THREE-DIMENSIONAL SHARP HARDY-LERAY INEQUALITY FOR
SOLENOIDAL FIELDS

NAOKI HAMAMOTO

ABSTRACT. This is a complement of the former works by Costin-Maz’ya [1] and Hamamoto-
Takahashi [5] on sharp Hardy-Leray inequality for solenoidal (i.e., divergence-free) fields
in R3 with some axisymmetry conditions. Here we derive the same best constant, with
no assumption of any symmetry.

1. INTRODUCTION

Let N > 3 be an integer. Throughout this paper, we use bold letters to denote N-
dimensional vectors, e.g., * = (21,72, -+ ,zx) € RY. In the following, C°(R™)¥ denotes
the space of all smooth vector fields

w=(up,ug,---,uy): RN = RV, z > u(x) = (ui (), uz(x), -, un(x))

with compact support on RY.
Let v € R be a real number. The Hardy-Leray inequality with weight v is given by
uf?

CNW/ —2|w|2'7dx§/ V22| dx (1.1)
RV || RN

for all uw € C°(RM)YN such that u(0) = 0 if v < 1 — N/2, where the constant number
Cny=(+5 - 1)2 is sharp. J. Leray [8] proved the inequality (1.1) for N =3 and v =0
in his works on the Navier-Stokes equations, as a generalization of the one-dimensional
inequality by G. H. Hardy [6]. We are interested in the problem whether Cy  in (1.1) is
improved to be larger if the selection of w is restricted to a smaller subspace of C2°(RM)N.
This problem has been answered in some cases or variations: Taking into account the
context of hydrodynamics, O. Costin and V. Maz’ya [1] derived a new sharp value of C -
by assuming u to be solenoidal (i.e., divergence-free) and axisymmetric. After a decade,
N. Hamamoto and F. Takahashi [4] computed another sharp value of Cy , in the case where
u is conservative; this computation was done with no use of any symmetry condition. At
present, the case of solenoidal fields still remains unanswered under no assumption of any
symmetry, which is the main theme of this paper. Incidentally, it should be pointed out that
the sharpness of Rellich-Leray inequality (which is a second-order version of Hardy-Leray
inequality) was also studied for axisymmetric solenoidal fields or conservative fields [3, 4].

Hereafter we restrict ourselves to the case N = 3. The three-dimensional version of the
preceding result [1] reads as follows:

Theorem 1 (O. Costin and V. Maz'ya [1]). Let u € C2°(R3)3 be an azisymmetric solenoidal
field such that w(0) = 0 for v < —1/2. Then inequality

2
C’y/ ﬁh}ﬁ”dmﬁ/ |Vu|?|x|? dx
R3 R3

|2

2
24+ (-3) <
5) ————= 1
holds with the best constant C., = (r+3) 2+(7,%)27 for y<1,
(’y—|—%)2—|—2, for y>1.
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As a slight refinement of this theorem, N. Hamamoto and F. Takahashi [5] showed that
the axisymmetry condition on uw can be relaxed to that on only the swirl (or azimuthal)
component of u, without changing the value of C,. This time, we will further completely
remove such a symmetry condition. Now our main result is the following:

Theorem 2. Let u € C°(R3)3 be a solenoidal field such that u(0) = 0 for v < —1/2.
Then inequality
2
Cv/ M|ac|27dac§/ |Vu|?|x|*dx
re [/ R?
holds with the same constant C., as in Theorem 1.

In the setting of spherical coordinates (in §2), the previous Theorem 1 was proved in [1]
by choosing latitudinal and azimuthal components of u as two independent test functions.
Theorem 2 is, however, difficult to prove in the same way, roughly because the two angular
components are not necessarily L2-orthogonal unless u is axisymmetric. To overcome such
a difficulty, we choose the so-called poloidal-toroidal potentials (in §3) as alternative test
functions. After these preparations, the proof of Theorem 2 will be given in §4.

2. FIRST PREPARATION: SPHERICAL COORDINATES

In this section, we introduce a spherical coordinate system and derive some useful formulae

for differential operators on the sphere
S?={xeR®; af +a3 +a5=1}.
The spherical coordinate system in R? is composed of the radius p > 0 and the two angles:
colatitude @ € [0, ] and azimuth ¢ € [0, 27). The position of a vector & = (21,22, 23) € R3
is then represented by x = por, where o = o (0, ¢) € S? together with the orthonormal basis
R(o) = (0,eq,e,) € SO(3) given by
o = (cosf, sinfcosgp, sinfsinyp) ,
ey = Ogo = (—sin b, cos b cos p, cosfsin @) , (2.1)
e, =6,0 = (O, — sin @, cos <p).

Hereafter we write the partial derivatives simply as 0y = %, 0, = %, etc. Also we use the

abbreviation
1

sin 0
By differentiating eg and e, , we can directly verify that
{ Opeg = —0 , E,e9 =e,cotl,

Ope, =0, Eye, =—0 —egcoth.

8, 1= Oy -

(2.2)

Now let w = (u1,uz2,uz) : R®> — R3® be a vector field. Then its radial and angular
components u,, ug, u, are defined as the expansion coefficients of w in the basis R(o):
u(x) = u(po) = ou, + egug + e u,. (2.3)

Also let us expand the gradient operator V = (8%1, 6%2, 6%3) in the same basis: by the

differential chain rule together with (2.1), we have
0p,=0x-V=0-V,
89:89m-V:p69-V,
0, =0,x -V = (psinfle, -V,

where “-” denotes the standard inner product in R3. Then it turns out that

1
V=00,+ Y, (2.4)
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where V, = eg0p + e, is the gradient operator on S>. When they act on & = po or
p = |x|, we verify the formulae

y-Ve=y, Vp=o, 05
y-Voo=y—(y-o)o (2:5)

for all y € R3. Indeed, the first line follows by direct differential calculation in the standard
R? coordinates, while the last equality follows from (2.4):

(V)p —xVp

X
y-Voo=y - pVo=y-pV— =y
P P

=y-Ve—y-co=y—(y-o)o.

The Laplace operator A =V -V = Zizl(%f is known to be written in terms of the
spherical coordinates as

1 1
A= ?ap (p%0,) + ?Aa : (2.6)

where A, = D0y —|—éli is the Laplace-Beltrami operator on S?; the operator Dy = 9+ cot §
is adjoint to —dp in L?(S?):

—/ (Bgf)gda:/ fDpgdo , do =sinfdfdy
s2 s?

for any f,g € C>(S?).
For later use, we give the following technical lemma:

Lemma 3. Let f : S? = R be a smooth function of the variable o € S2. Then

Ao(af) - O'Aof = Q(szf - Uf) )

2.7)
onoffvaAof = 720‘Aa’f .

proof. Let us identify f € C>(S?) with f € C>°(R3\{0}) by the relation f(z) = f(z/|z|).
The key idea of the proof is to express the operators on S? in terms of the standard R?
coordinates in which the derivatives are commutative: AV = VA. By using the Leibniz
rule and (2.4),(2.6),(2.5) for y = V., f , we see

Aa(af) —oA,f= (Aaa)f +2V,f-Vyo
— (PAVD)S +2(Vof = (Vo) - o))
= (PPVAP)f +2Vof = (0*V2)[ +2V, f
=-2(Vp)f+2V,f =-20f+2V,f,
which proves the first line of (2.7). The proof of the second line also follows similarly:
(AUVO' - VO'AO')f = p2Ava —pVA,f
= p*A(pVf) = pV (p*Af)
= p*((Ap)Vf+2Vp-VVf) = p(Vp?*)Af
= 2oV f+2p%0 - VVf —20*(Vp)Af
=2V, f + QpQGP%VGf —20A,f
=-20A,f.
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3. SECOND PREPERATION: POLOIDAL-TOROIDAL REPRESENTATION OF SOLENOIDAL
FIELDS

Let us define G as a linear operator, that maps every solenoidal field u € C°(R3)3 to a
continuous function Gu : R?* — R, by the formula

_ x| E2

Gu(x) o' - u(|z|o’) log (1 - o") do’ for all x € R*\{0}. (3.1)

- 47 s2 ||

This function is called the poloidal potential of u. Then G also maps the rotation of u ,
Vxu= (8x2u3 - aacgu2 5 8{183“’1 - aaflu?) y 6x1u2 - 81‘2“1)7

to the function G(V x w) which is called the toroidal potential of u. The logarithmic
function log(1l — o - ¢’) in the right-hand side of (3.1) appears in e.g. [2, V§11.4] or [7], as
a Green’s function of the Laplace-Beltrami operator on S?; this enables Gu to satisfy the
Poisson-Beltrami equation:

A,Gu==x-u in R*\{0}.

Although this is well-known, we give its proof in Appendix in our style of notation, for the
convenience of the readers.
Also let us introduce the derivative operator

J=xxV=0xV,=e,0)—epd, ,

which stands for an angular momentum in quantum mechanics. Note that J commutes with
both of A and A,:

AT =JA, A J=JA, ;

the former equality is easy to check by using the standard coordinates, whereas the latter
follows from the former by use of (2.6).

The following proposition is known as the so-called poloidal-toroidal decomposition of
solenoidal fields:

Proposition 4. Let u € C°(R3)3 be a solenoidal field. Let A, B denote the poloidal,
toroidal potentials of w, that is, A = Gu , B = G(V x u). Then they satisfy the Poisson-
Beltrami equations

A, A=z-u , A,B=z (Vxu) (3.2)

and the poloidal-toroidal decomposition formula

up =V xJA=0op 'A;A— (9, + 1)V, A
u=up+ur, (3.3)
ur = JB

for all £ = po # 0. Moreover, this is an L?-orthogonal decomposition in the sense that

/ up(po) - ur(po) = / Vup(po) - Vur(po)do =0 .
52 52

proof. The proof of the equations in (3.2) follows by using Lemma 5 in Appendix.
We now prove (3.3). As in [9], it suffices to check that the solenoidal field

w(x) =u(x) —-VxJA—-JB
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vanishes everywhere; to do so, by direct calculation of the last two terms and their rotations,
we verify that:

JB = (e,0p — epby,)B ,
VxJA=Vx(xxVA)=-Vx (Vx(xA))
=A(xA) —V(V - (zA))
= (2VA+2AA) —V(3A+x-VA)
=xzAA—-2VA—x-VVA=2zAA—-(2+x-V)VA
= po (0 + )0, + p 7200 ) A= (2+ p0,) (00, A + 'V, A)
=op A A— (9, + 1)VoA,
VxJIB=0p 'A;B—(9,+ £)V,B,
Vx (VxJA) =V x (A(xA) = V(V - (zA4))) =V x A(zA)
=V X (xzAA) = —x x VAA .
By using these relations and (3.2), we see
r-w=x-u—A,A=0,
z- (Vxw)=x-(Vxu)—A,B=0.
Namely, w and V x w have no radial component. This enables the solenoidal field w =
weeq + wye, to satisfy
x-(Vxw)=Dow, —&,wy =0,
{ pV - w = Dowg +&,w, =0,
or equivalently
Og(wy sin @) — Op,wg = Og(we sinh) + dpw, =0 .
This fact implies
Ag(wgsing) = DyOg(we sin ) + 6,0,w
= Dy(—0,wy) + é,0¢(wy sin @) = (—Dydy, + 0, Dg)w, =0,
Ag(wy sinf) = Dyg(wy, sin ) + 8,0,w, = DgO,wy — é,09(weg sin )
= (Dy0yp — 0pDg)wg =0 .

Multiplying by —wg sin or —w,, sin 6, and integrating by parts over S?, we have
- / (wp sin @) A, (wg sin b)do = / Vo (wpsin@)|*do =0 ,
2 2

—/ (wy sin 0) Ay (wy, sin@)daz/ |V o (wy, sin@)*do =0 .
52 52

Then it turns out that V,(wgsind) = V,(w,sinf) = 0, that is, wssinf and w, sin are
constant on pS? for each p > 0. (Here pS? denotes the sphere of radius p centered at
the origin.) Since wy and w, are bounded on pS?, they does not diverge as 6 — +0;
therefore, such constant numbers must be zero, i.e., wg = w, = 0, which shows that
w = egwy + e,w, = 0 . Thus the proof of (3.3) is done.

It remains to show the L?-orthogonality of up and wz. To this end, we claim that

Vof Jgdo=0 for any f,g € C>(S?).
SQ
Indeed, a calculation of the integrand gives

Vof -Jg=(egOof + €, 8,f) (e,00g — €sé,9)
= _(60f)é1¢9 + (@wf)i?gg .
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By integration (by parts) on the both sides over S?, we obtain

Vof Jgdo = / [(Dg8y —E,00)g9do =0,
s2 s2

which proves the claim. Then we see

/Sr“up‘quU:f/S2 ((%Jrap)VUA).(JB):O

by applying the claim for f = (% +0,)A and g = B. Likewise, we also have

dpup - Opurds = — | V,8,((5 +8p)A) - JO,Bdo =0 ,
S2? $2

and hence
Vup - Vurdo = Veup - Vourdo = —/ up - Ayurdo
s2 s2 s2

_ _/ ((2+0,)V,4) - A,TBdo
.

_ _/ Vo ((2+9,)4) - JA,Bdo =0 .
S2

4. PROOF OF THEOREM 2: EVALUATION OF THE TOROIDAL AND POLOIDAL PARTS OF
HARDY-LERAY QUOTIENT

In the following, we assume u # 0 and [o, |[Vul?|z|*"dz < oo, since otherwise there is
nothing to prove. As in [1], there exists an integer k > —y — 2 such that Vu = O(|z|") as
|| — 0. It then follows from the condition “ u(0) =0 if v < —1 " that

lz[" 3u(z) = O(|jz|?)  for (4.1)

—

B—{ k+vy+3 if y<-1,

This ensures, since 3 > 0, that [, |u|?*|[*""?dz < co. Then it turns out, from the L*-
orthogonality of the decomposition u = up + ur in proposition 4, that

f]R3 |Vu|?|z|?"d _ fR3 |Vup|?|x|>dr + fR3 |Vur|?|z|?Ydz

Jus Pl =2de — fo Jupa2de + [ lur|?|e—2dz

Vaup|?[z27d Vaur||z|>7d
 in | S [V Plade foy (Ve de
Jes lurPlal?%dz * Jya urPlal?2da

(4.2)

if up # 0 and up # 0. Namely, the Hardy-Leray quotient for a solenoidal field is estimated
from bellow by the lesser of that for poloidal part and for toroidal part. Now, all we have
to do is to evaluate them separately.

4.1. Evaluation of the toroidal part. Let ur = JB # 0. By using the formula

Jf-Jg=Vof -Veg forany f,geC®(S?),
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we write the L?(S?)-integrals of ur and pVug in terms of the toroidal potential B as

/|uT|2da:/ |JB|2da:/ |V,B|*do ,

S2 S2 S2

,02/ |VuT|2dJ:/ (|p8puT|2+|VguT|2)dJ:/ <|p8pJB\2+|VJJB|2)dU
S2 S2 S2

_ /S (b2190,B1* — JB - JA,B)do
- /S (pQ\V,,apBF ~V,B- V[,A[,B)da
_ /S (20 B)* + 10,9, B ) do .
Now let us define the function f € C*°(R3\{0}) by
fl@)=p*iB = [z TGV x u)(2) ,

which is also continuous with compact support on R3; we note, for 8 > 0 given in (4.1), that

f(z)
2|V f ()

O(|=|?)
O(|z|”)

} as || — +0, (4.3)

which we can verify by using (3.1) with u replaced by V x u. Integrating the above L?(S?)
equations with measure p?7dp over R, and transforming B into f, we see

o0 o0 d
[ turPlepras = [T g [ V.BRas = [T [ (9. ppPdo
R3 0 S? 0o P Js?

/ |VuT|2|w|27dx:/ @/ (Agf)2da+/ da/ 1210,V ,Bdp .
R3 o P Js2 §2 0

Here the last radial integration is written in terms of f as
oo oo 1 2
/ p*1210,V . B|?dp = / |00,V o(p™ 2 )| 0™ dp
0 0

= [ = Vet 4 0,V

2dp
p
> 142 2 2\ dp 1 > 2
= | (O + PV SP 4 100,90 £12) 7 = (v 3) | 0,19, £y
> 142 2 2\ dp
-/ ((r+ 22190 112 + 160,91 /] )? ( by use of (4.3) ).

It then follows, by combining the above integral equalities, that

Juo [V Pzrde Jo L [2(Dof)?do + [s do [37 (('y + 12V 2 + |papvaf|2) de
Jos lur |z —2dz Jo7 22 [, | Vo f|2do
fooo % fSZ (Ao'f)zda

S [V, fPdo

In order to evaluate the last term, we use the spherical harmonics expansion of f :

>(v+3)2+

oo v _Aayvm = aVYVm )
fpo) = Z Z Jom(P)Yum(0,0) , N Yo =imYm (4.4)

v=0m=—v o, = I/(V + 1) .
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Then we have

fooo de fgz (Ao’f)zda fOOO dp fgz - de' . 21(30:0 E;jn:,l, 0412/ fooo |fVm(p>|2i;
fooo % fs2 |ng|2d0 fooo dp fs2 - de Zio 0 Zym:—u Qy fooo |f1/m(p)|2de)
o2 2dp 2

. Zu IZ’"L——I/ fO |fl’m | > inf ay,

— = Q7 .

> in
Zu 1 Em—fz/ ay fo |f1/7n |2dp veN a,
Hence the toroidal part of the Hardy-Leray quotient is estimated by

Jyo |V Pl de

Jrs lwr P> —2da

>(v+3)°+o . (4.5)

4.2. Evaluation of the poloidal part. Let up = V x JA # 0. Let us transform the
potential A into the function f € C°°(R3\{0}) by the formula

fl@)=p" 2 A= |22 Gu(x)
which is also continuous with compact support on R?; we note, for 3 > 0 in (4.1), that
f(x) =0(=|")

|V f(z) = O(|z|”) , as |z| = 40, (4.6)
|z[>V2f(x) = O(|x|”)

which can be verified by using (3.1). Then the poloidal part of u is expressed in terms of f
as

up = (28, — (2 +0,)V,)(p? ' f)
= p 2 (@A f = (3 =7 +p9,)Vof)
=p (oA = (5 =7+ 00V S) | (4.7)
where we have introduced the deformed radial coordinate ¢ € R by the transformation
t=logp,

whose differential obeys the chain rules: pd, = 0, , dt = d—; ; hereafter we prefer to use ¢ as
an alternative radial coordinate, rather than p .
Taking the absolute square of (4.7) yields

, 0
P upl = (80 f)? + (3 =) IV fP 10V = (3 =) 5 IVafP

dp

Integrating the both sides with measure |z|=3dx = ?da = dtdo, we can express the

L?(|z|*dx) integral of up/|z| as

/ |UP| |w|2’yd // 2’)’+1|u |2 de'—// 2'y+1|uP‘ dtdo
I Ry xS? RxS2

= [t [ ((Qoh?+ G-IV + 050 P)dr (@)
R S2

by use of (4.6).
In order to calculate the L?(|z|?>?dz)-integral of Vup, we start with calculation of its
spherical part; we see, by using (2.7) and (4.7), that

Ap (M 2up) = Ag(0Agf) = (3 =7+ 0)AcV, f
=0AZf+2(Ve —0)Asf — (2 =7+ 8) (Volof —20A,f)
=0 (AZfF+2(3 =7+ 0)Af) + (3 +7—0)VoAuf .
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Multiplication by —p"”‘%u p - and integration by parts over S? yield
/ IVoup|?p* do = */ P rup - AU(PW%UP)dU
s2 s?

= — /S2 ((Aaf)A[z;f + 2(% - ’Y)(Aaf)z + (% _ ’Y)(% + 7)(Aaf)2 _ (atAgf)z)dJ
~ [ ((@eD2080 1 + (3 =T ) - 05080 = Do) (3 + )V f o

- /S2 (|V0A0f|2 +((v+ D)2 =2)(Ar )+ (@Agf)Q)da . %)% /SQ(Agf)%la |

Integrating this with measure %” = dt over Ry 2 R | we obtain

~<d
J e R I ) e
R3 0 P Js2 R s2
= //R s (|VUAUf‘2 + ((7 + %)2 — 2>(Aaf)2 + (8tAaf)2)dtd0' , (49)
% S2

by use of (4.6). Also, we similarly calculate the radial part of Vup ; we see, by (4.7), that

p”%papup — p"”%p@p(p’%’”(aAg —(E—y+ 8t)VU)f>
= (3= (08 = (=7 +0)Vo) [+ (00D, — (5 =7+ 8)0:V,) [
=0 (~3 =7 +0) A + (G +NE =)+ (27 =18~ ) Vol .

Taking the absolute square of this yields
2

P p0punl? = (=3 =7+ 0080 f)" + | (3 +1(E =) + 27— 1o - 6}) Vo !
= (1 D2 (B )? + (3 = 12IVaf1) + (020 )?
+(2y =1+ 26+ )G = )I0Vo f 1+ |02V, |
o (3= + (341G =)y = DIV P
— (@7 DIOVo S~ 25 + )G = N)Vaf AV, f)
By integration of this with measure %ﬂ = dt over R, = R, and by use of (4.6), we obtain
[ towurterdo= [ (0437 (Ao + G = 0P19sP) + 0800
+ (27 =12+ 205 + )G =)Ao + |07, f| )t

= [ (0452 (Aah? + (G =P IVas P 41050 1P)
+ G =0V P+ (DD f) + |07V 17 )t

=0+ %)2/]R |up|2p%dp+/]R (@20 ) + (3 =700 S 4102V, S )t
+ (4.10)

Therefore, with the abbreviation

r.h.s.(--+) :=right-hand side of (---) ,
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the Hardy-Leray quotient for up # 0 is expressed as
Jgo [VupPlz[*dz rhs.(4.9) 4 [ rhs.(4.10)do

Jis lupPle=2dz rh.s.(4.8) = (43 + By(f), (4.11)
ks <v<anf2 +((r+3)° = 2)(Acf)? + 2080 f) + (5 = VN0V + |8§ng)2) dtdo
R = .
) Jhsse (Aof)? + (3 =12V P+ 10V, [ ) dido

In order to evaluate R (f), we take the one-dimensional Fourier transformation
~ 1 )
xz) = fleto) = f(\, o :—/6_“\’5 eto)dt
f@) = f(c'o) o fire) = = [ e (ele)

This operation commutes with the spherical derivative operator: V/\af = VUJ/C\. Also, the
radial ¢-derivative is changed into the algebraic multiplier: 0, f = i\f . By the L?-isometry
of the Fourier transformation, we can then rewrite R-(f) as

fﬁ%xy <|vaAoﬂ2 + (('Y + %)2 -2+ 2/\2)|A0ﬂ2 + ((% _ 7)2)\2 + >\4)‘VUJ/C\|2>d/\dJ
Jhexs2 (IAUJ?I2 +((3-12+ A2)|ng?|2)d>\da
The S? integration by parts in each of the denominator and the numerator leads to

, OO\, —A,) fdNdo
Rﬂ/(f) = I&XS JiQ( )f ,

ez Fa\, —Ag) Fdrdo
where @ and g are the polynomials defined by
Q()\7Q):a3—|—((fy+%) _2+2)\2)a +((% )2)\24-/\4)@
o) = a? + (37 + W)

Rv(f) =

We now expand f in the spherical harmonics {Y,m} asin (4.4). Then we have

=3 E:(ﬁan@mWAﬂ,

v=0m=—v

0 e Jr QO @) fum (V)2
R = S on 0]
ZD Ozm_—u f]R ()‘70‘11)|fum()\)| dA
— ZV IZm——y f]R (A, V)|/f/:ym(/\)|2d>\
Zu:l ZmzfyfR ) u)| ym()\)|2d)\
D
= fnf i o) ik ik B an) (4.12)
where
- Q) o (P 22 (e
Fy(z,a,) = VI, o) 2+ (G- ta)a

g)vﬁ>’

Eq.(2.36),—3]. As in [1] again, by checking that

_:c—i—al,( P
v

which is just the same as

1,
( 1/) (0 au)>F’Y(Oaal)v for v <1,
{ O (z,00) _ Ay =D(z+ (3 -7)?)

P (4o + (3 =m2)°

>0, for v>1,
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we obtain the minimum value of F,(z,a,) :

8 o) =g B en)

F,(0,0q) = (1 - Lﬂ) , for v<1
. ar+ (5 —7)? (4 13)
a1+min(x+M) for y>1.
>0 c+ar+(3-v2/"
Then it follows, by combining (4.12) with (4.11), that the poloidal part of Hardy-Leray
quotient is estimated by

fR3 |VUP|2|$|27d:E 1\o .
> 2 .
I JurPlaP2de = (VT 2) Tl by (men) (4.14)

where the value of m>i8 F,(0,0q) is given in the right-hand side of (4.13).

4.3. Conclusion. By combining (4.5),(4.14) with (4.2), we arrive at

fR3 |Vul?|z|?"dz
Jga lul?|z|?7~2dx

> min {r.h.s.(4.5) , r.h.s.(4.14)} = (y + 1)® + min {oq , rxnzigva(x,al)}
4+ (5 -1
3+ F(0,a1) = 3)? ,
(r+3P+ar=0+3)°+2, for 5 >1
= C'Y

for v<1

olw|nolwe

for every solenoidal fields w £ 0 . This completes the proof of Theorem 2 .

5. APPENDIX.

Here we show that the function S? x S? > (o,0”) + log(l — o - ') with o # o’ defines
a Green’s function of the Laplace-Beltrami operator on S:

Lemma 5. For every f € C*(S?), let us define the function Gy : S* — R by
Gy(o) = . f(a)log(1 — o -a')do’ for all o € 2.
Then Gy is smooth on S* and satisfies the Poisson-Beltrami equation
A,Gi(o) =4Anf(o) — /S2 f(a"Ydo'  for all o € S?.
proof. We construct the proof in the following steps:
Step 1. First of all, G¢(o) is well-defined for each o = (cos 8, sin 6 cos ¢, sin fsin ). Indeed,

since the matrix Ry = (0,090,6,0) = (0,e9,e,) € SO(3) maps e; = (1,0,0) to o if
o # te;, we have

/S? f(e")log(l — o - o')do’ = . f(e')log (1 — (Roe1) - o')do’
= / f(ReR;'o")log (1 —e1- R, o") do’
SZ

= | f(Rso')log(l—e;-0o')do’
S2

2m ™
= / dyo’ / f(Reo")(log(1 — cosd’)) sin6'de’.
0 0
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Here the second last equality follows by the change of variables, R;'o’ — o’. Since the
integrand in the last line is bounded on S?, the above integrals are all convergent, which
proves G (o) to be well-defined if o # +e;. Moreover, we obtain

Gy e C™(S\{+e,})

from the differentiability of the function o — f(R,0’). Replacing f by f o R, for the
rotation matrix Re, = (ez, —ei,e3), we also have Gfop,, = Gy o Re, € C(S*\{*e1}),
which implies Gy € C*° (S*\{£Re,e1}) = C®(S?\{*e2}). Hence Gy € C>(S?), as a result.

Step 2. For every g € C*°(S?), we prove that

Fy(o') := /s? Ayg(o)log(l — o - o')do = 4ng(o’) — / g(o)do (5.1)

S2
for any o’ € S%. To do so, we verify the formula
Foor=F;0oR for every R € SO(3).
We identify every g € C*°(S?) with g € C>°(R?\{0}) by the relation g(x) = g(x/|z|). Then
integration by parts together with the chain rule V,g(Ro) = R~'Vg(Ro) yields

Fyor(o') = / (Asg(Ro))log(l—o-0')do =— | V,g9(Ro) V,log(l—o-0')do
S2 s2
4 o' — (o o) Ro’ — (Ro’ - Ro)Ro
= . —d = .
/Sz (R Vg(Ro‘)) l—-0- 7= 52 V9(Ro) 1— Ro - Ro’
Ro’' — (Ro' - o)o
s2 Vy(o)- 1—0-Ro’

do

do=— [ V,g(o) Vslog(l —o - Ro')do
SZ
A,g(o)log(l — o - Ro')do = Fy(Ro') ,
SZ

where the third and the sixth equality follow from (2.5), and the fifth equality follows by
the change of variables Ro — o. Hence the proof of Fyogr = F,; o R is done. By choosing
R € SO(3) to satisty Re; = o’, we see that equation (5.1) is equivalent to

Fyor(e1) = Fy(Req1) = 4mg(Re1) — /82 g(Ro)do

Then replacing g o R by g reduces the proof of (5.1) to the special case o’ = e;. This case
is verified by integration by parts:

Fy(e1) = /S2 (Agg(o))log(l — o - e1)do = — Vgg(a) - Vo log(1 — cos8)do
m (sinf)?
= L. 0pg(0)Ig log(1 — cosB)do = 7/ dap/ Oog( 1 — cos@de

2m ™
= —/ dgp/ 0pg(o)(1 + cos 0)do
0 0

= - /027r dw([g(a)(l +cos )]y — /OTr g(o)(— Sine)d9>
~amglen) — [ alo)do

Thus the proof of (5.1) is done.
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Step 3. By the definition of Gy, integration of (5.1) with (signed) measure f(o’)do’ over
S? yields

/S2 Aog(0)Gy(o)do = / /S o Ar9(@)f(e)log(l — o - ')dorde’

~ [ (1nste") - [ a(e1a0) ("0
= [ st (4r1(0) - [ sio")io") o

On the other hand, since g and Gy are smooth, the self-adjointness of A, in L?(S?) gives

/g(a)AaGf(O')dU:/ A, g(o)Gy(o)do .
S2 s2

Hence combining the two results yields

[ soa.Gtorin = [ o) (snsta) - [ sto1ao ) do

Since the choice of g € C*(S?) is arbitrary, the two integrands in the both sides must
coincide, which proves the desired equation. [l
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