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Abstract

Our aim is to study the modular inequalities for some operators, for
example the Bergman projection acting on, in Lebesgue spaces with variable
exponent. Under proper assumptions on the variable exponent, we prove
that the modular inequalities are hold if and only if the exponent almost
everywhere equals to a constant. In order to get the main results, we prove
a lemma for a lower pointwise bound for these operators of a characteristic
function.
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1 Introduction

The study on variable exponent analysis has been rapidly developed after the
work [18] where Kovacik and Rékosnik have established fundamental properties of
variable Lebesgue spaces (see also [4, 14, 21]). In particular the theory of variable
function spaces in connection with the boundedness of the Hardy—Littlewood max-
imal operator M has been deeply studied. Cruz-Uribe, Fiorenza and Neugebauer
[6, 7] and Diening [9] have independently obtained the log-Holder continuous con-
ditions that guarantee the boundedness of M on variable Lebesgue spaces. We also
note that the recent development of variable exponent analysis has the extrapola-
tion theorem from weighted inequalities to norm inequalities on variable Lebesgue
spaces ([5, 8]).

In general, the boundedness of M on the variable Lebesgue space Lp(')(R”)
describes that the norm inequality

”MfHLP(‘)(R") <C ”fHLp(~>(Rn) (1-1)

holds for all f € LPO)(R™), where C is a positive constant independent of f. Lerner
[19] has pointed out the crucial difference between the norm inequality (1.1) and
the following modular inequality

M f(z)P™@ dz < G/ | f ()P dax. (1.2)
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More precisely, Lerner has proved that p(-) must be a constant function whenever
1 < ess Hian p(z) < esssupp(z) < oo and the modular inequality (1.2) holds. Izuki
Tx€eR™ rER"

[11] has considered the difference for some operators arising from the wavelet the-
ory. Izuki, Nakai and Sawano [13, 14] have given an alternative proof of Lerner’s
result. They have also studied the problem in the weighted case ([15]).

Recently, Izuki, Koyama, Noi and Sawano [12] have considered some modular
inequalities for some operators. In this paper, we focus on three operators below.
First, we investigate the Bergman projection operator on the unit disc D in the
complex plane. The generalization of holomorphic function spaces in terms of vari-
able exponent and the boundedness of Bergman projection operators on variable
exponent spaces have been studied ([1, 2, 3, 16, 17]). Among them we focus on
the work [1] due to Chacén and Rafeiro. They defined Bergman spaces AP0 (D)
with variable exponent p(-) on the open unit disk . Applying the local log-Hélder
continuous condition and the extrapolation theorem, they proved the density of
the set of polynomials in A”()(ID) and the boundedness of the Bergman projection
P : [PV(D) — AP0)(D) and the a-Berezin transform B, : LPO(D) — LPO(D). In
particular, Chacén and Rafeiro [1] have obtained the norm inequality

HPfHLP<‘>(D) <C ”fHLP(')(]D)) (1-3)

for all f € LPO(D).
Second our target operator is

BRif(Z):_?l/R %d/l(w), z=x+iy e R2,
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where dA(w) denotes the Lebesgue measure and Ri is the upper half-space over
R? ~ C. Karapetyants and Samko [17] proved that BRi is a projection from
LPO(R2) onto APO(R2) if p(-) € P(R%) satisfies the log-Holder condition and
the log-decay condition ([17, Theorem 3.1 (1)]). So they have obtained the norm
inequality

1Bgz fllror @2y < Cllf Nl 2 (1.4)

for all f € LPO(R2).

Finally, we consider bgn, the harmonic projection in R’. Let R’ stand for
the upper half-space over R™ with n > 2. For x = (x1,29,...,2,), we write
' = (21,%2,...,05-1) and T = (2', —x,). Asusual, h?(R"}) stands for the harmonic
Bergman space of harmonic functions that belong to LP(R’). Here and below

dA(z) denotes the Lebesgue measure. The corresponding Bergman projection bry
defined by

bey J(@) = [ R f(0)aA )

+
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is bounded from LP(R%) onto h?(RY) ([22]). Namely bg- f € h?(R’}) and the norm
inequality
b=y fll oy < CllFlocen) (1.5)

hold for all f € LP(R%). Karapetyants and Samko have extended (1.5) in the
variable exponent settings ([17, Theorem 5.1 ]).

In the present paper, we consider the modular inequalities corresponding to the
norm inequalities (1.3), (1.4) and (1.5). More precisely, for example, if p(-) satisfies

1 < esssupp(z) < esssupp(z) < oo
zeD zeD

and the modular inequality
[1Pr@roaae <o [ i1
D D

holds for all f € LP0)(D), then the variable exponent p(-) must be a constant
function. We can prove similar results for BR’l and bm . In order to prove them
we need a lower bound for the image of the characteristic function of a certain set.
We will show a key lemma for the lower bound before the statement of the main
results.

In the present paper we will use the following notation.

1. Given a measurable set E, we denote the Lebesgue measure of E by |E|. We
define the characteristic function of £ by xg.

2. A symbol C always stands for a positive constant independent of the main
parameters.

2 Function spaces with variable exponent
Let D be the open unit disk in the complex plane C, that is,
D:={zeC: |z| <1}
Let also R’} be the upper half plane, that is,
R" :={z = (2/,2,) eR" : 2’ e R" !, 2, > 0}.

In the present paper we concentrate on the theory on function spaces defined on
D or R} with n > 2. We first define some fundamental notation on variable
exponents. Let X denote either D or R} .

Definition 2.1.

1. Given a measurable function p(-) : X — [1,00), we define

py i=esssupp(z), p_ :=essinfp(z).
zeX zeX



2. The set P(X) consists of all measurable functions p(-) : X — [1,00) satisfy-
mg 1 < p_ and py < o0.

Chacén and Rafeiro [1] defined generalized Lebesgue spaces and Bergman spaces
on D with variable exponent.

Definition 2.2. Let dA(z) be the normalized Lebesgue measure on X and p(-) €
P(X). The Lebesque space LPO)(X) consists of all measurable functions f on X
satisfying that the modular

mﬁ%zéwwwmmw

is finite. The Bergman space AP)(D) is the set of all holomorphic functions f on
D such that f € LPO)(D).

We note that LP*)(X) is a Banach space equipped with the norm

[fllzoerx) := inf{A >0 = pp(f/A) < 1}
The projection P : L*(D) — A%*(D) is called the Bergman projection and given
by

Pf(z) = /D(fﬂd/x(w).

1 —wz)?
It is known that P : L?(D) — AP(D) is bounded in the case that 1 < p < oo is a

constant exponent ([10, 22]). See also [20] for the case of p = 2.
Chacén and Rafeiro [1, Theorem 4.4] proved the following boundedness:

Theorem 2.3. Suppose that p(-) € P(D) satisfies the local log-Hélder continuous
condition
C
<
log(e + 1/|z1 — 22])

Then the Bergman projection P is bounded from LPY)(D) to APC)(D), in particular,
the norm inequality

Ip(21) — p(22)] (21, 22 € D).

1P fllror @y < C I fllro) )
holds for all f € LPV) (D).

In the following sections, we consider the modular inequalities corresponding
to the norm inequalities (1.3), (1.4) and (1.5).

3 Bergman projection on D

Theorem 3.1. Let p(-) € P(D). If the modular inequality
[1Ps@IaaG) < ¢ [ 15GpRaac) 3.
D D
holds for all f € LPY)(D), then p(z) equals to a constant for almost every z € D.
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In order to prove this theorem, we apply the following lower pointwise estimate
for the Bergman projection.

Lemma 3.2. Let 7 € D. Then there exists a compact neighborhood K, of T such
that
Re(Pxp(2)) = ¢ | E|

for all measurable sets E C K., where ¢, is a positive constant depending only on
T.

Proof. Note that there exists a compact neighborhood K of 7 such that

) 1
Cr = Z;Iégﬂ Re (m) > 0.

Thus,

Re(Pxe(=)) = [

E

Re (= ) datw) 2 . [ datw) =l

as required. [
Now we prove Theorem 3.1.

Proof of Theorem 3.1. Let 7 € D and K. be the compact neighborhood appearing
in Lemma 3.2. Assume that p(z) does not equal to any constant for almost every
z € K. Then we can find subsets K of K, such that

sup p(z) < inf p(z). (3.2)
ZEK; ZEK;—F

Using Lemma 3.2 and modular inequality (3.1), we have

[ B rPaae) < [ kP (P dAR) <€ [ (g dA)
K+ Kt T D "
for all £ > 0. Consequently, if kc,|K~| > 1 and k > 1, then we obtain

[ (e B )™ ee P < O e 2,
This contradicts to (3.2). Consequently, it follows that for all 7 € D there exists
a compact neighborhood K such that p(z) equals to a constant for almost every

z € K,. Since D is connected, it follows that p(z) equals to a constant for almost
every z € D. (]

. . 2
4 Bergman projection onto R

As the following lemma, shows, B]Ra+ is not degenerate.



Lemma 4.1. Let 7 € R3. Then there exists a compact neighborhood K. of T such
that

Re (Bzz (xn)(2)) = C-| B
for all measurable sets £ C K.

Proof. Let 7 = a+ i € C ~ R2. Firstly, we prove that there exist a compact
neighborhood K, of 7 such that

()

holds for any z,w € K,. To do this, we consider the real part of (z — w)? keeping

in mind that . = )2
Z—w
Re(oz—w) ‘Re(|z—w|4> |

We can take v > 0 so that 5 —~ > 0 because 8 > 0. We learn that

K,={z+yi:a-(f-7)/2<z<a+(8-7)/2,8-7<y<B+7}CRY)

does the job. Let z = a+bi, w = c+di € K,. Tt is easy to see that Re(z —w)? < 0
since
Z—-w)?=(a—c)—(b+d)?—2(a—c)b+d)i
and l[a —c| < B —v<2(f—7) < |b+d|.
Finally, we have

Re(Bi (xe(20) = = [ o (=) daw) 2 €, [ daw) = c,lB)

s Z — )
for any £ C K. [

Using Lemma 4.1 and an argument similar to the proof of Theorem 3.1, we
obtain the following theorem. So we omit the proof.

Theorem 4.2. Let p(-) € P(R2). If the modular inequality

J

holds for all f € Lp(')(Ri), then p(z) equals to a constant for almost every z € R%.

p(2)
BRi f(2)

JA(z) < C / FEPP dA(2)

2 2
+ R

5 Harmonic projection in R

The same technique can be applied to the harmonic projection over R}.

Theorem 5.1. Let p(-) € P(R?). If the modular inequality

J

holds for all f € LPO(R™), then p(z) equals to a constant for almost every z € R™.

p(2)
b f(2)

dA(z) < C / £ dA(2)

n n
+ R%
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Proof. Let x = (2',x,) € R be fixed. Then we have

n(z, +2z,) — |z —2* n—1
’35 _ 2|n+2 T 9n+2 Ln

—n

for z = (¢/,2,) = x = (2/, x,). Thus we obtain

n(Tn+yn) —lz—9y* n—-1
|z — |+ on+3 'n

as long as y = (v, y,) belongs to an open neighborhood U of x. Thus, if we go
through the same argument as before, we see that p(z) equals to a constant for
almost every z € RY}. [
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