}(N)

P
dﬂ'l dﬂ"l
0 Az (¢) 1
Tﬂ'(p)N T”T(P)N
dve(§) = —¢ if and only if dvgr(¢)(dm(§)) = —dm(§). This proves the lemma. O

Another application of the canonical reflection is the following.

THEOREM 5. Let G, H be as in Section 2. Suppose that an orbit H - e through
e € G satisfies the condition (H -e)~! = H -e. Then

(i) H -e is a weakly reflective submanifold of G,
(ii) P(G,H) %0 is a weakly reflective PF submanifold of V.
PrOOF. (i) It is easy to see that i is a reflection of H - e with respect to any
normal vector at e € G. By homogeneity, H - e is a weakly reflective submanifold of G.
(ii) By (12) and Lemma 2, t is a reflection of P(G, H) % 0 with respect to any normal

vector at 0. Since P(G,H) « 0 is homogeneous, our claim follows. O

A typical example of H satisfying the condition (H -e)~! = H - e is that H =
{e} x K or K x {e}, where K is a closed subgroup of G. The following is another
example such that H - e is not a subgroup of G.

EXAMPLE 1. For each automorphism o of G, G(o) := {(a,0(a)) | a € G} is
a closed subgroup of G x G. The G(o)-action on G defined by (1) is called the
Conlon’s o-action ([2]). From now on we suppose that o2 = id. It easily follows that
H = G(o) satisfies (H - €¢)~* = H -e. Thus by Theorem 5, G(o) - e is a weakly
reflective submanifold of G, and P(G, G(c)) * 0 is a weakly reflective PF submanifold
of V. Note that G(o) - e is not a subgroup of G in general. Note also that G(o) - e is
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a totally geodesic submanifold of G since it is given by the Cartan immersion ([6, p.
347)) G/K — G, aK + ao(a)~ !, where K is the fixed point set of o. On the other
hand P(G,G(c)) 0 is not totally geodesic in most cases by Theorem 3.

It was essentially proved ([10, Theorem 4.11], [5, Corollary 6.3]) that each fiber of
the parallel transport map is an austere PF submanifold of V. The following corollary
asserts that the fibers have higher symmetry.

COROLLARY 5. Let G, Vy, K, $k be as in Section 2. Each fiber of $x : Vg —
G/K is a weakly reflective PF' submanifold of Vj.

ProOOF. By Theorem 5 the fiber of @k at eK is a weakly reflective PF subman-
ifold of V. Since any two fibers of @x are congruent under the isometry on Vg, each
fiber of @k is a weakly reflective PF submanifold of Vj. O

REMARK 4. Corollary 5 shows that for each a € G and each closed subgroup K
of G, the inverse image @~ (aK) is weakly reflective. This should be also compared
with Theorem 4, stating that if N is totally geodesic then &~1(N) is austere.

COROLLARY 6. Let G, Vg, @ be as in Section 2. Each fiber of @ : Vg — G is a
weakly reflective PF submanifold of V.

6. Weakly reflective submanifolds via the parallel transport map I

In this section under suitable assumptions we show that a submanifold of a com-
pact normal homogeneous space is weakly reflective if and only if its inverse image
under the parallel transport map @ is a weakly reflective PF submanifold of Vj.

Let G, Vg, G, K be as in Section 2. We consider the following three actions.

1. Gactson Vy by g*u:=gug~t —g'g7! for g€ G and u € V.

2. G x G actson G by (b1,b3) -a:= blabgl for a,by,bs € G.
3. Gactson G/K by b- (aK) := (ba)K for a,b € G.

If a closed subgroup of G, G x G or G is given, then we consider the induced action.
Let G := {b € G | b € G} be the set of constant paths in G and AG := {(b,b) | b € G}.

1. G, = gG'g_1 denotes the isotropy subgroup of G at u = g% 0 € Vg, where g € G.
2. (G x @G), = (a,e)AG(a,e)~! denotes the isotropy subgroup of G x G at a € G.
3. Gux = aKa ! denotes the isotropy subgroup of G at aK € G/K.

THEOREM 6. Let G, Vy, G, ¢, K, Pk be as in Section 2.
(i) Let N be a closed submanifold of G. The following are equivalent.

(a) N is a weakly reflective submanifold of G such that for each (a,&) € TN,
a reflection ve of N with respect to & belongs to (G X G),.
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(b) @~Y(N) is a weakly reflective PF submanifold of Vy such that for each
(u, X) € T+®&~Y(N), a reflection vx of @~1(N) with respect to X belongs
to G,.
ii) Let N be a closed submanifold of G/K. The following are equivalent:
g

(a) N is a weakly reflective submanifold of G/K such that for each (aK,w) €
T+N, a reflection vy, of N with respect to w belongs to Gax .

(b) 7= Y(N) is a weakly reflective submanifold of G such that for each
(a,€) € T+n~Y(N), a reflection ve of N with respect to & belongs to
(a,e)AK (a,e)1(C (a,e)AG(a,e)™t = (G x G),).

(c) @}1(N) is a weakly reflective PF submanifold of Vg such that for each
(u, X) € T*OH(N) a reflection vx of &' (N) with respect to X belongs
to gkgil(c gGgt = Gu), where g € G satisfies u = g % 0.

ProoF. (i) (a) = (b): Let (u,X) € T+®~1(N). Choose g € P(G,G x {e}) so
that u = g*0. Set a := ®(u) = g(0), N’ :=a~'N and 1 := a~*(d®(X)) € T-N’. The
horizontal lift of 7 at 0 € Vj is the constant path 7 € TGJ-@’l(N). By commutativity
of (6) we have g * (#~1(N’)) = #~1(IN) and (dg*)H = X. Thus in order to show the
existence of a reflection vy of ®~1(IV) with respect to X as an element of G,, = gGg~t,
it suffices to construct a reflection v of #~1(N’) with respect to 7 as an element of
Gy = G. Let vap(x) be a reflection of N with respect to d®(X) which is given by
vp(c) = b'cb™! for some (V',b) € (G x G),. Then a reflection v, of N’ with respect to
n is defined by vy, := (a,e) ™" o vya(x) © (a,€), that is, vy, (c) := beb™* for ¢ € G. Note
that v, € (G x G).. Define a linear orthogonal transformation v; of V; by

vi(u) == dvy ou=bub™ = bxu, uc Vy.

Note that v; € G;. Further by (2) (i) the following diagram commutes.

Vy — V,

ol
G —— G
Thus by Lemma 2, v is a reflection of #~!(N’) with respect to 7 and (b) follows.
(i) (b) = (a): Let (a,&) € TE*N. Set N’ := a™'N, n := a"'¢ € T:N'. Fix
u € & '(a). Choose g € P(G,G x e) so that u = g 0. Let X € T:-¢~1(N) be the
horizontal lift of £ at u. Let vx be a reflection of #~1(V) with respect to X such that
vx € G,. By commutativity of (6) we have g * @ 1(N') = &~ 1(N) and d(g*)) = X.

Thus a reflection v;; of ! (N’) with respect to 7 is defined by v := (g%) "t ovx o(gx).
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Since v; € Gj there exists b € G such that v;(u) = bub™!. Thus if we define an isometry
ve of G by vy(c) := beb™! for ¢ € G, then it follows by Lemma 2 that v, is a reflection
of N with respect to n and v,, € (G x G).. Therefore a reflection v¢ of N with respect
to ¢ is defined by vg :=l, o vy ol ! so that ve € (G x G),. This proves (a).

(i) (a) = (b): Let (a,§) € T+71(N). Let vgr(¢) be a reflection of N which is
given by vgr(¢)(cK) = (bc)K for some b € G,k . Since Gux = aKa™ 1, thereis k € K
such that b = aka™!. Define an isometry v¢ of G by

ve(c) == (aka ' k)-c, c€QG.
Note that v¢ € (a,e)AK (a,e)~'. Moreover the following diagram commutes.

¢ 2 @

| |
G/K 9 q/K

Thus by Lemma 2, v is a reflection of #~!(N) with respect to £. This proves (b).
(ii) (b) = (a): Let (aK,w) € T+N. Let £ € T;-n1(N) be the horizontal
lift of w. Choose a reflection v¢ of 7=1(IN) with respect to £ which is given by
ve(c) = (aka™', k) - ¢ for some (aka™',k) € (a,e)AK(a,e)~t. Define an isometry 14,
of G/K by vy(cK) := aka='cK. Then by Lemma 2, v, is a reflection of N with
respect to w. Since aka™! € G, i, (a) follows.
The equivalence of (b) and (c¢) of (ii) follows by the similar arguments to (i). O

For our purpose of obtaining weakly reflective PF submanifolds, we give a corol-
lary of Theorem 6 as follows.

COROLLARY 7. Let G, H, K be as in Section 2 and K’ a closed subgroup of G.

(i) Suppose that an orbit H - a through a € G is a weakly reflective submanifold of
G such that for each ¢ € T3(H - a), a reflection ve of H - a with respect to &
belongs to (G x G),. Then the orbit P(G, H) xu through u € ®~'(a) is a weakly
reflective PF' submanifold of Vg satisfying the condition in Theorem 6 (i) (b).

(ii) Suppose that an orbit K'-aK through aK € G/K is a weakly reflective subman-
ifold of G/K such that for each & € T;-(K'-aK), a reflection ve of K'-aK with
respect to & belongs to Gar. Then the orbit (K' x K) - a is a weakly reflective
submanifold of G satisfying the condition in Theorem 6 (ii) (b). Moreover the
orbit P(G, K’ x K)*u through u € ®~'(a) is a weakly reflective PF submanifold
of Vg satisfying the condition in Theorem 6 (ii) (c).

Compared to Corollary 7, the following theorem covers a somewhat different kind
of weakly reflective orbits.
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THEOREM 7. Let G, H be as in Section 2. Suppose that an orbit H - e through
e € G is a weakly reflective submanifold of G such that for each ¢ € T}(H -¢€), a
reflection ve of H - e with respect to § is an automorphism of G. Then the orbit

P(G,H) = 0 through 0 € Vg 1s a weakly reflective PF' submanifold of V.

PROOF. Let v¢ be a reflection of H - e with respect to & € T:H(H - ) which is an
automorphism of G. Define a linear orthogonal transformation Ve of V4 by

ve(u) ==dvgou, u€Vy. (15)

Since v¢ is an automorphism of G, we have Vé(g % 0) = (veog)x* 0 for all g € G. This

shows that the following diagram commutes.

Vy —

ol

G —— G
Since v fixes 0 € Vj, it follows by Lemma 2 that v is a reflection of P(G, H) %0 with
respect to £&. By homogeneity of P(G, H) 0, our claim follows. O

In the rest of this section, we see examples of Corollary 7 and Theorem 7.

EXAMPLE 2. It was proved ([7, p. 442], [16]) that any singular orbit of a coho-
mogeneity one action is weakly reflective. In this case each reflection is given by the
action of the isotropy subgroup. Thus by Corollary 7 we have the following examples.

(i) Let G, H be as in Section 2. Suppose that the H-action is of cohomogeneity
1. If an orbit H - a through a € G is singular, then H - a is a weakly reflective
submanifold of G, and the orbit P(G,H) * u through u € ¢~(a) is a weakly
reflective PF submanifold of V.

(ii) Let G, K, K’ be as in Corollary 7. Suppose that the K’-action is of cohomo-
geneity 1. If an orbit K’ -aK through aK € G/K is singular, then orbits K'-aK
and (K’ x K) - a are weakly reflective submanifolds of G/K and G, respectively.
Moreover the orbit P(G, K’ x K) * u through u € ¢~ !(a) is a weakly reflective
PF submanifold of V.

ExXAMPLE 3. Let G be a connected compact semisimple Lie group. Let K = K3
and K’ = K, be connected symmetric subgroups of G with involutions 6; and 6s,
respectively. Suppose that 01 0 3 = 65 0 6;. Ohno ([13, Theorem 5]) gave a sufficient
condition for orbits (Ko x K1) -a and Ko -aK; to be weakly reflective submanifolds of
G and G/ K7, respectively. By Corollary 7, in this case the orbits P(G, Ky x K7) xu
through u € 7' (a) is a weakly reflective PF submanifold of V.
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EXAMPLE 4. Let G, K1, K3 be as in Example 3. Ohno ([13, Theorem 4]) also
gave another sufficient condition for an orbit N := (K3 x K7) - a to be a weakly
reflective submanifold of G. In this case v, := I, 06, 0l ! was shown to be a reflection
of N with respect to any normal vector at a € G. Applying Theorem 7 to his result
we can see that @ 1(N) = P(G, Ky x K1) *u (u € 71(a)) is a weakly reflective PF
submanifold of Vj as follows. Choose g € P(G,G x {e}) so that u = g * 0. Then
a=®(u) = g(0). Set N' :=a N = ((a'Kza) x K;) -e. Then 6 is a reflection of
N’ with respect to any normal vector at e € N’. Since #; is an automorphism of G,
it follows from Theorem 7 that @~!(N’) is a weakly reflective PF submanifold of V.
By commutativity of (6) we have g * ®~1(N') = &~ 1(N). Thus &~ 1(N) is a weakly
reflective PF submanifold of V.

7. Weakly reflective submanifolds via the parallel transport map II

In this section supposing that G/K is a Riemannian symmetric space of compact
type we show that for any weakly reflective submanifold N of G/K its inverse image
under the parallel transport map @ is a weakly reflective PF submanifold of V.

THEOREM 8. Let G, Vg, K, m, P be as in Section 2. Suppose that G 1is
semisimple and its bi-invariant Riemannian metric is induced by the negative multiple
of the Killing form of g. Assume that (G, K) is an effective symmetric pair. If N is
a weakly reflective submanifold of G/K, then

(i) #=Y(N) is a weakly reflective submanifold of G,
(i) @' (N) is a weakly reflective PF submanifold of V.

COROLLARY 8. Let M be an irreducible Riemannian symmetric space of com-
pact type (cf. [6]). Denote by G the identity component of the group of isometries of
M. Set K :={a € G| Ly(p) = p} for a fitedp € M. Let P : Vg — G/K = M be the
parallel transport map. If N is a weakly reflective submanifold of M, then @}I(N) 18
a weakly reflective PF submanifold of V.

PROOF OF THEOREM 8. (i) Let (a,&) € T+7~1(N). Denote by [, the left trans-
lation by a € G and L, an isometry on G/K defined by L, (bK) := abK for b € G. Set
N’ := L;}(N). Let n € T;-7~'(N’) be the horizontal lift of dL; ' o dr(£) € T N'.
By commutativity of (7) we have l,(7~*(N')) = 7#=1(N) and di,(n) = & Thus in
order to show the existence of a reflection v¢ of 7~1(N) with respect to &, it suffices
to construct a reflection v, of 77!(N') with respect to 7. Let vg(¢) be a reflection
of N with respect to dn(¢) € T N. Define a reflection Var(n) of N' with respect to
dre(n) = dLg* o dn(§) € TSN by vgn(y) = Lg* © Var(e) © La. Now we define v, as
follows. Denote by I(G/K) the group of isometries of G/K with identity component
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Iy(G/K). By the assumption, amap L : G — I(G/K), a — L, is a Lie group isomor-
phism onto Iy(G/K) ([6, p. 243]). Since Iy(G/K) is a normal subgroup of I(G/K),
we can define a map v, : G = G, b— v, (b) by

LVn(b) = Vdn(n) © Lyo Vd_Trl('r/)' (16)

Note that v, is an automorphism of G and thus an isometry of G which fixes e € G.
Moreover since L(K) = {f € Io(G/K) | f(eK) = eK} and vgq(, fixes eK, we have
vy(K) C K. Furthermore it follows that the induced map on G/K from v, is identical
t0 Vgr(y)- Thus by Lemma 2, v, is a reflection of 7~ Y(N') with respect to . This
proves (i).

(ii) Let (u,X) € T*®L'(N). Choose g € P(G,G x {e}) so that u = g * 0. Set
a = ®(u) = g(0) and N’ := L;}(N). Let n € T:-n~*(N’) be the horizontal lift of
dL;' 0 d®r(X) € T N’ with respect to the Riemannian submersion 7 : G — G/K.
Further with respect to the Riemannian submersion @ : V; — G the horizontal lift of
n at 0 € Vj is the constant path 7} € T()l@l_{l (N'). By commutativity of (8) we have
g* P (N') = &' (N) and d(g*)j = X. Thus in order to show the existence of a
reflection vx of @' (N) with respect to X, it suffices to construct a reflection v of
@3 (N) with respect to 7). By the same way as in (i) we can define a reflection v, of
7 1(N') with respect to n . Since v, is an automorphism of G, we can also define a

reflection v; of @' (N') with respect to 7 similarly to (15). This proves (ii). O

REMARK 5. Even if N is reflective in Theorem 8, ' (N) can not be reflective
due to Corollary 2 (ii). In this case there exists one more reflective submanifold N~
of G/K corresponding to N ([12, p. 328]) and thus a pair of two weakly reflective PF
submanifolds appears in the Hilbert space Vj.

REMARK 6. Let G, K, @k be as in Section 2. The fact that each fiber of @
is weakly reflective also follows from Theorem 8 if (G, K) satisfies the assumptions in
Theorem 8. The advantage of Corollary 5 is that it does not require such assumptions.
It is also noted that under such assumptions each of the fibers has at least two different
weakly reflective structures.

EXAMPLE 5. Ikawa, Sakai and Tasaki ([7, Theorem 4]) classified weakly reflec-
tive submanifolds of the standard sphere given as orbits of s-representations of irre-
ducible Riemannian symmetric pairs. Applying Theorem 8 to their result we obtain
weakly reflective PF submanifolds as follows. Let (U, L) be a compact Riemannian
symmetric pair. Suppose that L is connected. Denote by u = [ & p the canonical
decomposition and Ad : L — SO(p) the isotropy representation. If an orbit Ad(L) - =
through = € p is a weakly reflective submanifold of the hypersphere S(||z||) in p, then
the orbit P(SO(p), Ad(L) x SO(p),) * 0 is a weakly reflective PF submanifold of the
Hilbert space Vio(p)-
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EXAMPLE 6. Enoyoshi ([3, Proposition 4]) gave an example of a weakly re-
flective submanifold in a symmetric space SO(7)/SO(3) x SO(4) by the action
of the exceptional Lie group Gs. Applying Theorem 8 to her result an orbit
P(SO(7),Ga x (SO(3) x SO(4))) % 0 is a weakly reflective PF submanifold of the
Hilbert space Vio(7)-

REMARK 7. In Theorems 6, 7 and 8, suppose further that N is a weakly reflec-
tive submanifold such that at each point there exists a reflection which is independent
of the choice of normal vectors. Then the corresponding weakly reflective PF subman-
ifolds also have such a property.
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