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Abstract. An R-space is a compact homogeneous space obtained as an orbit of the isotropy
representation of a Riemannian symmetric space. It is known that any R-space has the
canonical embedding into a Kéhler C-space as a real form and thus it is a compact totally
geodesic Lagrangian submanifold. In this article we provide an exposition on such nice
properties of R-spaces as Lagrangian submanifolds and our recent work on minimal Maslov
number of R-spaces canonically embedded in Einstein-K&hler C-spaces ([20]).

1 Introduction

A smooth immersion (resp. embedding) ¢ : L — M of a smooth manifold L into
a symplectic manifold (M,w) is called a Lagrangian immersion (resp. Lagrangian
embedding) if 2dimL = dim M and ¢*w = 0. For a Lagrangian immersion ¢ :
L — M, we have the vector bundle isomorphism ¢ *TM/p.TL > v < «, =
w(v,") € T*L. A smooth family of Lagrangian immersions ¢; : L — M with
po =  is called a Lagrangian deformation of ¢, which is characterized by the
closedness of the 1-form ay, € Q!(L) corresponding to the variational vector field
Vi = 85?‘ € ¢ 'TM for each t. A Lagrangian deformation ¢; : L — M with
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o = @ is called a Hamiltonian deformation of ¢ if ay, € QY(L) is exact for each
t. Suppose that [w] € H?(M,R) is an integral class, that is, there is a complex line
bundle E over M and a U(1)-connection V of E whose curvature form is equal to
2my/—1w. It is known that a Lagrangian deformation ¢; : L — M with ¢y = ¢
a Hamiltonian deformation if and if a family of flat connections {¢; 'V} has same
holonomy homomorphism p : w1 (L) — U(1).

Two group homomorphisms I, 1, : mo(M,L) — Z and I, 1 : mo(M,L) — R
are defined for any Lagrangian submanifold of a symplectic manifold in general
(see Section 3) so that I, 1 is a symplectic invariant and I, is not a symplec-
tic invariant but a Hamiltonian invariant. The minimal Maslov number of a La-
grangian submanifold in a symplectic manifold is defined as the positive generator
of ImI, ;, C Z as additive groups. It is very fundamental to the study of the Floer
homology for intersections of Lagrangian submanifolds. The monotonicity for a
Lagrangian submanifold of a symplectic manifold is defined by the condition that
I, = A1, (3X > 0). The Floer homology theory for the intersection of monotone
Lagrangian submanifolds was initiated and well-developed by Y.-G.Oh ([15], [16],
[17], [18] and so on). It is known that any compact minimal Lagrangian subman-
ifold of an Einstein-Kéhler manifold with positive Einstein constant is monotone
(Cieliebak-Goldstein [2], Hajime Ono [21]). Moreover he ([21]) gave a nice formula
of the minimal Maslov number for a compact monotone Lagrangian submanifold in
a simply connected Einstein-Kéhler manifold with positive Einstein constant (see
the formula (3.1) in Section 3).

An R-space is a compact homogeneous space obtained as an orbit of the isotropy
representation of a Riemannian symmetric space. Note that an R-space is not
a symmetric space in general and it is called a symmetric R-space when it is a
symmetric space. It is known that each R-space has the canonical embedding into
a Kahler C-space as a real form. A Kahler C-space is a simply connected compact
homogeneous complex manifold which admits invariant Kéhler metrics, and it is also
called a generalized flag manifold. A real form means the fixed point subset by an
anti-holomorphic isometry of a K&hler C-space and thus it is a compact embedded
totally geodesic Lagrangian submanifold. So R-spaces canonically embedded in
Kahler C-spaces constitute a nice class of Lagrangian submanifolds. As explained
in Section 2 any R-space can be canonically embedded in an Einstein-Kahler C-
space. In this case it is a compact monotone Lagrangian submanifold and so we
can use H.Ono’s formula in order to study the minimal Maslov number for R-
spaces canonically embedded in Einstein-Kéahler C-spaces. In [20] we showed a Lie
theoretic formula for the minimal Maslov number of such an R-space and some
examples of the calculation by that formula.

In this article we provide an exposition on such nice properties of R-spaces as
Lagrangian submanifolds and our related recent work ([20]). This article is orga-
nized as follows: In Section 2 we review the definitions and elementary properties
of R-spaces and their canonical embeddings into Kéhler C-spaces and the descrip-
tion of the invariant symplectic structures, invariant complex structures, invariant
Kéahler metrics and invariant Einstein-Kéahler metrics on a Kéahler C-space. We
also discuss several properties from the viewpoint of geometry of Lagrangian sub-
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manifolds such as an anti-symplectic involutive diffeomorphism, the moment maps,
Morse theory and related intersection problem. In Section 3 we recall the definitions
of two Hamiltonian invariants I, ;, and I, ; and the monotonicity for Lagrangian
submanifolds of general symplectic manifolds. Moreover we refer the monotonicity
theorem and minimal Maslov number formula by Cieliebak-Goldstein and H. Ono
for Lagrangian submanifolds in Einstein-Kéhler manifolds. and mention our appli-
cations to the case of the Gauss images of isoparametric hypersurfaces. In Section
4 we describe the construction of the Lie theoretic formula for minimal Maslov
number for R-spaces canonically embedded in Einstein-Kéhler C-spaces.
Throughout this article any manifold is smooth and connected.

2 The canonical embeddings of an R-space into a Kahler C-space

In this section we review the definitions and elementary properties of R-spaces
and their canonical embeddings into Kaher C-spaces from the viewpoint of geometry
of Lagrangian submanifolds (cf.[1], [22], [27], [23], [24], [25], [20]).

Let (G, K, 0) be a Riemannian symmetric pair with an involutive automorphism
0. Suppose that G is a connected compact semi-simple Lie group with Lie algebra g
and K is a connected compact Lie subgroup of G with Lie algebra €. We choose an
AdG- and 6-invariant inner product ( , ) of g and extend it to the complexification
gC of g by the complex bi-linearity. Let g = € + p be the canonical decomposition
of g with respect to (G, K,0). Let a be a maximal abelian subspace of p. Choose
a maximal abelian subalgebra t of g containing a. Then we have t = b + a,b =
tN€ a=tNp and tis invariant by 6. Let (, ) denote an inner product of t defined
by a restriction of ( , ) to t. The root space decomposition of g* with respect to t

is given as
“=tC+ > g%
a€X(g)

where
g% = {X € g% | (adé)(X) = V=1(, )X (V¢ € 1)}

and Y(g) C t denotes the set of all roots of g& with respect to t. Set ¥g(g) :=
¥(g) N b. Define the restricted root system ¥(g,a) by X(g,a) := {y =a | a €
Y(g)}, where & denotes the a-component of @ € X(g) C t = b @ a. We define
an involutive orthogonal transformation ¢ € O(t) by o := —6|;. We choose a
o-order > on t so that if & € X(g) \ Xo(g) and a > 0, then oca > 0 and thus
fa = —oa < 0 ([22]). Set ¥ (g) := {a € X(g) | @ > 0}, 2 (g) := Zo(g) N =7 (g)
and 5 (g,0) = {7 € (g, a) |7 > 0} = {a | a € S+ (g) \ So(0)}-

We choose E, € g for a € X(g) such that [E,, E_,] = V=1, (Ey, E_o) =
1,E, = E_, for each a € ¥(g) and let {w® | a € X(g)} be the linear forms on g©
dual to {F, | o € ¥(g)} so that w®(t®) = {0},w*(Es) = dup for each a, 8 € S(g).
The restricted root space decompositions of £ and p with respect to a are given as

E=t+ > b, p=a+ > p,

v€Xt(g,0a) YEXTF(g,0a)
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where £ := {X € t| (adH)X =0 (VH € a)} and for each v € X1 (g, a) set

b, = {X ct|(adH)’X = —(y, H)’X (VH € a)},

by = (X €p | (adH)2Y = (3, H)2Y (VH € q)}.
For v € ¥*(g, a), there are an orthonormal basis {S,; |i=1,--- ,m(y)} of &, and
an orthonormal basis {T, ; | i = 1,--- ,m(y)} of p,, where m(y) := dim ¢, = dim p?,

such that [H, S, ;| = (v,H)Ty, [H,T,;] = —(v,H)S,,; for each H € a.
Now we fix an arbitrary non-zero element Z of a. Set

2z(g) == {a €X(g) | (a,2) =0} and T7(g) :=Xz(g) NZ*(g).

The element Z is called reqular if ¥7(g) = X¢(g). Define closed subgroups Gz and
KZ of G by
Gz ={aeG|Ad(a)Z =7}

and
Kz ={ae K|Ad(a)Z =7} =KNGyz.

It is well-known that GGz is always connected. Denote by gz and €7 Lie alge-
bras of Gz and K, respectively. Note that 6(Gz) = Gz, 0(gz) = gz and thus
(Gz,Km,0|c,) is also a compact symmetric pair.

Definition. The compact homogeneous space L := K/K is called an R-space,

and it has the standard imbedding into the vector space p defined by
(2.1) vz:L=K/Kz>aKz v+ Ad(a)Z € Ad(K)Z C p.

If Z is a regular element of a, then L = K/K is called a regular R-space. Another
compact homogeneous space M := G/Gy is called a generalized flag manifold or a

Kihler C-space, and it also has the standard imbedding into the Lie algebra g
(2.2) O, M=G/Gz>aGz+— Ad(a)Z € Ad(G)Z C g.
The canonical embedding of K/Ky into G/Gz is a map defined by

(2.3) LZ:L:K/KzaaKzl—)aGZeG/GZ:M.

We take the orthogonal direct sum decompositions of gand t as g = gz+m,m &
Teg,M and ¢t = €tz + [, = T.x, L. Note that ¢z = €N gz. By using the property
0(gz) = gz one can show that ¢z is an embedding and 2 dim L = dim M.

The author has heard from Professor Masaru Takeuchi that the “R-space”was
named first by Jacques Tits ([31]). Here we should notice that an R-space is not a
symmetric space in general, and however the R-space can be considered as a class
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of the most important compact homogeneous spaces related to symmetric spaces.
An R-space K/Ky is called a symmetric R-space if K/K 7 is a symmetric space. It
is known that an R-space is a symmetric R-space if and only if one of the following
conditions is satisfied:

(1) (K, Kz) is a symmetric pair.

(2) There is an element Z € p satisfying the equation (adZ)® + (adZ) = 0 such
that L = K/Kz and G = G/Gy.

(3) (G,Gz) is a Hermitian symmetric pair.

(4) The standard imbedding ¢z has the parallel second fundamental form (Dirk
Ferus [3]).

(5) @z(L) is an (extrinsic) symmetric submanifold in Euclidean space p (Dirk
Ferus [4]).

For such Z, we can define a G-invariant symplectic form wz on M = G/Gz by
wz(X,Y):=([Z,X],Y) foreach X,Y €g.

and wz can be also expressed as

wz =—v—1 Z (Z,a)w™™ Aw=e.

a€Xt(g)\Xz(9)

Then the canonical embedding 1z : L = K/K; — G/Gz = M is a Lagrangian
embedding with respect to wz.
The involutive automorphism 6 of G induces an involutive diffeomorphism

(2.4) 07 : M =G/Gy>aGy— 0(a)Gyz € GGy =M

which is equivariant with respect to the Lie group automorphism 6 : G — G Then
0z : G/Gz — G/Gyz is anti-symplectic with respect to wy, that is, Owz = —wz.
Define the fixed point subset of M by 6, as

(2.5) Fix(M,6z) := {p € M | 8z(p) = p}.
Then 15 (K/Kz) C Fix(M,f;) c G/Gy.

The natural left action of G on a symplectic manifold (M = G/Gz,wz) is a
Hamiltonian group action with the moment map

(26) HG = (I)ZG/Gz—)ggg*

Moreover the natural left action of K C G on (M = G/Gz,wz) is also a Hamilto-
nian group action with the moment map

(2.7) pr i=meopg =mgo Py G/Gyz — =
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Here mp : g = € p — ¢ denotes the orthogonal projection of g onto €. Then
pgolz =—0opug and pg o0y = —pg. It follows from these formulas that

(2.8) Fix(M,07) = ' (0).

Since K and M are compact, by a result of Kirwan ([12, p.549, (3.1)]) ux"(0) is
connected and thus Fix(M, ) is also connected. Therefore we obtain

(2.9) 12(KKz) = Fix(M,07) = 2 (0).

The Weyl group of (G, K) is defined by W(G, K) := Nk(a)/Zk(a). By the
action of the Weyl group W (G, K), we may assume that Z € a C t satisfies (a, Z) >
0 for Va € ©(g).

Now we describe an invariant complex structure on M = G /Gy corresponding
to Z. Note that Z € ¢(gz) C t C gz. Then

oz =+ >
aeXz(g)

Tec,(G/Gz)" =m® = > g%+ g”
a€Xt(g)\Xz(g) a€X T (g)\Xz(g)

Note that g = g=®. Thus we can define a G-invariant complex structure Jz on
G/Gz such that

Tc,(G/Gz)""

1%

Z g, Tec, (G/GZ)O71 = Z 9%,

a€st(9)\Xz(9) aest (g)\Zz(g)
Since
0 Y. gt = X
aext(g)\Xz(g) aext(g)\Xz(g)

the involutive diffeomorphism 0y :G /G 7z — G /G z is anti-holomorphic with respect
to Jz, that is, Jz o déz = —déz oJy.

Moreover the corresponding G-invariant Kéahler metric gz on M = G/Gyz is
defined by

(2.10) wz(X,Y)=(-1)gz(JzX,Y) foreach X,Y em

or

gz = Z (Z,)w™® - w—e.

aest (9)\27 (0)

Hence the diffeomorphism 07 : M — M is an isometry of M with respect to gz.
Let I := TI(g) = {1, - ,a¢} be the fundamental root system of g with

respect to the o-order < of t. Set II(g)o := II(g) N b. For the above Z, set

MMy := Tz(g) = {a; € U(g) | (o, Z) = 0}. Note that IIp(g) C Iz(g) and
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thus TI(g) \ Iz (g) C I(g)\y(g). Let {A1,---,Ag} C t be the fundamental weight

system of g corresponding to II(g) defined by
2(0i, oy .
w:(gij (i,j=1,,0).
(aj, )

Now we set

czi= @ RAMCH Zg = P ZAiCey

a; €T\ z a; €N\

Note that ¢z coincides with the center ¢(gz) of gz. Define

o= @ RYA; Cez, Zf = @ ZtA; C o

o EM\IIz a; €I\l

where RT and Z* denote all positive real numbers and all positive integers, respec-
tively. Obviously we have Z € cJZr.

For each A € ¢, since IIy = Ilz, £i(g) = Yz(g), we have g§ = g% and
thus gx = gz. By the connectedness of G¢ and Gz, we obtain G = Gz and
G/Gx = G/Gz = M. In particular wy is a G-invariant symplectic form on M =
G/Gz = G/Gy. However A and H define the same G-invariant complex structure
J)\ = JH on M = G/GH = G/GA.

Since 0(gz) = gz and thus 0(c(gz)) = ¢(gz), there is a direct sum decomposition

c(gz)=cz=(czNb)+ (czNa).

For each H € c}ﬁa, since Gg = Gz and G/Gy = G/Gz, we have Ky = KNGy =
KNGz = Kz and thus K/Ky = K/Kz = L. Hence all H € c} N a correspond to
the same R-space L = K/K 7 and the convex set cJZr N a parametrizes orbits of the
same type Kz.

Let J%,(M) denote the real vector space of all G-invariant closed 2-forms on
M = G/Gz. Then the natural linear map t : J%(M) > w — [w] € H?*(M,R).
is a linear isomorphism and there is a linear isomorphism w : r}/?lc 7z — I (M)
defined by

1 1
w (%ﬁ)\) (X,Y) = =~ (L X)Y) (XY €m)

for each A\ € ¢z. Moreover the linear isomorphism 7 = wo w : w1z —

J%4(M) — H?(M,R) given by the transgression operator is restricted to a Z-

module isomorphism 7 = twow : ﬁZcZ — H?(M,Z). The 2nd cohomology

and homology groups of G/Gz are described as follows:

2= @@ RA., 3 A [ﬁw()\)} e H2G/Gz,R)

a; €IN\ITz
@] @]
Z.,= P ZA, — H%*(G/Gz,7)

OéiGH\HH
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and if we set o := 2ai ,
(ai;ai)
o = @ Ra} > inafHin[SQ(af)] € Hy(G/Gz,R)
OtiEH\HZ 7 7
U U
Zcz* = @ ZO&: — HQ(G/Gz,Z) = FQ(G/Gz).
OciGH\HZ

For each \ € c}, define a G-invariant Kahler metric on a complex manifold

(M = G/Gz,Jz) by

aeXt (g)\Xz(9)

. . . 1
whose Kéahler form coincides with w (m)\> as

w (mlﬁ)\) (X,Y)=g (ﬁx) (JzX,Y).

Note that Z € ¢}; Na and w(ﬁ%rZ) = —wyz. Namely, the convex open set ¢},
of the vector space ¢z parametrizes all G-invariant Kéhler metrics on M = G/G gz
relative to the complex structure Jz. So the parameter spaces of all G-inv. Kahler

metrics on G/Gz are given as

o) = @ RtAy, DA¢—w ( L )\) € {G-inv.Kaéhler met. on G/Gz}

27y/—1
a; €I\l z
@] @]
Zi = @ AN — {G-inv. Hodge met. on G/Gz}.
aieH\Hz

For each H € c} N a, the diffeomorphism Oy M = G/Gz - M = G/Gz pre-

serves a G-invariant Ké&hler metric g (27“1/le> on M, that is, éz M =G/Gz —

M = G/Gyz is an isometry with respect to g (r\l/le ) Hence the canonically
embedded R-space vz (K/Kyz) is a real form, that is, the ﬁxedA point subset of a
Kéher C-space M = G/Gz by the anti-holomorphic isometry 8, with respect to
Jz and a Kahler metric g ( L H) for any H € cJZr Na.

2w/ —1
Next we mention the characterization of a G-invariant Einstein-Kahler metric

on M =G/Gyz. Set
1
Om 1= 5 E a €t

aeZt(g)\Zz(g)

Lemma 2.1 ([1]).

(2.11) W= Y, acZi= @ Z'A.

aeXt(g)\XH (9) acl\ly
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and it corresponds to the first Chern class of the complex manifold (M, Jg):

= )] - )

Proposition 2.2 ([24]). The G-invariant Kdhler metric g = g ( on M is

1
2w/ —1 )\)
Einstein if and only if A = bdy, for some b > 0.

Then we can show that 26, € a ([20]). Therefore we obtain

Proposition 2.3. The element Z¢" := 25, € Zj‘z NaC c} N a corresponds to the

canonical embedding v zein of the same R-space L = K /Ky into an Einstein-Kdhler

C-space (M =G/Gz,wzein,Jz,9 (zwxl/_leem)) Moreover, the element Z°" is

such a unique element of cJZr Na up to the multiplication by a positive constant.

Here we shall mention about geometry of R-spaces as homogeneous spaces of
noncompact real semisimple Lie groups. Set pf := /—1p. Then g := £ + pf is the
Cartan decomposition of a noncompact real semisimple Lie algebra gf with Cartan
involution 7. Let G® be a connected complex Lie group without center with Lie
algebra g€ and then G can be regarded as an analytic subgroup of GC. Let G* be a
connected real semisimple Lie subgroup of G€ with Lie algebra gf. The root space
decomposition of g* with respect to v/—1a is given as

d=0+ P o,
v€Z(9,0)

where gg ={X eg¢'|[V—1H,X] =0 (VH € a)} and for each v € X(g, a)
¢f ={Xeg"|[V-1H,X] = (v, H)X (VH € a)}.

U= gg+ @ gi.

’Yez(gva)a’y(z)zo

Then

is a parabolic subalgebra of gf. Let U be a parabolic subgroup of G* with Lie
algebra u, which is always connected. The complexification of u

=@+ P @)=+ P e

v€X(9,a),7(2)=0 ae¥(g),a(2)=0

is a complex parabolic subalgebra of g€. Let UC be a complex parabolic subgroup
of G* with Lie algebra u, which is always connected. Then we know ([23]) that

(2.12) KU=G* KNU =Ky, and thus L = K/K, = G*/U,
(2.13) GUC =G% GNU® =Gy, and thus G/Gy = M = G°/UC.
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The induced complex structure of M under the identification of M = G/Gz with
the complex homogeneous space G€/UC coincides with the G-invariant complex
structure Jz of M.

Define two subgroups of K and Kz as

NK(CL) = {k e K | Ad(k)a: Cl} C K, NKZ(CL) = NK(CL) NKyz; C Ky.

Note that Nk, (a) is not a normal subgroup of Nk (a), Cx(a) C Nk, (a), and if
Z € ais regular, then Ck(a) = Nk, (a):

1 — Nk, (a)/Ck(a) — W(G,K) = Ng(a)/Ck(a) — Ng(a)/Nk,(a) — 1

Theorem 2.4 (Masaru Takeuchi [23]). Let k1,--- ,ky € Nk (a) be complete repre-
sentatives of Ni(a)/Ng,(a) = {[k1],--- ,[ks]}. Then the orbits Nkyo,--- , Nkyo of
N through the origin o = eU € G*/U = L provide a cellular decomposition of L
as L = G'/U = NkjoU---U Nkyo and these cells are all cycles mod 2 of L. In
particular, dim H, (L; Zo) = S0 " dim H;(L; Zs) = b.

We briefly discuss related results of Masaru Takeuchi and Shoshichi Kobayashi
([27]) on perfect Morse functions on R-spaces. For each X € g, we define a linear
function uy : g — R defined by ux () := (£, X) for each € € g. A smooth function
fx on M = G /Gy is defined by

fx =uxo®z =uxoug=(ne,X): M=G/Gy — g —R.
Then by the moment map equation and (2.10) we have
(2.14) dfx = d{uc, X) =wz(X,") = —gz(JzX."),

where X denotes a vector field on M = G /G z induced by a one-parameter subgroup
{exp(tX) | t € R} of G, which is a Killing vector field on M with respect to a
Kéhler metric gz. Hence the gradient vector field grad( fX) of the function fy on
M = G/Gz with respect to the invariant Kéahler metric gz is equal to fJZ)~(:

(2.15) —grad(fx) = Jz X = (V=IX).

Here J;X = (v/—1X) is a holomorphic vector field on M = GC/UC induced by a
one-parameter subgroup {exp(tv/—1X) | t € R} of GC.
Now assume that X € p. A smooth function fx on L = K/K is defined by

fX:onz,ZquOLpZ:<uGoLZ,X>:L:K/KZ—>p—>]R

By pulling back the equation (2.14) by the canonical embedding ¢z, we have

(2.16) dfx = gdfx = izwz(X,) = —gz((V=1X) 017, (1) ().
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Since v—1X € /—1p = p* C g* C g%, exp(tv/—1X) | t € R is a one-parameter

L

subgroup of G* and it induces a vector field (v/—1X) on L = G*/U. Since
(tz2)«(V=1X) = (V/-1X) o1z = JzX o Lz, the equation (2.16) becomes

(2.17) dfx = —(1592)(V=1X), )

Hence the gradient vector field grad(fx) on L = K/K 7 with respect to the induced

Riemannian metric ¢3¢z is equal to a vector field —(v/—1X)on L = K/Kz = G* /U
induced by —v/—1X € /—1p C g*. In particular, the critical point set of fx on L

coincides with the zero set Zero(v/—1X) = Zero(X o 1z) of vector fields (v—1X)
and Xouz on L. In [27] they showed that for each X = Ad(k)H € p (k € K,H € a),

it holds ¢, (Nk(a)eKz) C Zero(v/—1X) and if X is regular, then £, (Ng(a)eKz) =

Zero(v/—1X). Here ¢}, : K/K7z — K/Kz denotes the left natural action by k € K
on K/Kyz. Therefore, for each regular X € p, the number of critical points of fx
is equal to #(Nk(a)/Nk,(a)) and thus b = dim H,(K/Kz,Z). In particular fx is
a perfect Morse function on the R-space L for each regular X € p ([27]). We can
also observe that for each regular X € p the equality f(exp(tX)tz(L) Netz(L)) =
#(Nk(a)/Nk,(a)) holds for any sufficiently small ¢ # 0.

Here we recall some fundamental results from the structure theory of a compact
symmetric space G/K (cf.[6], [26]). They are necessary to discuss the geometry of
R-spaces canonically embedded in Kéahler C-spaces. Set A := expa C G and
A:=A(eK) ¢ G/K. Then the K-equivariant map

(2.18) V: K/ Zr(a) x A> (kZk(a),a) — ki € G/K

is a surjective smooth map. Define the diagram of a compact symmetric pair (G, K)
by
D(g,0) i= {H € a| (v, H) € 7Z (37 € 5(g,a))}

and thus we have a \ D(g,a) = {H € a | (v,H) ¢ nZ (Vy € X(g,a))}. Set
As = (expD(g,a))eK C Aand A, := A\ As; = (exp(a \ D(g,a)))ek. Each
element of A, (resp.As) is called a regular (resp. singular) element of A. Then
G/K = (G/K),U(G/K); (disjoint union), where (G/K)s := V(K /Zk(a) x Ay) is
a closed set of codimension at least 2 and

(2.19) (G/K), = (K /Zx(a) x A,)

is a connected open dense subset of G/K. Each element of (G/K), is called a
regqular element of G/K. The surjective smooth map

(2.20) V: K/Zk(a) x A, — (G/K),

is a covering map whose covering transformation group is the right natural action of
W(G,K) on K/Zg(a) x A,, and thus it induces a diffeomorphism v : (K/Z (a) x
A)/W(G,K) — (G/K), which is equivariant with the actions of K. Here note
that K/Zx(a) x A, is not connected in general.
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Using the geometry of a compact symmetric space G/K, we discuss the in-
tersection property of atz(L) and tz(L) under the left group action of a € G on
M=G/Gz.

For any a € G, by the surjectivity of ¢ we have aK = (kZk(a),exp(H)eK)
for some k € K and some H € a and thus ak; = kkgexp(H) for some ko €
Zk(a) and some ki € K. Thus ak1Gz = kkoexp(H)Gz = kGz € G/Gz and
hence a1z (k1Kz) = 1z2(kKz) € awz(K/Kz) N 1z(K/Kz) gives an intersection
point of atz(K/Kz) and tz(K/Kz). Moreover, for any k' € Ng(a), we have
ak k' = kK (K 'kok') exp(Ad(K'~")H) where note that k'~ 'kok' € Zi(A) and
Ad(K™YH € a. Thus ak k'Gy = kK (K 'kok') exp(Ad(K' " H)Gy = kk'Gy €
G/Gz and hence a vz (k1k'Kz) = 1z(kk'Kz) € avz(K/Kz) N 1z(K/Kz) also gives
an intersection point of atz(K/Kz) and 1z (K/Kz). Note that if kk'Kz = kk" Kz
for k', k" € Nk(a), then k'Nk,(a) = k" Nk, (a). Therefore, combining the above
argument with Theorem 2.4, we obtain

Proposition 2.5. For any a € G, it holds

flarz(L)Nez(L)) = §(Nk(a)/Nk,(a)) = dim H. (L, Z).

Next we mention about the transversality condition of the intersection a tz(L)N
tz(L). Suppose that p € avz(K/Kz) Niz(K/Kz). Then p = aiz(keKz) =
tz(k1Kz) (3k1,ke € K). Since k‘flakg € Gz, using the symmetric Lie algebra
gz = tz + pz of a compact symmetric pair (Gz,Kz) so that a C pz, there are
kz,k, € Kz and H, € a such that k; ‘aky = kz(exp H,)kz 'k},. Thus aky =
kikz(exp H,)kz 'k, Since

(©2)«(Tparz(K/Kz)) =Ad(aks)[t, Z]
=Ad(k1kz(exp Hy)kz kY[t Z)
=Ad(k1)Ad(kz)Ad(exp H,)[t, Z],
(@2)(Tpe2(K/Kz)) =Ad(k1)[t, Z] = Ad(k1)Ad(k2)[t, Z],
the transversality of atz(L) Ntz(L) at p is equivalent to the transversality of
Ad(exp Hp)[t, Z] and [t, Z]: Ad(exp Hp)[€,Z] N [¢,Z] = {0}. Then by a simple
computation using the basis {S,,;, Ty} we can show

Lemma 2.6. auz(L) intersects transversally with tz(L) in M = G/Gyz if and
only if at each intersection point p such an H, € a satisfies (v, H) ¢ wZ for each

v € X (g,a) with (v, Z) # 0.
First we suppose that a € G satisfies aK € (G/K),. Then atz(K/Kz) N

tz(K/Kyz) is transversal at each intersection point. Fix an intersection point
Lz(lez) S aLz(K/Kz) n Lz(K/Kz). Then
aK =kikziexp(H1)K (3H: € a\D(g,a),3kz € Kz)
= (k1kz,1ZK (a),exp(H1)K)
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For an arbitrary intersection point tz (ke Kz) € a1z(K/Kz)Niz(K/Kz),
aK =kokzoexp(H2)K (FHe € a\D(G,K),kz2 € Kz)
=(kokz,2Zk (a), exp(H2)K)
Then there is s = [k'] € W(G, K) = Nk (a)/Zk(a) such that
kokzoZk(a) = kikz1ZK(a)s = kikz1k' Zk(a)
and
(exp Hy)K = s Y(exp H1)K = (exps 'H,)K = (exp Ad(K')"'H,)K.

Thus koKz = kikz1k'Kz and hence tz(keKz) = tz(k1kz1k'Kz). Therefore we
obtain

aLz(K/Kz) N Lz(K/Kz) = {Lz(klszk}/Kz) ‘ [k}/] S NK(G)/NKZ(G)}.

In particular f(atz(K/Kz) Niz(K/Kz)) = 4(Nk(a)/Nk,(a)).

In general suppose that atz(K/Kz) Niz(K/Kz) is transversal at each inter-
section point. Particularly atz(K/Kz)Ntz(K/Kyz) is a finite set. We may assume
that aK € (G/K),. Since (G/K), is open and dense in G/K, we choose a smooth
perturbation a; € G of ap = a such that ;K € (G/K), (0 < V¢t < ). Then
artz(K/Kz)Nuz(K/Kz) is also transversal at each intersection point and for suf-
ficiently small ¢ > 0 we have

flaz(K/Kz)Nuz(K/Kz)) =t(arz(K/Kz) Niz(K/Kz)) = §(Nk(a)/Nk, (a)).

Therefore we obtain

Proposition 2.7. For any a € G with transversal avz(L) Nuz(L), it holds

farz(L) Nez(L)) = §(Nk(a)/Nk, ().

Combining it with Theorem 2.4, we see
Corollary 2.8. For any a € G with transversal atz(L) Nz (L), it holds

flarz(L)Niz(L)) = dim H.(L,Zs).

Such a property is called the global tightness for a Lagrangian submanifolds in
a Kéahler C-space ([14], [9], [5]). It was proved by [28] in the case when L is a
symmetric R-space. It is still an open problem to classify compact globally tight
or simply tight Lagrangian submanifolds of Kéhler C-spaces. More generally the
intersection theory and Floer homology for two real forms in Kéhler C-spaces are
discussed in [7], [11].



3 Minimal Maslov number and monotonicity of Lagrangian submani-

folds in symplectic manifolds and Einstein-K&hler manifolds

Let L be a Lagrangian submanifold of a symplectic manifold (M,w). Define
two kinds of group homomorphisms I, 1, : mo(M, L) — Z and I, 1, : mo(M, L) — R.
For a smooth map u : (D% 0D?) — (M,L) with A = [u] € m(M, L), choose
a trivialization of the pull-back bundle as a symplectic vector bundle (which is
unique up to the homotopy). u *TM = D? x C*. This gives a smooth map  :
Sl = 9D? — A(C™). Here A(C™) denotes the Grassmann manifold of Lagrangian
vector subspaces of C". Using the Moslov class u € HY(A(C"),Z) = Z, we define
I, 1(A) := p(a). Another homomorphism I, : mo(M,L) — R is defined by
IL,L(A):= [ p2 u*w. Note that I, 1, is invariant under symplectic diffeomorphisms
and I, ;, is invariant under Hamiltonian diffeomorphisms but not under symplectic
diffeomorphisms.

A Lagrangian submanifold L of (M,w) is called monotone ([15]) if I, =
Ay 3N > 0). If I, = 0, we define ¥; = 0. We assume that I, # 0,
Denote by X1, € Z" the positive generator of Im(I, 1) as an additive subgroup of
Z. We call X, is called the minimal Maslov number of LD

Theorem 3.1 ([2], [21]). Suppose that (M,w,J, g) is an Einstein-Kdhler manifold
of positive Einstein constant. If L is a compact minimal Lagrangian submanifold of
M, then L is monotone.

Suppose that (M, w, J,g) is a simply connected Einstein-K&hler manifold with
positive Einstein constant and L is a compact monotone Lagrangian submanifold
of M. Then Hajime Ono ([21]) showed the formula for X :

(31) TLLEL = 2'701;
where we set

Ve, i=min{cy (M) (A) | A € Ho(M;Z),c1(M)(A) > 0},
ng, :=min{k € Z" | QFF trivial}.

E|L E cplx.line bdle.
wr, | flat mg |U(1)-connection V
L M Einstein-Kéahler mfd.

Lag.

Here %w = ¢1(E, V) for some constant vy > 0.
As an application of that formula (3.1), we mention the minimal Maslov number
formula for the Gauss images of isoparametric hypersurfaces in the standard sphere.
Let N C S™*1(1) c R"*2 be an oriented hypersurface of S"*1(1) and let
N™:= {(x(p),n(p)) € Va(R""2) | p € N} be the Legendrian lift of N to T15"+1.
Then we have the following diagram:
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n+1
N csm() unit sphere tangent bundle of S™*+!

= Stiefel mfd. of o.n. 2-frames of R™*2

L= zlz K p_pigne _ pp(Ri?) a 500
= = = Va( ) = “50(n)
Gaussmap G | p(m (L)) m |SO(2) 2 U(1)
L=9(N) M = Qu(C) = Gry(R"+2) = goglntds
Gauss image Lag. .
complex hyperquadric
=real ori. 2-plane Grassmann mfd.
The Gauss Map is defined by
5: N — N — G(N) C Qu(C) = Gra(R"+?)

p +— (x(p),n(p) +— [x(p) +V—1n(p)] = x(p) An(p)

Suppose that N C S"fl(l) is an isoparametric hypersurface with g distinct prin-
cipal curvatures. Let N™ := {(x(p),n(p)) € Va(R"*2) | p € N} be the Legendrian
lift of N™ to T1S™*!. The following diagram becomes as follows:

n+1
N st simply conn.

) HA min. Leg. embed. Eins;ein iaosilkiz;n homog. Sli).
p(m1(L)) 50(2)
=2, " |=U)

Einstein-Kahler Herm. sym. sp.

_ _ SO(n+2)
M = Qn(c) - SO(2)><LSO(n)

Gauss map G

Gauss image L = G(N)

min. Lag. embed. complex hyperquadric

2
Then it holds ¥ = il ([19], [13]). This formula was crucial to the Hamiltonian

non-displaceability theorem for Gauss images of isoparametric hypersurfaces ([8]).

4 Minimal Maslov number of R-spaces canonically
embedded in Einstein-Kahler C-spaces

We take the universal cover G — G of G. Let (é K, ) be a Riemannian symmetric
pair of compact type with simply connected G and connected K.

By Proposition 2.3 we can choose Z = Z¢" = 2§,,. Then 1z : L = K/Kz —
M = G/Gz is the canonical embedding of an R-space into an Einstein-K&hler
C-space. As in [24] we use expression

W= > khi=r(M) > rihi (keZb),

OéiEH\HZ aiEH\Hz
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where x(M) denotes the greatest common divisor of {k; | o; € II \ IIz} and set

Ki 1= K(k&) for each a; € II \ IIz. Then the invariant ., in (3.1) is given as

Yo, = k(M) (cf. [20]).

simply conn.

_ tot.geod.Leg. Einstein Sasakian homog. sp.
!

L=K/K) P=G/G),
| p(ri(L)) T |U(1) =5t
L=K/K, M =G/Gy

R-sp. canon. embed. Einstein-Kéahler C-sp.
tot.geod.Lag.

Here we take the orthogonal direct sum decomposition gz = R - 20, @ g¢7,. Denote
by G’; a connected Lie subgroup of Gz with Lie algebra g, and set K7, := KNGY,.
Then ng, = #(Kz/K’) ([20]). Therefore by the formula (3.1) we obtain

Theorem 4.1 ([20]). The minimal Maslov number X, of an R-space L canonically
embedded in an FEinstein-Kdahler C-space M is given by the formula

2k(M
8(Ku/Kpy)
Some concrete examples of computations by this formula are given in [20] in the
case when (1) (G,K) = (SU(n+1),SO(n+1)) and L is RP™ or a regular R-space,
(2) L is a maximal flag manifold of a compact semisimple Lie group K, (3) L is an

irreducible symmetric R-space. It is an interesting problem to study the minimal
Maslov number for all other R-spaces by this formula.
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