A SYSTEM OF NONLINEAR SCHRODINGER EQUATIONS
WITH SINGLE DELTA-FUNCTIONS AS INITIAL DATA
IN n» SPACE DIMENSION

Naoyasu Kita
Faculty of Advanced Science and Technology,

Kumamoto University
AND
Shoji Shimizu
Graduate School of Maritime Science,

Kobe University

Abstract

This paper treats a system of nonlinear Schrédinger equations with single -
functions as initial data. By imposing d-functions on the initial data, the partial
differential equations are reduced into a couple of ODEs, and the behaviors of the
solutions are observed in detail. Doi-Shimizu [2] considered a similar problem in
case that the powers of nonlinearities coincides in both equations. But this paper
removes this coincidence, considers the global existence and finite time blow-up of
the solutions.

1 Introduction and Main Results

We consider the Cauchy problem for the coupled nonlinear Schrodinger equations:

10pu + 5 Au = M |vP
100 + ﬁAv = Ao|u|P> o, (1.1)

u(0,2) = péq(x),v(0,x) = viy(z),

where the complex-valued unknown functions v and v are defined on ¢ € R, v € R" with
n > 1, my, my are nonzero real numbers. The Laplacian is given by A = 377 9*/0x3. In
the nonlinearities, the powers satisfy p1,ps € (1,14 2/n) and the coefficients A\;, Ay takes
values in C. We will solve (1.1) with d-functions as initial data, where J.(z) denotes the
Dirac é-function supported at = ¢ € R"™ and u, v € C with puv # 0. In particular, when
ImA; or ImJ); is negative, the corresponding nonlinearity affects as dissipation. On the
other hand, when it is positive, the corresponding nonlinearity affects as amplification.
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When the initial data are given by single d-functions, the problem in (1.1) is re-
duced into that of ODEs. In fact, assuming that u(t,x) = A(t)Up, (t)0.(z) and v(t, x) =
B(t)Up, (t)0p(x) where U,,(t) = exp(itA/2m) denotes the one-parameter group for the lin-
ear Schrodinger operator —ﬁA and A(t), B(t) are functions depending only on ¢-variable,
we see that (1.1) is transformed into

dA
i U (13 = M| BUy ()50] ™ AU, (1)35
.dB _1
i Unna ()35 = Aol AUp (£)8]" ™ BUw (1),

A(0) = u, B(0) = .

Note here that U, (t)6, = (my/2mit)"/? exp(imy|r — a|?/2t) etc. Then, matching the
coefficients on both hand sides, we have the following coupled ODEs :

dA

i— = mt B A,

dB

i = mt AP, (12)

A(0) = p, B(0) = v,

where 1, = A (my/27) P12 py = Xo(my /27)P2~D/2 and d; = (p; — 1)n/2 (j = 1,2).
Since pi,p> < 1+ 2/n which implies that dy, dy < 1, t~% and t~% are integrable around
t = 0, it is easy to show the local well-posedness of the solution (A(t), B(t)) to (1.2)
in C([0,7);C x C) N C'((0,T);C x C) due to the simple application of the contraction
mapping principle. Remark here that we have focused on the well-posedness on (1.2), and
we do not consider the uniqueness of the solution to the original nonlinear Schrodinger
equations (1.1) since it causes a very difficult problem in the nonlinear estimate under
the function spaces of low regularity. Then what one can conclude for (1.1) is only the
existence of a solution. The aim of this paper is to make sure whether the interval [0,T)
in which the solution to (1.2) exists can be extended to [0,00) or not, and to classify
the decay estimates of u(t) = A(t)Uy,, (t)d, and v(t) = B(t)Un, (t)dy if the solution exists
globally in time. Doi-Shimizu [2] solved this kind of problem in the case that the nonlinear
powers coincide, i.e., p; = ps = p € (1,1 + 2/n) by deriving the conservative quantity :

A@P~  [BOPF
Im Im 7,

(1.3)

It is easy to make sure that (1.3) is conserved. In fact, multiplying Imn,| A(¢)[P~3A(t) on
the first equation of (1.2) and Imum;|B(t)[P~3B(t) on the second, taking subtraction and
taking the imaginary part, we will find that the quantity of (1.3) is conserved. By the
conservation of (1.3), the ODE system (1.2) is reduced into two single equations, and
the standard approach based on the method of separation of variables works well. The
conservation of (1.3) is , however, obtained in virtue of the coincidence of p; and ps.
Hence we need to employ another approach in the present case p; # p,. Before stating
our theorems, a rough sketch of the results on global existence or blow-up in finite time of
the solution to (1.2) is exhibited on Table 1.1. The behaviors of the solutions (A(t), B(t))

are classified by the sign of ImA; and ImA\s,.



| [ Imhd<0 | Iml=0 | Iml>0 |

ImXA; <0 Global Global Global
(Theorem 1.1) | (Theorem 1.3) | (Theorem 1.2)

ImA; =0 Global Global Global
(Theorem 1.3) | (Theorem 1.3) | (Theorem 1.3)

ImA; >0 Global Global Blow-up
(Theorem 1.2) | (Theorem 1.3) | (Theorem 1.4)

Table 1.1: Classification of global existence or blow-up in finite time

Our goals are to obtain decay estimates of the global solutions, and to clarify the
blowing-up rate of the non-global solutions. Theorem 1.1 treats the case that the both
nonlinearities of (1.1) plays a role of dissipation. It assets that the relation of the coeffi-
cients u, v in the initial data determines which unknown variable rapidly decays.

Theorem 1.1. Let ImA\; < 0 and ImAy < 0 which indicates Imn; < 0 and Imn, < 0
respectively in (1.2). Then there exist solutions to (1.1) described as u = A(t)Uy, (1)d,
and v = B(t)Uy,, (t)dy globally in time, where

(A(t), B(t)) € C([0,00); C x C) N C*((0, 0); C x C).

Furthermore, let « =1/(ps —1) —n/2 and B =1/(p1 — 1) —n/2. Then, for the solutions
u and v, we have

(1) if |p| is small in comparison with |v| in the sense that the inequality :

a/(p1—1) B/(p2—1)
W () < ()
[Imm; |e [Im7s|e

holds, there exist some positive constant C such that

lu(t, )|z~ = Ot exp(=Cit®~D7)), :
lo(t, )= = O@™?) (1.5)

ast — oo.

(13) if |p| is large in comparison with |v| in the sense that the inequality :

a/(p1—1) B/(p2—1)
i () ()
[Tmm; |e [Tm7|e

holds, there exist some positive constant Cy such that

lu(t, M= = O@™?), (1.6)
lo(t, Yz = Ot "/ exp(~Cyt?2=D)) (1.7)

ast — oo.



(230) if |u| and |v| are balanced in the sense that the equality :

a/(p1—1) B/(p2—1)
o () =t ()
[Im7n, |e |Immn, |e

holds, the ||u(t,-)||L~ and ||v(t,-)|| L~ decay in polynomial order. Precisely speaking,
we have

lu(t, )= = O V1), (1.8)
lo(t, )= = O@H@=Y) (1.9)

ast — oo.

Theorem 1.2 below treats the case that one nonlinearity is dissipation and the other
is amplification. It asserts that the solution does not blow up but exists globally in time.

Theorem 1.2. Let ImAImAy < 0 which indicates TmmImny < 0 in (1.2). Then there
exist solutions to (1.1) described as uw = A(t)Upn,, (t)0, and v = B(t)Up,(t)d, globally in
time, where

(A(t), B(#)) € C([0,0);C x C) N C}((0,0); C x C).
Furthermore, we have
(7) if ImA\; < 0 and ImAy > 0, there exist some positive constant Cy such that

u(t, M= = O™ *exp(—Cyt'm1=1/2)), (1.10)
lo(t, Iz = O™ (1.11)

ast — 00.

(73) if ImA; > 0 and ImAy < 0, there exist some positive constant Cy such that

u(t, )~ = O3, (1.12)
[ot, Mz = Ot exp(=Cot' 27 1/2)) (1.13)

ast — o0o.
Theorem 1.3 treats the case that at least one nonlinearity is of mass-conservation.

Theorem 1.3. Let either ImA; = 0 or ImAy = 0 hold. Then there exist solutions to (1.1)
described as u = A(t)Up, (t)0, and v = B(t)Up,(t)d globally in time, where
(A(t), B(1)) € C((0,00); C x €) (0, 00); C x ©)

Furthermore the solutions u(t) and v(t) admit
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u(t, L~ = O3, (1.14)
o (2t
oM oo = /2 SRR pAen(pe—1)/2 1.1
ot = = O e (S ) ()
ast — oo.
(i) if Tmhs = 0,
_ 20mn, vt
t. M = /2 AR pAen(pi=1)/2 1.1
futt. om = O 2exp (2 . )
[ot, = = O™ (1.17)

ast — oo.

It remains to consider the case that both nonlinearities of (1.1) are amplification.
Theorem 1.4 asserts that the solutions blows up in finite time. Of course, it is difficult
to obtain the explicit descriptions of the solutions. However sharp blowing-up rate of the
solution is determined.

Theorem 1.4. Let ImA; > 0 and Im\y > 0. Then there exist solutions to (1.1) described
as u= A(t)Up, ()0, and v = B(t)U,,,(t)d, where
(A(t), B(t)) € C([0,T7);C x C) N C*((0,77);C x C)

for some T* > 0. Furthermore |A(t)| and |B(t)| blow up simultaneously at T*. Precisely
speaking, we have

(T*) (p2—1)n/2

i (T — HIA@) = oy = 1)l (1.18)
e (119
where « =1/(ps — 1) —n/2 and 5 =1/(p1 — 1) — n/2.
The single nonlinear Schrodinger equation with a d-function as initial data, i.e.,
{ i 120

was considered in [1, 3,4, 5]. If 1 < p < 1+42/n, Banica and Vega [1] constructed a solution
of the form u(t,x) = A(t)U(t)da(x), where A(t) denotes an amplitude depending only on
t-variable and U (t) = exp(itA/2) denotes the Schrodinger group. In their work, solutions
with the perturbed initial data described as u(0,z) = pud,(z) + v(x), where v(z) € L*(R)
were also investigated. Kita [5, 4] treated the case that the initial data is given by the
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superposition of multiple d-functions. The idea on the construction of solutions to (1.1)
is based on these works. However, in coupled case, the solutions sometimes present the
exponential decay or grow-up as in Theorem 1.1-1.3, which is distinguished from the single
case. It is interesting to refer to Kenig-Ponce-Vega’s work [3], which considered the case
of n =1 and p = 3 — their idea can be also applied to the case of n < 2 and 1+ 2/n < p.
They proved the ill-posedness of the solution to (1.20), and their theorem asserts that there
exist no solution or more than two solutions to (1.20) in C([0,7);S’(R)), where S'(R)
denotes the space of tempered distributions. Hence the condition 1 < py,p2 < 14+ 2/n
is required in this paper to avoid the ill-posedness on (1.1). As for another singular
initial data, Wada [6] considered the Cauchy problem when the initial data consists of
p.v.z~t + (L*(R)-function), and the global existence of solutions was proved.

2 Deformation of the Coupled ODEs

Unlike Doi-Shimizu’s approach [2], our method of the proofs is based on the change of
variables. Let A(t) = t~*A(t) and B(t) = t ?B(t) where o and § will be found to be
a=1/(pp—1)—n/2>0and § =1/(p1 — 1) —n/2 > 0 later. Substituting them into
(1.2), we have

A - _
: dfﬁt> = (at™' —init @ DB B4 P A(t),
dB(t - .

di ) (BtF — ippt~ 2P| A(4) |2 B(¢).

Choosing « and 3 so that 1 =d; + (p1 — 1)5 and 1 = dy + (p2 — 1), we have

PO _ o — il B ) A,
d (2.1)
BB _ 1715 — il AP B,

Let A(t) = A%(s) and B(t) = B¥(s) with s = logt € (—00,00). Then the ¢t~ in (2.1) is
dropped out, and we have

ﬁS
%%§Q—<a—mm3w$vlwAwa,

i(s
di§)=<ﬁ—mmA%@PfUBW$~

We are interested in the feature of |A*(s)| and | B*(s)|, which satisfy

d|1‘i;8(8)| _ (a—|—Imm‘Bﬁ(S)‘plfl)‘Au(S)L
(2.2)
B _ (5 4 um A% P)| BE )



For |A*| and |B¥| satisfying (2.2), an explicit constraint is derived, which is described in
Lemma 2.1 below.

Lemma 2.1. The solutions |A*(s)| and |B*(s)| to (2.2) vary under the constraint :

| A (s)|” exp ( Tm, ‘Au(s)‘pzl) _ ’Bﬁ(_s)wexp ( T, |Bﬁ(5),p11> ' (2.3)

|1l p2—1 || pr—1

Proof of Lemma 2.1. From (2.2), it follows that
d|B*| (B + I |A*P2~1) | BY|
d|A* (o + Imnp| BEPr =) Af|
Since this is the differential equation of separation of variables, we see that

ﬁ+1mn2|Aﬁ|p2*1d|Au‘ :/a+1m771|Bﬁ|p11
| A% | BY|

d|BY|,

which leads us to
I I
|Aﬁ|ﬂexp< . |Aﬁ|m—1) _ (J|Bﬂ|aexp< T |Bﬁ|p1—1) (2.4)
P2 — 1 P1 — 1
with some constant C'. To determine the constant C', we are going to use the profile of
|A%(s)| and |B*(s)| as s — —oo. Since |A*(s)| = t®|A(t)| and |B¥(s)| = t°|B(t)], (2.4)
yields

9 AWD)] exp ( Ly |taA<t>|p2-1)
py—1

I
= CP|B(t)|* exp (pm"’ll |tﬁB(t)ym—1> . (2.5)
1

Divide the both hand sides of (2.5) with t*, and take the limit + — +0. Then we see
that |u|? = C|v|* and obtain (2.3). O

3 Proof of Theorem 1.1

From the view of the dynamical system, the presence of three kinds of classifications in
Theorem 1.1 is easy to be understood. Before the rigorous proof is exhibited, we will
overview how to observe the behavior of the solutions by applying the dynamical system
approach to the ODE system (2.2). The stationary point of (2.2), i.e., the point where
d|A¥|/ds = d| B¥| /ds = 0 holds are (| A%|, | B¥|) = (0,0) or ((3/|Imny|)/#>~1), (a/| Ty |) ¥/ ®1=1)).
Let (as, bs) = ((8/|Imna|)/®2=Y (a/|Immn; |)*/®1=Y). Then, observing the sign of the right
hand side of (2.2), we know that

(i) if 0 < |A*| < a, and 0 < | B¥| < b, both |A*(s)| and | B*(s)| are monotone increasing.

(ii) if as, < |A*| and 0 < | B*| < b, the |A*(s)| is monotone increasing, and the |B*(s)| is
monotone decreasing.

(iii) if 0 < |A*| < a, and b, < |B*|, the |A%(s)| is monotone decreasing, and the |B*(s)|
are monotone increasing.



Combining these properties together with
lim |A%(s)] = lim |B*(s)| = 0, the solution

curves on the |A*|-| B*| coordinate plane are ex- (iii) ;?itlll?nary
pected to be the flows shown in Figure 3.1. The b=/ (A (i)
curves (i) suggest the rapid decay of wu(t) and
slow decay of v(t) as in the statement (i) of The-
orem 1.1, and the curves (ii) suggest the slow :

decay of u(t) and rapid decay of v(t) as in the 0 d; | A" |
statement (i¢). The curve (iii) which connects
the origin O and stationary point (as,bs) sug-
gests the polynomial decay of both u(t) and v(t)
(but it presents more rapid decay than the free
solutions) as in the statement (i7i). We also remark that the curve (iii) is the boundary
between the regions of curves (i) and (ii). This observation let us presume that the situ-
ation as in the statement (i7i) emerges under the exquisite conditions on the initial data
and so it scarcely takes place.

Figure 3.1: solution curves

We are now going to prove Theorem 1.1.

Proof of Theorem 1.1. We define two functions f and g by

B
e = héﬁexp (]%51) (3.1)
90O = exp (Imifp”) : (3.2)
v pr—1
Then, from Lemma 2.1, it follows that |A%(s)|
and |B*(s)| vary while satisfying f(|A¥s))) = forg
g(|B*(s)|) as in Figure 3.2. It is helpful in
our proof to sketch graphs of f and ¢g. Since f

Imn; < 0 and Imn, < O are assumed, both f T Y
and g take critical values. Considering f'(£§) =0  g(b,)f------ AN, /

and ¢'(§) = 0, we see that the function f takes ! g
maximum value at & = (3/|Imny|)"/ P21 (= A T

as) and so does g at & = (a/|Imny|)Y/ P11 (= o 1B TEO . £
bs). The function f monotonically increases on b, ¢ a

the interval (0, as) and monotonically decreases

on (as,00). The function g monotonically in- Figure 3.2: Transition of |A*(s)| and
creases on (0, b,) and monotonically decreases on | B¥(s)|

(b, 00). Keeping these properties in our mind,

we proceed in the proof.

(1) (Step 1) We first show that |B*(s)| — oo as s — oo. From (2.2), the global existence
of B*(s) follows by considering

d|B(s)|

~ < 1B,
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which yields |B¥(s)| < |B%(sq)|e?*=*) for s > sy. (The global existence for A*(s) analo-
gously follows.) Note that the assumption in (¢) suggests the relation of maximum values
: flas) > g(by). Let €& = min{¢ > 0; f(&) = g(bs)}. Then the solution |A*(s)| never
exceeds &* since two solutions |A%(s)| and |B*(s)| are continuous with respest to s and
must satisfy f(|A%(s)|) = ¢g(|B*(s)|). Then we have |A%(s)| < £* < a,. This implies that,
for some p > 0, it holds that 8 + Imns|A*(s)|P2~! > p. By the second equation in (2.2),
we see that

d|B¥(s)]
Bt
" B Gs))
which yields
|B¥(s)| > |BF(s0)|e?~) (3.3)

for any s > so. Hence we see that |B¥(s)| — oo as s — oo.

(Step 2) We will show that |A*(s)| — 0 as s — oo. In fact, by the first equation of (2.2),
we have, for s > s,

A1 = 1o ([ (ot B )

S0

Applying (3.3), we see that

EXC]

IA

|Aﬁ(50)| exp (/ (a _ Cep(pll)(aso))do-)

S0

< Chexp (afs — sg) — Certrr=lsms0))
< Cyexp(—Ce™) (3.4)

— 0 (ass— 00).

(Step 3) We will show that |B*(s)| = O(e”*). In fact, by the second equation of (2.2), we
have, for s > s,

Bl = 1elew ([ 6+l ).

S0

Since (3.4) yields [>°|A*(0)[P>~'do < oo, it follows that

B = 0 xexp (Jm [ |4 o )
= Ce’ + CR(s), (3.5)

where the remainder is given by

R(s) = ¢ {exp (|Im172| /:O |Aﬁ(a)|m—1da> - 1} .

By (3.4), we see that

R(s)

IN

Cef / |4 (o) Lo
< 6’052_1655/ exp(—C"e“"%)do. (3.6)
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By I'Hopital’s rule, we have

[T exp(=C"eC7)do
lim == - -
s—oo exp(—C"eC"s) x e=¢'s
— lim —exp(—C"e™)
s—oo —C"(C" exp(—C”ec/s) — eXp(_C/lec/s) x e—C's
1
C//C/'
Hence, from (3.6), it follows that R(s) = O(exp(—C"e%®)) as s — oo, and so we obtain
the asymptotic profile of |B¥(s)], i.e.,

|Bf(s)] = Ce” 4 O(exp(—C"e")) (3.7)

as s — 00.
(Step 4) We will show the sharp decay estimate of |A*(s)| as s — co. By Lemma 2.1, we
have

| A¥(s)]

| B (s)[/9 T,
P ((

_ Immn, _
— % Bi(s)|Pr—1 — Ab(5)|P2 1) )
R e 0] S146)

(p2 — 1)
Applying (3.4) and (3.7), we see that

Co/Beos Imn, CP1—1
Al(s)] = J| X ———— exp (—e(p1_1)55>
e R A P VT

X (1 + O(exp(—C"'eC’S))) (3.8)

as s — 00. Recall the deformation of A(t) and B(t) in §2. Then we see that |A(t)| =
t=2|A*(logt)| and |B(t)| = t | B*(logt)|. By (3.7) and (3.8), we obtain

ool Imn, CPr—1
At)] = X ——— exp <—t(p1_1w>
AG] = el > a7 o —1)3

X (1 n o<exp(—c"'t0’)>) (3.9)
and
IB(t)] = C + Ofexp(—C"t")) (3.10)

as t — 0o. Since ||u(t)||pe = |A(t)Un, (t)04] and ||v(t)||re = |B(t)Un, (t)0s| together with
U (8)0|| Lo = (m/2mt)"/2, (3.9) and (3.10) yield Theorem 1.1 (3).

(ii) By exchanging the roles of |A*| and |B¥|, the proof follows analogously in the proof
of (7).

(737) The assumption in the statement (iii) suggests that f(as) = g(bs). Both the solutions
| A%(s)| and | B*(s)| satisfying (2.2) are monotonically increasing while they do not exceed
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as and by respectively. The |A*(s)| never reaches a, for finite s, and | B*(s)| never reaches
b, either. In fact, if there exists some sy for which |A*(s)| = as, then, for the same s,
|B%(sq)| = bs. Note that (as,bs) is the stationary solution to (2.2), and the uniqueness
of the solution yields (|A*(s)|,|B*(s)|) = (as,bs) for s € (—00, s¢]. But it contradicts the
fact that lim |A*(5)| = 0 and lim |B¥(s)| = 0. Hence we see that lim |A*(s)| < a, and
lim |B*(s)| < b,.

Suppose that lim |A*(s)| = a*(< a,) and lim |B*(s)| = b*(< b,). Then we will have

contradiction. In fact, from (2.2), it follows that

|[A¥(s)] — [A¥(s0)| = /s(a + I | B¥(o)[" )| A¥(0) | do

S0

g / (0 + T [* ') | A¥(s0) |dor

S0

= (a + Ty [b" [P 71) [ A¥(s0) (s = s0).

Taking s — oo, we see that this inequality causes a contradiction. Therefore we have
lim |A%(s)| = as. Since f(as) = g(bs), we also have lim |B*(s)| = b,, which implies that

|A(t)] ~ ast™ and |B(t)| ~ byt =¥ as t — co. Hence it follows that

= MmN )

[u) ||z~ = AU, ()30l (%) a.t 7
ma\"™2 .

||'U(t)HLoo = ||B(t>Um2<t>6b||L°° ~ (2_7:) bst 1/(p1—1)

as t — oo. Now the proof of (ii7) is complete. O

4 Proof of Theorem 1.2 and 1.3

We will prove only Theorem 1.2 (i) and Theorem 1.3 (7).

Proof of Theorem 1.2 (7).

(Stepl) We first show that |B*(s)] — oo as forg
s — oo. Let f(§) and g¢(§) as defined in
(3.1) and (3.2). By Lemma 2.1, the solu- S/
tion (A*(s), B*(s)) is subject to f(|A¥(s)]) =
g(|B*(s)|), and | A*(s)|, | B*(s)| are monotone in-  g(b,)f-==--7~<-"""" ;

creasing as long as |B*(s)| < b, where b, is de- ! g
fined at the beginning of §3. Let £* be the :":’": ,

uniquely determined value such that f(¢*) = N z
g(bs). Then, by Lemma 2.1, |A*(s)| < ¢ always b, ¢

holds, which may be easily understood by refer-
ring to Figure 4.1. From the second equation of Figure 4.1: Transition of |A*(s)| and
(2.2), it follows that | B¥(s)|

d|B(s)|

o < (B I (€)= B (s),

11



which yields

[BH(5)] < [ B(s0)| exp {(8+ (€)™ )(s — )} < o0

for s > s5. Hence the solution (Af(s), B¥(s)) exists globally in time. By the second
equation in (2.2), we see that

d| B(s)]
2 AT Bﬁ
PO 518,
and so we have
|B¥(s)] > |B(so)|e”) (4.1)

for any s > so. Hence it follows that |B*(s)| — oo as s — oo.
(Step 2) We will show that |A*(s)| — 0 as s — oo. In fact, by the first equation of (2.2),
we have, for s > s,

4] = enlesp ( [ (0 o B o )

S0

Applying (4.1), we see that

|Aﬁ(s)] < \Aﬁ(30)| exp (/ (a — Ceﬁ(pll)(aso))da)
50
< Ciexp (a(s — 30) _ C'/eﬁ(m—l)(s—so))
< Oyexp(—CaelP1—h) (42)
— 0 (as s = o0).

(Step 3) We will show that |B*(s)| = O(e”). In fact, by the second equation of (2.2), we
have, for s > s,

B = (B lexp ([ 9+ bl af(o) o )

S0

Since (4.2) yields [ |A*(0)[>~'do < oo, it follows that

|B*(s)] = Ce xexp (—Imng/ \Aﬁ(a)|p2_1da)

= Ce” + CR(s), (4.3)

where the remainder is given by

R(s) = ¢ {eXp (-mm / N |Aﬁ(a)|p2—1da) _ 1}.

By (4.2), we see that

R(s)

IN

e / A (o) Ldor
< C’eﬁs/ exp(—C'ePPr=D7) g, (4.4)
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By I'Hopital’s rule, we have
. [ exp(—C'eP 107 dg
o exp(—CTePB—1)s) x ¢ Bi—Ds
. exp(_cleﬂ(pl_l)s)

p— 1'
sljgo —ﬁ(pl — 1) exp<—0’eﬁ(P1*1)5)(C’ + e*ﬁ(plfl)s)
1
OB - 1)

Hence, from (4.4), it follows that R(s) = O(exp(—C"e’®1=D%)) as s — oo, and so we
obtain the asymptotic profile of |B*(s)]|, i.e.,

[B(s)] = Ce™ + Ofexp(—C"e"17D%)) (4.5)

as § — 00.
(Step 4) We will show the sharp decay estimate of |A*(s)| as s — oco. By Lemma 2.1, we
have
| A¥(s)]
| B (s)|*/” Imn, - Tmn, _
— Bi(s)|P—1 — Ab(g)|P2—1 ) |
AN L e
Applying (4.2) and (4.5), we see that
Co/Beos Imn, CP1—1
Al(s)| = [b] X ———=—exp (—e(pl_l)ﬁs)
A e VT AT
x (1 + O(exp(—C'e®?))) (4.6)

as s — o0o. Recall the deformation of A(t) and B(t) in §2. Then we see that |A(t)| =
t=2|A¥(logt)| and |B(t)| = t="|B*(logt)|. By (4.5) and (4.6), we obtain

At)] = X ——— exp (—t(”l_l)ﬁ>
[A)] ] B o — 17

x (14 O(exp(—C"t9))) (4.7)
and
|B(t)] = C + O(exp(—C"t%)) (4.8)

as t — o00. Since ||[u(t)||e = |A({t)Un, (t)ds] and ||v(t)||pe = |B(t)Upm,(t)ds| together
with ||U,,(t)dc| L = (m/2mt)™/% (4.7) and (4.8) yield Theorem 1.2(i). The proof of the

statement (ii) follows in similar way. O
The proof of Theorem 1.3 is easy.

Proof of Theorem 1.3 (i). By the first equation of (1.2), we see that |A(t)] = |ul.
Substitute it into the second equation, we have

dB(t ) 1,
B il B(0)
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It is easy to solve this equation, and we obtain
2 p2—1
B(t) = vexp (_i%tl_nﬁm_l)/Q) .
2—n(ps—1)
This completes the proof. The proof of (ii) similarly follows. O

5 Proof of Theorem 1.4

In this final section, we will prove the blowing-up result by making use of Lemma 2.1.

Proof of Theorem 1.4. We only consider the
case of p; < pa. forg
(Step 1) We first show that |A%(s)| and |B*(s)|
blow up in finite time by the contradiction argu-
ment. Suppose that the solution (A%(s), B*(s))

exists globally in time. By the equations in (2.2), i g
LIANs)| > a|A¥(s)| and L|B¥(s)| > G|B(s)| |
hold. Then we have |Aﬁ(s)\ > ]Aﬁ(go)‘ea(s—so) . |
and |BY(s)| > |B¥(so)|e?50) for any s > s, o Aol ol 2

which implies that lim,_ . |A*(s)] = oo and

lim, .. |B*(s)] = oo. Note that Lemma 2.1

yields f(|A%*(s)]) = g(|B*(s)|), where f and g Figure 5.1: Transition of |A%(s)| and
were defined at the beginning of §3. Since p; < |B¥(s)|

po is assumed, there exists some &, > 0 such that

f(€) > g(¢) holds for any & > &. This means that |A*(s)| < |B*(s)| holds for sufficiently
large s > 0 as in Figure 5.1. Then, from (2.2), it follows that

AN > (o oy A1) 45Gs)
> T | A (s) [
Solving this differential inequality, we have
[ A45(3) 7P < |AF )| =y — 1)l (5 — s0).

But this inequality fails by taking s sufficiently large. Thus there exists some s* € R such
that limg,- |A%(s)| = co. Since f(|A*(s)|) = g(|B*(s)|), we also have limg. | B¥(s)| = oo.
(Step 2) We will determine the blowing-up rates of |A*(s)| and |B*(s)|. When s is closely

lower than s*, both |A%(s)| and | B¥(s)| take large values. Applying Lemma 2.1 and noting
%|Aﬁ(s)|p2_l> is remarkably lager than |A*(s)|? etc., we see that, for any

e > 0, there exists some s’ € R such that, if s € (¢, s*), then

that exp <

Imns

eXP {(1 - 8)p2 1 |Aﬁ(5)|p2_l} < exp {(1 +¢) tmrn

p1—1

B

and

Immns
pa—1

Imn,
p—1

exp {(1 +e) |Aﬁ(s)|m—1} > exp {(1 —6) |Bﬁ<s)|m—1} .
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Obviously, these inequalities are equivalent to

Imns B Imn, _
1—¢ AP < (1+¢ Bf(s)[prt
(1= 0|4 (s)P ! < (1 4-2)- 2 Bi(s)|
and
Im7ny, _ Imm, _
1+e¢ APl > (1 —¢ Bi(s)|P 1
(14 )= |4 (s) Pt > (1 = )2 B

Apply (5.1) and (5.2) to the first equation of (2.2). Then we see that

1—¢ P1 — 1 d|Aﬂ(S)|
At I Al D2
ol 49)| + 1o x B e < D20
d|A%(s 1+¢ -1
AN apar(e)) 4 155 2 Tt ).

It is written in the way that

1—¢ P1— 1 _ _ P2 d _
I (p2—1)as as Aﬂ < — as Aji
1 B el () < (e 4.

d —QSs
I (e ]Aﬁ(s)|) <

1+5xp1
l—¢ py—1

By taking the integration from s to s*, it turns out to be

1—5Xp1—1
14+e py—1

ol A% (s)|~ P27 D)

Imp (eP2= D=9 _ 1) < o A¥ ()|~ P2~ D),

1 -1
- +8xp1

I (p2—Da(s*—s) _ 1)
1—e¢ 1’02—1m772(6 )

Multiply (s* —s)~" and taking the liminf;,- and limsup,;,., we have

1—¢
— 1)1
1 + 67(171 ) mimjo
< lim i?f*(s* — 5) M Ab(s)| P20
< limsup(s® — s) " HAH(s)| P2
sTs*
1+4¢
< — 1)1 )
= 1 €<p1 )T,

Taking € | 0, we see that

lim(s* — s) 1A (s)|~®27Y = (p; — 1)Imne.

sTs*

—1
Imp,eP2—heas (6_0‘5|Aﬁ(3)|)p2 .

(5.1)

(5.2)

(5.3)

Let T = ¢* and t = e*. Recall |A(t)| = t~%|A*(logt)|. Then, from (5.3), it follows that

(T*)(pz—l)"/2
lim (7™ — t)]A(t)]prl =
1T (p1 — 1)Imny
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The proof of (1.18) is complete. The proof of (1.19) similarly follows. O
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