SHARP HARDY-LERAY INEQUALITY FOR CURL-FREE
FIELDS WITH A REMAINDER TERM

NAOKI HAMAMOTO AND FUTOSHI TAKAHASHI

ABSTRACT. In this paper, we give a new and a simpler approach to the result in
[@] concerning the best constant of Hardy-Leray inequality for curl-free fields.
As a by-product, we obtain an improved inequality with a remainder term.
The non-attainability of the best constant is an easy consequence of the new
inequality. The proof is based on a decomposition of curl-free fields into radial
and spherical parts.

1. INTRODUCTION

In this paper, we concern the classical functional inequality called the Hardy-
Leray inequality for smooth vector fields and its improvement.

Let N € N be an integer with N > 2 and put = (21, ,zy) € RY. In the
following, C>°(2)" denotes the set of smooth vector fields

w=(up,ug, - ,uy): Q3 x— ulx) e RY

having compact supports on an open subset € of RV,
Let v be a real number. Then it is well known that

N 2
v+ —=-1 [ul® |z|*dz < |Vu|?|x|*dx
2
2 Ry || RN

holds for any vector field u € C°(RN)N | as far as the integral on the left-hand
side is finite (or equivalently w(0) = 0 for v < 1 — N/2). This was first proved by
J. Leray [00] when the weight v = 0, see also the book by Ladyzhenskaya [@]. It
is also known that the constant (7 + % — 1)2 is sharp and never attained by any
non-zero vector field.

In [2], Costin and Maz’ya proved that if the smooth vector fields u are axisym-
metric and subject to the divergence-free constraint divu = 0, then the constant
(’y + % — 1)2 can be improved and replaced by a larger one. More precisely, they
proved the following:

Theorem A. (Costin-Maz’ya [2]) Let N > 2. Let v # 1 — N/2 be a real number
and u € CX(RN)N be an avisymmetric divergence-free vector field. (If N = 2, the
azisymmetric assumption is not needed). Assume that w(0) = 0 if v < 1 — N/2.
Then

uf?

CN,.Y/ —|m|27dx§/ |Vu|?|x|? dx
RN RN

/2
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holds with the optimal constant Cn ~ given by

2

N+1+(y-%
(v+ & 1) 4l 2)2 (N>3,7<1),

N

. N-1+(-5)
N = N _q)? - _AN-D(-D) >
v+5-1) + 2+ min <R+K+N1+(7g’)2> (N >4,v>1),
(v+ 1) +2 (N=3,7>1),
23+(y=1)°
S ke B
' V241 otherwise.

Note that the expression of the best constant Cy 4 is slightly different from that
in [2] when N > 4, but a careful checking the proof in [2] leads to the above formula
in Theorem A. (See also [B, §2.1].)

Later, the first author of this paper has succeeded in removing the axisymmetric
assumption in Theorem A to obtain the best constant [G, 4]. See also [§] for another
improvement of [2]. We refer to [B, 5] for the Rellich-Leray inequality for divergence-
free vector fields.

For curl-free vector fields, we have recently obtained the following result.

Theorem B. ([ld]) Let N > 2. Let v # 1 — N/2 be a real number and let u €
CX(RMYN be a curl-free vector field. We assume that u(0) = 0 if v < 1 — N/2.
Then

2
HNW/ vacz:ﬁg/ V2|22 dz
7 ey ]2 RN

with the optimal constant Hy ,, given by

N \23W-D+(y+¥-2)* N
e === LN (S E

(1) HN77 = 2
(7 T % _ 1) + N -1 otherwise.

The method of the proof of Theorem B, which followed from that of Costin-
Maz’ya [2], consists of the following items: A representation of curl-free vector fields
in the spherical polar coordinates, a transformation of vector fields called Brezis-
Véazquez-Maz’ya, the one-dimensional Fourier transform in the radial direction, and
the eigenvector expansion for the Laplace-Beltrami operator in L?(SV~1),

A main purpose of this paper is to give another and a simpler approach to
Theorem B. We avoid the use of Fourier transform, in the hope of being helpful for
the possible extension of the result to LP-setting or to domains other than the whole
space. As a by-product, we obtain the sharp Hardy-Leray inequality for curl-free
vector fields with a remainder term, which is the main result of this paper:

Theorem 1. Let N > 2. Let Hy ., be defined in () and let u € C°(RV)N be a

curl-free field such that w(0) =0 if y <1 — % Then the inequality

@ [ IVuPlafrds = Hy, [ luPlef s
RN RN

+ / ((N —1DEénu] + ’m . V(|m|7+%*1u)|2) |m|7Ndx

RN
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holds with the nonnegative function En ~[u] given by
Enylul(z)
((7+%)2—N—1)<p2+(w-V<p)2 forh—i—%‘zx/N—&-l,

(-G E)) a0 - e T

(v+¥ -2+ N-1
Here f and ¢ are scalar fields defined by

O MR

for |y + 5| < VN +1.

o(@) =1l 2 (ofa) ~wity [ dlelo)ia).

in terms of the scalar potential ¢ of w (that is, w = V¢), and wy_1 denotes the
surface measure of the unit sphere SN=1 in RN. Moreover, the equality in () is
realized if and only if the equation

~B,p(r) = (N = Dp(ro)

holds for all v > 0 and o € SN~1, where [\, denotes the Laplace-Beltrami operator
on SN,

Remark 2. We directly see from (B) that the equation

|uf?

/ |Vu|2|ac|27dx:HN7/ [T
RN ey |2l

does not hold for any u € C°(RN)N \ {0} as far as the integral on the right-hand
side is finite. Indeed, this equation together with (B) implies that the function

R, xSV 13 (r,0) — r”*gflu(ra')
is independent of r, which violates the finiteness of the integral unless u = 0.

The remaining content of this paper is organized as follows: In §8, we give a
quick review of some differential formulae with respect to radial-spherical variables
and derive an equivalent condition to the curl-free condition for vector-fields on
RY (the Poincaré lemma); there Proposition B gives a characterization of curl-free
fields, which serves as a key tool for the proof of our main theorem. In §8 we
prove Theorem 0 by making full use of Proposition B. In §8 we prove the sharp
Rellich-Leray inequality for curl-free vector fields with a remainder term, as another
application of the method described in §2-88.

2. REPRESENTATION OF CURL-FREE FIELDS IN TERMS OF RADIAL-SPHERICAL
VARIABLES

In this section, we recall the Poincaré lemma, which gives a scalar-potential
representation of smooth curl-free fields on RY. By deforming this potential via
Brezis-Vazquez-Maz’ya transformation, we derive another equivalent condition for
test vector fields to be curl-free.

2.1. Radial-spherical variables and the Poincaré lemma. First of all, we
introduce the transformation

R, x SN 5 RV \ {0}, (r,o)—ax=r0

together with its inverse

RY\ {0} = Ry xSV zw (r,0) = (|:c|,|:;|) eR, x SVL
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Let uw = (ug,ug, - ,uy) : RN\ {0} — RY be a vector field. Then its radial
scalar component ugr = ug(x) and spherical vector part ug = ug(x) are defined
by the formulae

u=0ur+ug, o-ug=>~0
for all z = ro € RY \ {0}. In a similar way, we denote by 0, and V, the radial
derivative and the spherical gradient, respectively:
of=0-Vf, V.f=r(Vf)s
for all f = f(x) € C=(RN \ {0}), or equivalently

1
(3) V:U&.+;Vg, o-V,=0.

The Laplace operator A = Zgil 0?0z} is known to be represented in terms of
radial-spherical variables by the formula

(4) A=

_ 1
TN718T (r"71or) + szff’

where A, denotes the Laplace-Beltrami operator on SV ~!. In the following, we use
a convention with some ambiguity that for smooth scalar fields and vector fields on
RN \ {0}, we think of them as functions of & € SV~ for r = || fixed, when we
apply V., or A, to them. As a simple example, the operation of (B) and (@) on the
scalar field r = || or its powers gives

(5) Vr=0 and Ar®=a,°"2 where a5 =s(s+ N —2)

for all s € R.
For later use, we prove the following lemma:

Lemma 3. For any f € C>(SVN~1),
©) {Ag(af) — ol f=(2V, — (N - 1))/,
NoVof =Velof = (N = 3)V, —200,) f
holds for all o € SV,
Proof. Take any f € C(SN=1). We identify f with f € C(RN \ {0}) by the

formula f(x) = f(o) where o = Tl € S¥-1. Note that A, = —(N — 1)o since

N -1 1 N -1 1
0=Ax = (83 +—0+ - Aa> (ro) = o+ -N,0o.
r T r r

Thus we compute
Do(af) = (Do) f +0(Def) +2(Vef - Vo)o
= _(N - 1)Uf + (Aof)o' + 2V, f,
where we have used (V, f-V,)o = (V,f-V)x =V, f. This proves the first identity
of (B).
To prove the second identity, we note from (B) resp. (#) that V,f = rV f resp.

Ao f = r2/Af, since f = f is independent of the radial variable r. Also recalling
from (B)4=1 the formulae Vr = o and Ar = (N — 1)r~!, we have

(DgVy = VolNg) f = 12O (rV f) — 1V (r2Af)
=r*((Ar)Vf+2(Vr-V)Vf) —r(Vr*)Af
= (N = 1)rVf+2r20,r 'V, f — 2r2c A f
= (N = 3)V,f — 200, f,
as desired. O
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The curl of a vector field u = (u1,--- ,uy) € C°(RM)V is defined as the differ-

ential 2-form
N
curlu =d(u - dx) =d <Z ukdxk> ,
k=1
where d denotes the exterior differential. This can be expressed in terms of the
standard Euclidean coordinates as

d(u - dx) Zduk Ndxy = ZZ <gzk 3$k) dz; N dxy.

i<k
Thus the curl-free condition d(w - de) = 0 holds if and only if
Buk ou;
7 G _ %Y forall Gke{l,---,N).
™ ok = G forall ke (1,00 N}

Here we claim that any curl-free vector fields uw can be represented by

xr

2|
®)  u(x)=Vé(x), ¢x)= /0 o

-u(pi)dp for all & € RV,
| ||

which we say that u has the scalar potential ¢ € C>°(RY). Conversely, the existence

of such a potential implies d(u - dx) = d(V¢ - dx) = dd¢ = 0, that is, u is curl-free.
The proof of the claim (B) is standard: For every i € {1,---, N}, we have

1 1
ui(m):/o %{tui(tm)}dt:/o St +tzau1 i v dt
! ou; ta:
)+t Ou; (tz) ;o dt
g z
1 a N a 1 N
:/o oz, ;uj(t:c)xj dt = axi/O u(te) - xdt Ve € RY,

here we have used (@) in the third equality. Thus we see that ¢(x fo ~xdt
is a scalar potential of u. An easy change of variables leads to (E) O

2.2. Radial-spherical decomposition of curl-free fields. In the following, A €
R denotes a fixed real number. Let u be a curl-free field on RV, and let ¢ be its

scalar potential (B). We define a new vector field v and two scalar fields f, ¢ on
RN\ {0} by the formulae

v(z) = |z u(),

o) f@) = lal ity [ o ullalo)s
= x| x) — Wyt x|o)do | .
o(@) =11 (0@ - il [ ollala)ao)

The transformation of the field u — v by the multiplication of |z
an idea of Brezis-Vézquez [[] and Maz’ya [1]. Now let us denote by

o) =ity [ otrado. r=lal

the spherical mean of the scalar potential ¢ in (B), together with its radial derivative

?;f =wy, /S 99 —(ro)do = wxy' /SN?I(U -Vo)(ro)do

N137‘

|~ stems from
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Then we see that (H) can be rewritten simply in terms of ¢ as
v(z) = ' Ve(z),

(10 sy =%

p(@) =1 (o(x) — (1)),
and that f is a spherical mean part of 7'~*ug, while ¢ has zero-spherical mean.
Furthermore, the scalar representation of u(x) in (8) is transformed into that of
v(x) by the following computation using (IM):
v=r"V¢
=17 (V6 - )+ V9)
09
_ 1A A o9
=r <V(r )+ 5 o->
=PV + [ ()
= rl=2 ()\r’\*lgoa + 7'>‘ch) + f(r)o
=X+ f)o+1rVp
= Ao+ f+0p) o+ Voo
Here and hereafter we employ the notation ¢ = logr which obeys the differential
identities
at = Tar, dt = %,

(11) rV =00; + V,,
2N =02 + (N —2)0; + D,

In view of the above computation result, we can say that f and ¢ are radial and
spherical scalar potentials of v, respectively.
In summary, we obtain the following proposition:

Proposition 4. Let A € R. Then a vector field u € C®°(RN)N is curl-free if and
only if there exist two scalar fields f, € C®(RN \ {0}) satisfying

[ is radially symmetric and  [ix_, p(ro)do =0 Vr >0,
(12)
v:cr(f—l—(/\—i—at)ga)—i—vagp on RV \ {0},
where v € C° (RN \{0})N is the vector field given by the same equation v = r'=*u
as in (8). Moreover, such f and ¢ are uniquely determined and explicitly given by

the equations in (8); in particular, if w has a compact support on RN \ {0}, then
so do f and .

For later use, we give an expression of the vector field A, v in terms of the scalar
potentials:

Lemma 5. Let v be as in (I2). Then

(13) Nov=0(0 + A —2) Do
+ Vo (201 + Do +2X + 2N —4)p — (N — 1)o.
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Proof. By using Lemma B and Proposition B, we compute
Bov =04 (0 (f + 0+ V) ) + B0 (Vo)
- (O‘Ag +2V, — (N — 1)a> (f + (@ + N))
+ (Volto + (N = 3)V, — 204 )

—a'((at+)\—2)Ag<p) Yo (f+ (9 + M)
| —
v—Vs

+ Vo (201 + Do + 20+ N = 3)p
= 0'(8,5+)\—2)A,,<p
Vo (20 + Ao + 20+ 2N —4)p — (N — 1)v.

3. PROOF OF THEOREM [

We assume that the left-hand side of (B) is finite, since otherwise there is nothing
to prove. Then the integrability of |Vu|?|z|?” together with the smoothness of u
implies the existence of an integer m > f% — v such that
Vu(xz) =O0(|z|™) as |z| —0.
Moreover, in view of the assumption that w(0) =0 if v <1 — %, we see that u
satisfies
2" % Lu(z) = O(|jzf*) as |z| =0
for € > 0 given by
m—l—%—i—’y for v <1-—
€= N
y+5 -1 for y>1-

Hence also the scalar potential ¢(x) = ;7 ur(rx/|z|)dr in (8) satisfies
T Eg(2) = O (Ja['*F)  as |z -0
Consequently, we have further obtained the integrability conditions
(14) / |ul?|2|*"2dz < oo and / P2 |x|P "tz < 0o
RN RN

The proof of the theorem is carried out in the following steps:

3.1. Reduction to the case of compact support distinct from the origin.
We can further assume that the curl-free field u = V¢ is compactly supported on
RN\ {0}: Indeed, let {u,} C C®(RY \ {0})Y denote the sequence of curl-free
fields defined by

up(x) =V (C(|;c L)gi)(:c)) for every n €N,

0 for 0<r<1/2

1 for 1<r
that Uio:1 supp u,, is bounded, and that the asymptotic formulae

where we fix ( € C2°(Ry) such that ((r) = { . Then we see

un () = (2| (@) + o n~ a2 (2] ) o)
= u(x) + o()u(z) + O(1/n)z| ™" ¢(z),
Vu,(x) = Vu(z) + o(1)Vu(zx) + O(1/n)o|x|  u(x) + O(1/n)oo|x| 2 (x)
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hold as n — co. Therefore, taking the L? integration on both sides gives

[ 2o = [ uPlaf e + o),
RN RN
JooIvenllofaa = [ 1vuiafras + o),
RN RN

thanks to the integrability conditions (IZ). This result shows that the integrals in
the inequality (B) can be approximated by curl-free fields with compact support on

M\ {o}.

3.2. Calculation of the integrals in the Hardy-Leray inequality. In the rest
of the present section, we choose

(15) A=2—

N
7~

in view of §24. Then, with respect to the measure

d
(16) |2 de = r2 TN Ldrdo = P P =2 dtdo,
r

A—2

the L? integration of u(x)/|x| = r*~2v can be expressed in terms of f and ¢ (in

Proposition B) as

\u|2 2 2
(17) TglElTdr = |v|“dtdo
RN || RxSN—1

:/7) Qf+@¢+A¢F+¢Vﬁf)ﬁda
RxSN-1

— [ (£ @42 V)t
RxSN-1

where the last equality follows from the integration by parts together with the
support compactness and fSN,l @wdo = 0. On the other hand, the integration of
|Vu|? = |0,ul? + r~2|V,u|? with respect to the measure (IB) yields

(18) /|Vu| \a:|2"’d$—/(|(9Tu|2+T_2|Vgu|2)|ac|27dm

// A 11; ’ +r*2|Vg(r)‘*lv)\2)r4*2)‘dtda

RxSN—-1

// | —1v+&ﬂ—ﬂVuMﬂma

RxSN—-1

// D2lof? + 0,0 ) dido + // IV, v|2dtdo.

RxSN-1 RxSN-1
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To evaluate the last integral, let us take the L2-inner product of Ay,v in (IC3) and
v=0(f+ (9 + N)¢) + Vop; then integration by parts gives

(19)
// Vov[*dtdo = — // v (Apv)dtdo

RxSN-1 RxSN—1

= [[ G0N0~ depdiao
RxSN—-1

+ // (—Vg¢~vg(28t + Do+ 20+ 2N —4)p+ (N — 1)|v|2>dtda

RxSN—1

= // ((Dgp)? + (A2 — 4X — 2N + 4)|V,¢[?) dt do
RxSN-1

+ // (10:Voip|* + (N — 1)|v[?) dtdo.
RxSN—1

Here we note that the spectrum of —/\, is given by the set
{a, =v(N+v-2); veNU{0}},

and hence the estimate

1
SN-—-1
SN-—-1

> min {af + (A\* —4A — 2N +4)a, ; vEN}
veN

=a? + (N =4\ - 2N + 4o

= (N-1)((A -2~ N 1)

holds for all ¢ € C°°(SV~1)\ {0} such that [iv_,¢do = 0. Also by using
fSN*I Oypdo = 0, we have the estimate

[, W@ePde= =1 [ oo
SN-1 SN-1

as an L2(SN 1) version of the Poincaré inequality. Combine the above two estimates
with the right-hand side of (), and we obtain

|V, v|?dtdo > (N — 1) >+ (A —2)> = N = 1)¢® + (Op)? )dtdo
A VK o

to evaluate the last integral in (I¥); hence we get

(20) / |Vu|?|x|? dx
]RN

> ((A=12+N-1) // |v|?dtdo + // |0yv|?dt do

RxSN-1 RxSN-1

+(N—1) // (((A—2)2—N—1)<p2+(at<p)2)dtda.
RxSN-1

Here the equality holds if and only if —A,¢ = ajp; note that this equation also
produces for dyp the same equation —A, () = a1(0rp) since 9¢ and A, com-
mutes.

To further proceed, we have the following two cases according to the sign of
A=22-N-1:



10 N. HAMAMOTO AND F. TAKAHASHI

3.3. The case |\ — 2| > +/N + 1. Discarding the last two integrals in (EO) and
recalling the first equation of (I4), we get the Hardy—Leray inequality

2
/ |Vu|2|m|27dx2HNﬁ/ 1l 22 an
RN RN |Z|

for curl-free fields u, with the constant
N 2
Hyy=MA-1P24N-1= (7+2—1> +N -1

To show that this number is the best possible, let us choose the sequence of curl-free
fields {u,, = "1, ey € CF(RY \ {0})Y by the formula

v, = Uh(%) (or equivalently w,(z) = z|z|* ?h(log |w|%))

for all (t,0) € R x S¥~1 where h € C2°(R) such that h # 0. Then, noticing that
the triplet (u,v, ) = (un, vy, 0) attains the equality of the inequality (E0), we get

o [V P[>Vde oot Son o |OivaPdtdo Ho 1 Ja (P (1))%dt h’ ))2dt
S lun Pl =2dz — "N T TL o, Pdtde n? [o(h(t))2dt
— Hy as n — oo,

which proves the best possibility of H .

3.4. The case |\ —2| < /N + 1. By using the L?(S™~1)-Poincaré inequality and
equation (I7), we have

// p*dtdo < % // (N¢* + |Vopl?) dtdo
RxSN-1 RxSN—-1
- - 2 (2 2
- )\2 +N* 1 /\/]]\{Xgl\’*l (|'U| (f + (at(p) ))dtd0-7

where the first equality holds if and only if —A,p = a1¢. Combining this estimate
with (20) and noting that (A —2)?2 — N — 1 < 0, we get

(1)
/ [Vul|2[* da
// PN - )|’U|2+Iatv\2+(Nf1)(at¢)2)dtdg
RxSN-1
(N-1)(N+1-(\—-2)?
- £2+N1 // |”|2 (f? + (Oep) ))dtda
RxSN-1
A=1)2(A2 +3(N - 1))
:( ))‘2(+N—1 // |v|2dtdo+ // |atv| dtdo
RxSN-1 RxSN-1
N+l-(A-2?2, 4x+¥- )
N-1) // ( )\2+N—1 1+ NN — (3t<,0) dtdo,
RxSN—-1

where the first equality holds if and only if —A,p = ajp. In the same way as
before, discard the last two integrals in (EI) and recall the first equation of (I2);
then the Hardy-Leray inequality for curl-free fields

/ |Vu|2|a:|27dx2HN77/ —‘| 1>V da
RN ry |x]?
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holds with the constant Hy , given by
(A -1\ +3(N-1)) _ (wN_l)z (r+5 -2 430 -1
A+ N-1 (v+¥-2°+N-1"

2
To show that this Hy ., is sharp, let us choose the sequence of curl-free fields
{u, = r* v, ey € C2 (RN \ {0} by the formulae

Hy =

U, =0 (0 + Non + Voion (or equivalently u,(z) = V (|z[* ¢, (x)) )

Pn = h (%) Y1(0')7
for all (t,0) € R x S¥=1 where h € C(R) \ {0} and where Y; € C°(SV-1)

denotes the eigenfunction of —A, associated with the eigenvalue oy = N — 1.
Then a straightforward calculation yields
fosN,l(atSD'n)thdU fjkaN,l(atcpn)thdo

Jaxsv—i lonl?dtdo [ v (A2 4 a1)@2 + (Oppn)?)dtdo
_ Jen (W (t))3dt o
Jo (A2 + a1)(h(t)? +n=2(W (t))?)dt (n—o0)
Jaxen 1 10wwnl?dtdo [o on (A2 + 1) (0rpn)* + (82n)?)dtdo
Jaxsv—i lonl?dtdo— fo v i (A2 +a1)e2 + (Orpn)?)dtdo
_ e (0722 +an) (W (1)) + (R (1)) dt .
Je (A2 + 1) (A(t)? + n=2(W(1))2)dt - (n—o0)
Since the quadruple (u,v, ¢, f) = (Un, Vn, ¥n,0) attains the equality in (E1), the
above calculation directly gives
f]RN |V, |?|z|*"dx
fRN [un|?|x]?7—2dx
Shens (1000 Pt do + D00 9,0,)2 ) dtdo

Sfowsn1 |vn]?dtdo

=Hy,+

— Hy 5 as n — oo,

which proves the sharpness of Hy .

3.5. Conclusion of the proof of Theorem M. In view of the inequalities (20)
and (E0), we have already proved in §83 and §BA that every curl-free field u €
C2 (RN \ {0})¥ satisfies the inequality

[ vublafrde >ty [ uPlap 2
RN RN

+// 0o 2dtdo + (N — 1)// Ex - [u)dtdo
RxSN—1 RxSN—1

with the constant Hy -, in Theorem B and the remainder function Ey - [u] given by

(A=2)2 =N —1)* + (8yp)? for |\ —2| > VN +1,

Envalul@ =4 N p1o—22 , 40+ Y1)
2 2 21 -2/ <N +1.
vaN_1 1 Py @) forA-2l< VN

Moreover, the equality in the above integral inequality holds if and only if —A,p =
a1¢. Finally, restoring the notations

N
)\:2—5—7, O =x-V, dtdo=|z| Ndz, v:\a:|'7+%_1u7



12 N. HAMAMOTO AND F. TAKAHASHI

we complete the proof. O

4. A PROOF OF THE SHARP RELLICH-LERAY INEQUALITY FOR CURL-FREE
FIELDS

The same approach to prove Theorem M can also be applied to treat other in-
equalities involving higher-order derivatives. The following sharp Rellich-Leray
inequality for curl-free fields was first proven in [7].

Theorem C. ([1]) Let u € C (RN \ {0})Y be a curl-free vector field. Then the
inequality

2
(2) Rne [ e < [ suplear
RN || RN
holds with the best constant Ry ~ given by

. 2 (7+%_1)2+au 2
(23) RNy.ymm{(avz;r - N+1)7, min (7+%—3)2—|—au (a, v ) —a)

in terms of the same notation as = s(s + N —2) as in (8).

In this section, we prove the following improvement of Theorem C.

Theorem 6. Let Ry, be the same as in (23). Then the inequality (22) can be
further improved to be

2
/|Au|2|a:|27dx2RN,7/:1;|4|a:27dx—|—cN,y/|m-V(|:c|7+12v2u)|2|:1:|Nd3:
RN N

for some positive constant cn .~ > 0.

As a direct consequence of this fact, the equality sign of inequality (E2) is never
attained by any non-zero curl-free field u.

Proof. Let u € C°(RY \ {0})" be a curl-free field. Applying the replacement
(24) y—y—1

to equation (IH), we choose

A=3—-N/2—~.
By this choice, let us calculate the integrals in inequality (E2): Apply the replace-
ment (24) to the equations in (IC7), and we have

/ [u 4|:I:|2'Vdm—// (vo[2dt do
RN | RxSN—1

// f2 10)2 + N2 + |V, )dtdo—
RxSN-1

:// f2+<p(A2—8E—AU) ga)dtda,
]R><SN*1

where the last equality follows from integration by parts together with the support
compactness. Also we notice that the condition (I2) in Proposition @ is invariant
under the following replacement of the triplet:

(25) (v, f,0) — (0Fv, 0F f,0F )

for £k = 1,2. Hence we have

[ arekaas = [[ (0607 40 (02 =0 - 2) (-08) i )itao

RxSN-1 RxSN—-1
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On the other hand, with the aid of (I), we have

Au=Arv) = (A Do +2 (V1) - V) v+ 1 Aw
=ay 1 B+ 200 = D) 30w 23 (07 + (N =2)0 + Dg) v
— A3 (aA,lv +(2A\+ N —-4)0v + afv + Agv) ,

where in the second line we have used the same formula Ar*~1 = a,_17*73 as in

(8)s=x_1. Then the L? integration (by parts) of this result yields

(27)

/ |Au)?|z|*de = // loa—1v + A+ N — 4)dw + 0fv + A v| dtdo
RxSN—-1
// 0%0]2dtdo + (N - 2)° + 205_1) // 00 2dtdo
RxSN-1 RxSN—-1
+2 // |V, 0 |2dtdo + // ’Aav +a,\_1v’2dtda,
RxSN—1 RxSN—-1

where the second equality follows from the identity (2A\ + N — 4)2 — 2a_; =
(N —2)? + 2ay_1. To calculate the second last integral in (27), we apply the
replacement (E3) to the equation in (I9):

(28) / / |0, V,v|?dtdo
RxSN—-1

(A 5‘t<,0 + |V, 020 + (( —2)2 QN) |V, Orp|?
// dtdo

-1 |8{U|2
RxSN-1
<p< — 202 — A0+ (A —2)% — 2N)A 82)@
= // dtdo.
gl \ V=) (@f 0 (02 = 02 = 1,) (-079))

Also to calculate the last integral in (27), let us compute from ([3) and () that

ANsv + ax_qv
=0 (0 +A=2)000+ Vo (20, + Do + 20+ N = 2))
+ (axo1 = (N = 1)) (0 (f + (0 + Ng) + Vop)
=0 (8o +ar 1= N+ Do+ (A= 2800+ (ar 1 = N+ 1)(f + )
+ Vo (20: + Do 4+ r) @,
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here we have used ayx—1 — (N — 1) + 2(A + N — 2) = «,, in the second equality.
Hence the L? integration by parts of this result yields

2

(29) // }AUU+O¢)\_1U| dtdo
AJ +ax_1—N+1)0 2]
( At ) ' dtdo

RxSN-1
- //MN +(A=2)2c0 + (-1 = N+ 1)(f + \p)
+// IV, (20 + D + ax) o dtdo
RxSN—1
(Do +ar-1 = N +1)0p)" + 4|0, Vol
B // +|(A=2)A0p + (ar-1 = N+ 1)Ag|” dtdo
BENEN 4|V, Lo + anVorp| + (ax-1 — N+ 1)2f2
(Do +ara = N+1)2 - 44, ) (-07¢)

N // +o((A=2)2 = L80) (Lo +an)p dtdo.
RxSN—1 n (a)\_l N4 1)2f2

Substitute (28), (Z8) and (29) into (E4), and after some lengthy algebraic calcula-
tions, we obtain

(30) / |AuPzPdr = (28),_y + (N —2)% +2a,_1) (28),_, + 2 x (28) + (29)

RN

- //MN (¢ Qi(-82 ~20)p + [Qo(~0})f )dtdo,

where Q1(-,-) and Qo(-) are the polynomials given by
1) Qura) = (474 0) 7+ (N 2 4 205 1) (¥ 4 7 )
+ 2<a27 +ar?+ (()x - 2)2 — 2N) ar+ (N - 1)()\2 +7 4+ a)T>

+((—a+arx-1 —N+1)*+4a) 7+ (A =2+ o) (—a+ay)?
C(rrat (=2 ( (T+a+ X)) (T+a+ A+ N —-2)?) )
—(2A+ N —2)%a
(32)  Qo(r) =72+ ((N =2 +2ax_1) 7+ 2(N = D)7+ (ar—1 — N + 1)*
=(r+(A =27 (r+ A+ N -2)7).

Therefore, we get

Jow 1DuPlzPde sy (so Q1(=02,—Dg)p + fQo(—af)f)dtdo

33 -
(%) Jan (uf?|z[*~4d Thon - (0N =82 — Ag)p + f2) dtdo

as far as u # 0.
From now on, we evaluate the right-hand side of (83). We apply to ¢ and f the
1-D Fourier transformation with respect to t: we set

o(r, o) = \/% /Re”tgp(eta)dt, flr) = é/ﬂ{e”tf(eta)dt
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for (7,0) € R x S¥~L. Furthermore, we apply to  the spherical harmonics expan-

sion:
o)=Y Zu(n)Y,(o)
veN
with the normalization [y, [Y, (o)[*do = 1. Substituting these formulae into (B3)
and noticing the L2(R) isometry of the Fourier transformation, we have

(34)

_AO'YV = Olyyua
a, =v(v+N—-2) YweN,

/QM )| () Pdr + wn_ I/Qo ) F () 2dr

Jow | BuPafdz_ vl

2 2v—4
S (WP [P —dz Z/AQH aEr \dT+wN1/|f )[2dr

rveN

. QI(T au)
Z min {;EfN e e, @)
= min {1316%1 7%\12(3_’ ZZ) , Qo (0)} .
Here the last equality follows from that in view of (Bl) and (B2) the functions
Qu(7, ) > (2A+ N —2)? 2
- Y A—2 S 1= A+ N -2
N 4+T+a, (rtaw+( ) te M 4+T+a, T+ )
and Qo(7) are monotonically increasing in 7 € [0,00) for each v € N. Therefore,
we have proved the Rellich-Leray inequality for curl-free fields (E2):
/ Al dz > RNW/ 2|22 da
RN RN

holds with the constant Ry, given by

Ry~ = min {mm %\12(0 al,)7 Qo(0 )}

= min {Iynell{} ()\;2170:%(% —a,)?, (aam1 — N+ 1)2}

N _1q y
= min < min (74_ ) T (oz,y,ﬁ,l —ozy)Q, (Oé,y,ﬂ —N+1)2 .
veN (y+ X _3)° 4 a, : ’

Now, we prove the sharpness of Ry . For this purpose, we choose vy € NU {0}
to be such that

Ql(o al/)
A2+,

min @1(0,20) = Ql(o’a'/(’), otherwise,
veN \2 + oy A2 + Ay

and define the sequence of vector fields {u,, = r* v, }peny € C(RY \ {0})V by

the formulae
{ O'fn if vy = 07
v, =

(0 + Non + Ve,  otherwise.

, Qo(0 )} = Qo(0),

vop =0, if min {mln

Here

ful@) =h (“’%“”") if v =0,

pn(x)=nh (lognﬁ) Y., (x/|lx]) otherwise,
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with h € C2°(R) \ {0}, and Y,, € C°°(SV~!) denotes the eigenfunction of —A,
associated with the eigenvalue a,,, = vo(ry + N — 2). Notice from Proposition B
that w, is curl-free. Then applying the formula (83) to (u, f,©) = (un, frn,0) or

(u7 f> 90) = (un7 0, QPn) gives

Ji h) Qo 0R () —
~ |Du, Pz dx h 2 dt 7
R _ R
Jew [un?lz|>—4da Je (%) ( 07, vy () dt .
f L N (L) otherwise.
R n Yo n
Passing to n — oo, we get
fRN |Aun|2\m|27d:r (1/ 2) . QO(O) if vy = 0
= n
Jan [unl? @)~ de Q1(0,00,) otherwise

A2+ ay,
— RN,’W
which shows the desired sharpness of Ry .

In order to obtain further improvement, we recall that the two integrals in (E2)
can be expressed in terms of ¢ and f (in Proposition @) as

/ | Auf? lezvdx—Z/Ql 72, 00) @ (7)dT + wn - /Qo ) (7)dr,

veN
[ llal e = 3 [ 02 47 a)@tnfar +anoa [ 1Fo)Rar
veN
for A =3 — N/2 — v, together with the polynomials Q1 and Qg given by (BI) and
(82). Also recall the expression Ry, = min {mlnyeN Q)}fgg”) , Qo (0)} of the best
constant of the inequality (22) and let v; € N be such that

Ql(oa al/l) — min Ql(oa au)

A2 + ay, veN N2+ q,
Then the difference between the both sides of (22) has the following estimate:

| JsuPlapas - mm{cig(oo‘“),@ 0 >} [ tuleas
RN RN

> / |Aul?|z|P dx
RN

- sz [0+ 3+ )i Par - Qu(O) - [ 1Fr)Par
Q 0 V1 oo
_%/ <Q1 T ay) = )\12(+ZV1)( 2+)\2+%)> el

Nt / (Qo(2) = Qo(0)) | F(r)|2dr
>c11\w2/ (N + 72 + o) 72|20 (T)|PdT + co, Ny WN— 1/7'2|J?(7')‘2d7

rveN

> min {c1, N, CO,N,A/}/ <Z()\2 + 72 4 a,)7 0 (1) 2 + wN1T2|f(T)|2> dr
R

veN

=min {c1,n, CO,NW}/ |8,5'v|27“_[\7al:107
RN
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where we have defined the two constants co v, and ci n . by

. Qo(7%) — Qo(0)
ony = b

=N?/242(1-7)*>0,

1 Q1(7—27av) _ Ql(ovalll)
24+ N +aq, A+, )

=Q0)=(A=2*+ A+ N —2)?

¢1,N~ = inf inf —
veNreR\{0} T

Hence it suffices to show c; ., > 0. To this end, notice that

1 2
ci,Ny > inf  inf — ( Qo) Q1(07al,)> = inf inf Qa(7, )

veN7eR\{0} 72 \ 72 + A2 + a, A2+ a, vENT>0

for the rational polynomial Qs(-,-) defined by the following algebraic calculation:

Q1(7,a) _Ql(O,a))

T+MXN+a MN+a

41 -N)@A+ N —2)% N

T TNt At X ra) 2(“
16(1 — M) (2 —7)%a

= 2 .
2t a)(rt A2 4a)  ONaTEAET

Q2(1,a) = 1(

T

In order to further estimate Q2(7, ) for 7 > 0 and v € N, let us consider the
following two cases: for A <1, it is clear that Q2(7, o) > co N,y + 20, For A > 1,
since it is clear that Q2(7, o) is monotone increasing in 7, we have

2
Qulr.0u) > Qal0,,) =~ SR
16(A —1)(2 — 7)%«
4)2q,,
—(2—=7)2+ Co,N,y + 200,
¥2 4+ N%/2 4+ 2(a, — 1) > N?/2 +2(a; — 1),

v
+ co, Ny + 200,

Y +coN~ + 20,

Y

where the inequalities in the second and third lines follow from
(AN +a,)?>4)\a, and —(A=1)/A*>—-1/4.

Hence it turns out that ian ir;% Q2(7, ) > 0, and hence that ¢; 4 > 0. Therefore,
veNT

we have obtained the inequa_lity

[ 1sublafrds - Ry [ ez e, [ e 9(al ) Plal Vs
RN RN RN

for ey, = min{co n,c1,n~} > 0. The proof of Theorem B is now complete,
although the constant cy  is not ensured to be optimal. O
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