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Abstract

We are concerned with blow-up mechanisms in a semilinear heat equation:
up = Au + |z P, zeRN, t>0,

where p > 1 and a > —1 are constants. As for the Fujita equation, which corre-
sponds to a = 0, a well-known result due to M. A. Herrero and J. J. L. Veldzquez,
C.R. Acad. Sci. Paris Sér.IMath. (1994), states that if N > 11 and p > 1+ 4/(N —
4—2v/N — 1), then there exist radial blow-up solutions u,yv(z,t), £ € N, such that

1

T (T = )77 [lue v (5 ) oo vy = +00,

where T is the blow-up time. We revisit the idea of their construction and obtain
refined estimates for such solutions by the techniques developed in recent works
and elaborate estimates of the heat semigroup in backward similarity variables.
Our method is naturally extended to the case a # 0. As a consequence, we obtain
an example of solutions that blow up at 2 = 0, the zero point of potential |z|??
with a > 0, for N > 10 + 8a. This last result is contrast to backward self-similar
solutions previously obtained for N < 10 + 8a, which blow up at x = 0.

Key words: non-self-similar blow-up; matched asymptotic expansions; blow-up at zero point
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1 Introduction and main results

In the present article we discuss blow-up behavior for a semilinear heat equation:

up = Au+ |ul’ ", ze RN t>0, (1.1)

*Graduate school of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba Meguro-ku Tokyo
153-8914, JAPAN. E-mail address: amukai®@ms.u-tokyo.ac.jp

tOsaka City University Advanced Mathematical Institute, 3-3-138 Sugimoto, Sumiyoshi-ku Osaka
558-8585, JAPAN. Corresponding author, E-mail address: seki@sci.osaka-cu.ac.jp



and its variant
uy = Au + |z|**u?, reRN >0, (1.2)

where A denotes the Laplacian in RY, p > 1 and a > —1 are constants. Given an initial
datum ul,—g = uo € L®°(R"), we may uniquely obtain a local-in-time classical solution of
(1.1) (resp., (1.2)). See, for instance, [38,44].

1.1 Study of equation (1.1)

The apparently simple equation (1.1) has been widely studied by many researchers since
the pioneering work [10] by H. Fujita. In particular, describing possible blow-up behavior
at the blow-up time has attracted considerable attention in the past decades. We say that
a solution u of (1.1) blows up in a finite time 7 if

limsup [|u(-, t)| e gy = +00. (1.3)
t—=T

A number of sufficient conditions for finite time blow-up have been obtained by many
researchers. For example, if a nonnegative initial data ug satisfies

uo(x) > AUy (|z|), =€ RN (1.4)

for some constants A > 1 and « > 1, then the solution of (1.1) blows up in finite time,
where U,(|x|) denotes a regular stationary solution of (1.1) (see (1.9) below). In this
article, we are concerned with the blow-up rate of ||u(-, )|/ g~y as t approaches the
blow-up time 7'. Local theory implies that there is a constant C' > 0 such that

[ul-, )]l poorry = C(T — )7, 0<t < T

if the maximal time of existence T" = T'(uo) is finite (cf. [38, Chapter 1I]). On the other
hand, it is far from obvious whether the corresponding upper estimate holds. A blow-up
is said to be of type I if there exists a positive constant K such that

[l )| oy < K (T —1)"Y/®"D 0 <t <T; (1.5)

whereas the blow-up is said to be of type II otherwise. In the Sobolev subcritical case
p < ps, where
~+00, N =12,

psi=149 N+2 (1.6)
—— N >3
N_2 =7

every blow-up for (1.1) is of type I even for non-radial or sign-changing solutions [11,12]
(see also [6] for a related parabolic system). In the Sobolev supercitical case, the situation
drastically changes according to whether or not p is less or greater than the Joseph—
Lundgren exponent

~+00, N <10,

piL (1.7)
1+ . N> 11
N—-4-2yN-1

2




Indeed, if ps < p < py, only type I blow-up occurs for radial solutions under mild
assumptions on initial data [26,27,32], whereas type II blow-up does occur for p > pyi, as
we are going to recall below. To this end, let us write

1
b= PR (1.8a)
= w, (1.8b)
D =163%—8(N —4)3+ (N — 2)(N — 10). (1.8c¢)

All the radial regular stationary solutions, denoted by U,(r), are parametrized by their
values at the origin, i.e., « = U,(0) € R. It is known (cf. Proposition 2.1 below) that,
when p > pji,

Ua(r) = Usx(r) — hor™7 +o(r™7), asr — oo, (1.9)

where h,, > 0 is a constant depending on a and U, (r) is the singular stationary solution:
Uso(r) = c,r ™ with 7' =28 (N —2—23). (1.10)

Herrero and Veldzquez [21,22] proved that, as long as N > 11 and py;, < p, type 11
blow-up actually occurs. They constructed radial blow-up solutions {usnv }rea, A C N,
(which we call HV solutions) satisfying ||usnv (-, t)|lcc = wenv(0,t) and

Cy (T — )77 <y 1y (0,8) < Cy (T — 1) P20 (1.11a)

by,
V=26

for some constants C7,Cy > 0. The proof requires a long argument. Though the main
article [21] containing the full proof remains unpublished yet, the result as well as the
idea of the proof is well explained in [22] without arguing the technical detail. A slightly
shorter proof was given by [29] under the additional assumption that ¢ is even. These
blow-up rates appear also for some non-radial solutions [3,5]. The method of [21,22] has
become one of the standard tools in the study of type II singularity. Indeed, it has been
applied to several nonlinear parabolic problems (cf. for instance, [1,17-19,40,45]). Based
on the results of [21,22], Matano [25] and Mizoguchi [31] independently proved that, if
A, # 0 for every n € N and if a radial solution blows up in finite time with type II
regime, then its actual blow-up rate coincides with (1.11) for some ¢ € A, where A, is
as in (1.11b). As to this direction, an earlier result [32] includes the same conclusion for
p > pr (so that A\g < A\ <0 < Ay < --+), where py, stands for the Lepin exponent:

with  wy — >0, Agze—%ﬂa (1.11b)

1+ N > 11. (1.12)

400, N <10,
pL =

N —10’

This was first found by [23] in the study of self-similar solutions. See [34,37] for recent
results on this topic.

For p = py, it was proved in [42] that there exist type II blow-up solutions with exact
rates much different from (1.11a) (see also [1,2] for related results). Whether or not type
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IT blow-up occurs for p = py;, had been long remained open until it was affirmatively
solved in [41]. The analysis in [41,42] is much delicate than that of [21,22]. Our principal
goal is, using the techniques developed in [41,42] and elaborate estimates on the heat
semigroup in backward similarity variables, to construct refined solutions whose blow-up
mechanism is driven by a stable eigenvalue such as HV solutions. As we have already
pointed out, the method originated from [21,22] has been applied to several nonlinear
parabolic problems. We expect that the refined technique developed in this article would
apply to other nonlinear parabolic problems, thus obtaining completely new results or
considerable improvements of the previous results.

As for the case p = pg, the existence of type II blow-up solutions have been obtained
in [39] for N =4 and in [7,20] for N = 5. An earlier result due to [8] formally indicates
that type II blow-up can occur for N = 3,4,5,6. It was proved in [4] that type II blow-up
solutions do not exist in some class of function spaces for N > 7.

1.2 Study of equation (1.2)

In the early stage of the research on (1.2), one of the main topics was to investigate the
influence of decay rate of initial data at infinity for global-in-time existence of solutions.
For instance, Pinsky [36] showed that the critical exponent for existence of global solutions
depends on the behavior of weighted term |z[**u? as |x| — co. Wang [44] studied sufficient
conditions on initial data for global-in-time existence and the asymptotic behavior as
t — oo. A comprehensive survey can be found in the introduction of [43]. In the case
a > 0, on the other hand, the weighted term can disturb blowing up at the origin. Some
recent articles discuss whether the zero point in the nonlinearity (i.e., x = 0) can be a blow-
up point when a blow-up takes place. Several conditions which ensure non-blow-up at
the zero point were obtained in [13,14,16]. Examples of solutions blowing up at z = 0, in
contrast, were found in [9, 15]. Filippas and Tertikas [9] constructed self-similar solutions
that blow up (in finite time) at x = 0 in the cases p < ps(2a) or ps(2a) < p < py(2a),
where

~+00, N =1,2,
2a) = 1.13
ps(2a) N+2—|—4a7 N >3 (1.13a)
N —2
and
+00, N <10 + 8a,
— 4(1
piL(2a) 1+ (1+a) N > 10 + Sa. (1.13b)

N—-2a—4-2/(N+a—1)(a+1)

As a matter of fact, they agree with the previous notations (1.6), (1.7), respectively, when
a = 0. Apart from the explicit examples in [9], Guo and Shimojo [15] proved the existence
of a solution that blows up at the origin for N = 3 and p > ps(2a). The proof of [15] is
due to an argument by contradiction. To the best of the authors’ knowledge, no other
example of such a blow up solution has not been obtained. Our method is naturally
extended to the case a > 0, p > py.(2a) with N > 10 + 8a (cf. §§1.3), thereby giving
a new example of solutions that blow up at the zero point. We note that our proof in
fact works for @ > —1 and thus covers the three-dimensional case. The proof is totally
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different from the indirect construction due to [15]. In addition, our blow-up solutions
satisfy

lim (T — )49/ =Dy (0, 1) = +o0. (1.14)
t—T

Phan [35] has recently established a Liouville-type theorem for (1.2) and applied it to
show the blow-up rate estimates of the form (in our notation):

)|y < C(T — 805/ ¢ € (0,T)

for a > 0, p < ps(2a) or for =1 < a <0, N > 2, p < ps(2a) and radially nonincreasing
initial data. This estimate is contrast to (1.14).

1.3 The statement of the main result
Given a number a > —1, we re-define the constant 3 as follows:

_l+a
=1
We keep the notations v, D, and ¢, as (1.8b), (1.8¢c), and (1.10), respectively, with
replaced by the one above. In the following, let us abbreviate p;p(2a) to py.. The
family of regular stationary solutions U, (r) of (1.2) has the same structure as in the case
a = 0. Let h > 0 denote the constant in (2.8) below. Throughout this article we employ
standard notations in asymptotic analysis; ~, <,>, i.e., f(7) < g(7) if f(7) = o(g(7))
and f(7) ~ g(7) if f(7) =g(7)(1 4+ 0(1)) as T — 0.

3 (1.15)

Theorem 1.1. Assume that p > pyr,, N > 10+8a, be in force. Let ¢ be a positive integer
such that Ay in (1.11b) is positive and set wy = A\¢/(y — 28). Then for every T > 0 and
v > 0, there exists a positive radially decreasing solution u, of (1.2), which blows up at
t =T, x =0, with the following properties:

(i) (Ezact blow-up rate)

; _ 4)\BH2weB —
};@(T t) ue(0,t) = Kr (1.16)

with Ky = (T/Ty)??*¢, where Ty € (0,1) is a fixed small constant depending only
on N,p,a,l, and v;

(i1) (Estimates in a neighborhood of the inner layer) There exists a C*°-function ()
satisfying 0 < (1) < 1 and

e(r) ~ K7™ as T — oo (1.17)

such that

wg(, 1) — (ﬁ)w 0 (#)‘

< (ﬁ)we(f)% (#) with = —log(T — 1)

(1.18)



for |z| < e(1)’/T —t, t < T, where Kr is the constant as in (i), 0 € (0,1) is a
constant, and V(§) is a positive C*°-function satisfying

~_]o@) as &€ — 0,
v() = {0(57) a5 & — oo (1.19)

(i1i) (Estimates in bounded regions) There holds

e 1) = Uselfal) + R (VT 1) Jaf 727 (%) ‘

<v (5(7) T— t>725 (1 + 4(7’?—%)6 |lx|™ with 7= —log(T —t) (1.20)

for e(7)0VT —t < |x| < \/T/Ty, 0 < t < T, where Lga)(z) denotes the associated
Laguerre polynomial of degree ¢ and Ty, 0 are the constants as in (i), (ii);

(iv) (Number of intersections) There exist exactly ¢ simple zeros {r,(t)}!,_, of ue(-,t) —
U for every t € (0,T), which satisty r,(t) = O(VT —t) ast /T forn=1,...,/L.

As the blow-up rate estimate (1.16) shows, the solution u, above is from essentially
the same class as of uypy obtained by [21,22]. Theorem 1.1 includes, however, more
information about local-in-space estimates both near and away from the singularity even
for a = 0. Indeed, the proof of [21,22] ensures an estimate of the form

]

Canl ((T o t)l/Q'HUE

) o
) < (T = )72y gy (2, t) < ColU, (m

with ay < 1 < ay for |z] = O ((T —t)/?+%¢). The statement (ii) of Theorem 1.1 shows
that the leading term of u, in the region |z| < g(7)/T — t is precisely determined as

iz, t) ~ (ﬁ)w U, (%) ast T

as well as the estimates of error terms. Counterparts for their derivatives are given in
Corollary 1.2 below. Another novelty of Theorem 1.1 consists in the estimate (1.20) for
bounded regions, |z| &~ 1, which extends the region |z| < (T — t)Y/277, o € (0,1/2), of
validity of the estimate guaranteed for w,yy. Since

= g(r)"2 (T|I—_|2t> o <1 + 4<|Tg;_ft)>f < (T —t) (1 + ZL(;JC—TQ)A )

we deduce from (1.20) that

uf(va) ‘ 2\
—= — 1| < Clx|* 1.21
Une(2]) & (1.21)
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for every 0 < || small enough, where wu,(x,T) := lim; ~p u¢(x,t) denotes the blow-up
profile defined outside the blow-up set. In particular, we have,

ué('I? T)
im
lz|—0 Uso (|])

This was established in [27, Theorem 4.1] as one of the properties characterizing (possibly

sign-changing) type II blow-up (with the RHS of (1.22) replaced by +1) for p > pg, but no

concrete example directly verifying (1.22) has been obtained so far. Our particular solu-

tions do imply (1.22) and estimate (1.21) includes further information on the convergence.

In particular, it shows optimal estimates of the error depending on each eigenvalue.
Arguing as in [41,42], we obtain further properties on the solution.

= 1. (1.22)

Corollary 1.2. Assume the same hypothesis as in Theorem 1.1 and a > 0. Let u = uy
be the type II blow-up solution as in Theorem 1.1. Then the diffusion term —Au(x,t)
exhibits the same growth rate as of the superlinear term |z|**uf(x,t):

~Au(z,t)= (a(r)\/ﬁ)_wm [(#)2 U, (#'T_ty +o(1)
(1) = 0 ((5(T)m>2w+l)) (1.24)

ast /T for every (x,t) € RY x (0,T) with |z| < e(7)V/T — t, where 7 = —log(T — t)
and (7) is the same function as in Theorem 1.1.

, (1.23)

Remark 1.1. Set m(t) = ||u(+,t)||c- The following characterization of blow-up rates for
any blow-up solutions of (1.1) was proved in [26, Appendix BJ:
Type I: m/(t) = O(mP(t)) ast NT, (1.25)
Type IT:  m/(t,) = o(mP(t,)) for some sequence t, 7 T. (1.26)

In particular, (1.26) represents the slow nature of type II blow-up. Corollary 1.2 shows
the quantitative information about these amounts (without choosing a particular time-
sequence) for the solutions. Thereby they become a prime example of this fact.

Corollary 1.3. Assume the same hypothesis as in Theorem 1.1. Let u = u, be the type
II blow-up solution as in Theorem 1.1. Then for every ¢ > q.:= N(p—1)/2(1+ a), there
exist constants C1,Cy > 0 such that

N/q—28 N/q—28
¢y (VT —1) < Jju Dll gy < G (2(VT =) (1.27)
for 0 <t <T'. More precisely,

)_QBCHN (1+0(1)), (1.28)

/ u(z,t)?de = Dy <5(7’) T—t
{lz|<e(r)?VT—1}

/{smequu u(, t)de = O ((5(7)‘)@) _Zﬁqw) (1.29)

ast /T, where Dy = [[° Uy (p)?p™dp < oo.
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Corollary 1.4. Assume the same hypothesis as in Theorem 1.1. Let o be a constant
with o > 23. Then there exists an initial data uy satisfying

up(x) < C(1+z)° in RY (1.30)

for some constant C' > 0 such that the corresponding solution u = u, € C ([0,T); L% (RY))
of (1.2) satisfies the same estimates as in (i)—(iv) of Theorem 1.1 and

Cs[log (T' = t)| < [Jul(, £)]] Lac(myy < Ca [log (T = 1)] (1.31)
for 0 <t < T, where C3,Cy > 0 are some constants.

Remark 1.2. A recent result [33] shows that the critical L? norm blow-up does occur
for possibly non-radial solutions of (1.1) if the blow-up is of type I. The solution u, as in
Theorem 1.1 exhibits type II blow-up. Nevertheless, Corollary 1.4 shows that the critical
norm ||ug(+,t)||Le blows up as well and that, moreover, the rate is logarithmic.

The rest of this article is organized as follows. In §2 we first summarize some basic
properties of stationary solutions and the linearized operator around U, in the back-
ward similarity variables. By means of matched asymptotic expansions, we then formally
describe the leading terms and investigate how large the error terms can be. The last
argument leads to a formulation of finite-dimensional reduction for the rigorous construc-
tion in §3. Theorem 1.1 and Corollaries 1.2-1.4 are proved therein under the assumption
that a key a priori estimate holds. §4 and §5 are devoted to proving the a prior: estimate.

2 Preliminary

In this section we review some known facts essentially due to [21] and discuss the formal
construction. Introducing the backward similarity variables

Oy, 7) = (T — t)Pu(x,t), (2.1a)

T
. 7 =—log(T — 1), 2.1b
. = log(T -1 (2.10)

y:

we convert equation (1.1) to the rescaled equation:

y-V,®

o, =N, — — B® + |y|**®  in RN x (—logT,0), (2.2)

where V, = 4(,,, ..., 0,y ) and A, = S0 7 . Notice that Uy (r) as in (1.10) with r = [y|
is also an unbounded stationary solution of (2.2). We shall henceforth abuse notations as
well such as ®(r,7) = ®(y, 7) for simplicity.

2.1 The description by formal asymptotics

Suppose that an inner layer near the origin appears in our sought-for solution ®(r,7) of
(2.2), where sharp changes in ® arise when 7 — 0o. Let £(7) denote the size of the inner
layer, which is a priori unknown. We assume

E(r), e(1) <1 asT— oo (2.3)
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To see the dynamics near the origin, we introduce inner variables (U (&, 7),€) as follows:

y.7) = elr) PUET), €= (2.4)
A direct computation then shows that
e(1)2U, = AU + [E)°UP — (e(7)? — 22(7)é(7)) (# + BU) : (2.5)

In view of (2.3), we infer that the leading term of U as 7 — oo would be given by a
bounded stationary solution of (1.1) for £ = o(1/¢(7)), which amounts to |y| < 1. The
structure of stationary solutions of (1.1) is well understood, which we just recall here.

Proposition 2.1. ([24, Lemma 4.3]) For any « > 0, there exists a unique solution U, of

d? N —-1d
v w +7r?UP =0 forr >0, U0)=«, U'(0)=0. (2.6)

W+rdr

If p > pyu, N > 10 + 8a, the family of the solutions {U,}~o has the ordered structure:

o <ay = U, (r) <U,,(r) forallr>D0. (2.7)
Moreover,
Up(r) =Ux(r) — hr™7 + R(r), (2.8)
Ui(r) =UL(r) + hyr "'+ R(r)O(r™)

as r — oo, where h > 0 is a constant and R(r) = o(r~"). More precisely, there holds

piey _ | OGP it B2y 0
B O(T*V*‘/ﬁlog T) if VD=~ —28.

Due to (2.4) and (2.5), it is natural to construct a solution of the form:

Dy (r,7) = £(7) 2, (%) , (2.10)

which describes the dynamics in the inner region r = O (¢(7)). The asymptotic behavior
(2.8) of U, then implies

i (7, 7) ~ Uso(1) — he (1) 2177 for e(1) < r < 1. (2.11)

Hence our sought-for solution ®(r,7) should behave, to the leading term, to Uy (r) in
the regions where £(7) < r as 7 — 00. It is therefore natural to linearize equation (2.2)
around U (7). Let us set

v(r,7) = ®(r,7) — Uso (7). (2.12)



It is readily seen that v solves equation

v = ﬁ% (TN—1P%) — Bu+ pclev + flv) = -Av + f(v), (2.13a)
f(@) = r*((¢ + Us)’ — UL — pUE 9. (2.13b)

Let us write p(r) = exp (—r?/4) and
12,(RY) = {u & L3, 10.00) 1017 = bl oy = [ o207 < o0}
P 0

2
1! RY) = {0 € Hiff0,00); [0l oy = ol + [0/] < oo}

The linearized operator Av = Av with v € D(A) = C5°(0, 00) is realized as a symmetric
operator in Lf, p(RN ). A version of Hardy type inequality as well as integration by parts
implies that, if v is smooth,

<Av,v>:/ooo v

2 00 0o pcpfl
5 N pdr — ﬁ/o v rN L pdr + /0 —:2 v*rN L pdr
ov

—1 00
N / 9v
- (N—=2)2) J, |or

with a certain constant C' > 0. Consequently, if p > py,, the operator A is lower bounded,
ie., (Ag,¢) > —C|¢||? for every functions ¢ € D(A). We still denote by A its Friedrichs
extension. The following spectral result is proved by essentially the same argument as in
[21, Lemma 2.3], [41, Proposition 2.3].

Proposition 2.2. Assume that N > 10+ 8a and p > py, be in force. Then the spectrum
of A consists only of simple eigenvalues {\, }52

2 00
N pdr — C’/ v*rN " pdr
0

n=0»
/\n:n—%+ﬁ, n=012,... (2.14)
FEigenfunctions of A associated with eigenvalues \,, are given by
_ N r?
On(r) = cur "M | —n, —fy—i—?;z , n=0,1,2,...; (2.15a)
00 m—1
M(a,b;2) =1+ ) SRR (@)m = [T (a+7), (2.15b)
= JM(b); o
where ¢, > 0 are constants such that ||¢,| = 1. Moreover, the eigenfunctions satisty
on(r) = car (140(7)  asr —0; (2.16a)
On(r) =Cr 7 (140 (r?))  asr — oo, (2.16b)
where ¢, € R are constants such that (—1)"¢, > 0 forn = 0,1,2,... Furthermore, the
constants ¢, and ¢, in (2.16) are represented as
1/2
= ( F(_7+N/2+n) ) 2",/—N/2-i-1/27 (217)
[(—y+ N/2)2T'(n+1)
" (=y+ N/2), \I'(=y + N/2)2T'(n + 1) ’
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respectively, where ' stands for the standard Gamma function.
Remark 2.1. By classical results on orthogonal polynomials, the eigenfunctions are ex-

pressed by associated Laguerre polynomials L%”)(z) = (n))tezz7(d"/dz") (e 22"):

Lv+1)n!

Pn(r) = Cﬂﬂm n

(;) — () with v = ? (2.19)

We note that the polynomials 1, (r) are uniformly bounded in every compact set of [0, 00).

We shall recall the idea of [21,22] and then refine their argument. Due to Lemma
2.2, the solution v € Lf,p(RN) of (2.13) may be expanded to a Fourier series: v(r,7) =
Yoo o n(T)Pn(r), where the Fourier coefficients a,, (1) = (v(7), ¢,) satisfy

an (1) = =Auan (1) + (f(0(7)), dn)- (2.20)
Consider the situation where a stable mode eventually dominates:
v(r,T) ~ ap(T)pe(r) as T — oo, (2.21)

where ¢ is an integer such that A, > 0. Suppose that the term (f(v(7)),¢¢) in (2.20)
would play no role to the leading order. We then expect that the leading term of a,(7)
would be determined by the homogeneous term of (2.20). Hence, as 7 — oo,

Do (r, 7) 1= Uso (1) +0(7,7) ~ Uso (1) — dye™" ¢y (r) (2.22)
with some constant d, > 0. The outer expansion as r — 0 then follows from (2.16a):
Do (7, 7) ~ Uso(r) — codee™ 7177, (2.23)

Matching the inner expansions (2.11) with the outer ones (2.23) in the intermediate region
{e(7) < |y| < 1} in which the both expansions make sense, we obtain

d
e(r)7™ % ~ Cpe™™  with Oy = %. (2.24)

Substituting (2.24) into (2.11) and returning to the original variables, we have formally
obtain the asymptotic expansions of the HV solution {usmv}.

While the above argument simply tells us what determines the leading terms of the
outer expansions, it does not imply the possible effect of the nonlinear term f(v) to as(7)
nor how large the next order corrections can be. We shall derive this result as well as
expected error estimates by more careful argument.

Hypothesis 2.3. The blow-up is driven by the stable eigenvalue Ay > 0:
la,(7)] < lag(T)] (n=0,1,..,0—1) asT— o0 (2.25)

and (2.21) holds. Moreover, the controlling factor of a,(7) is e~ and the other factors
are polynomially bounded as T — oo in the sense that

— < [eMTay(7)| < Cor* (2.26)

for some constants C,Cy > 0 and k > 0.

11



The rationale behind this hypothesis is the occurrence of possible behavior of a,(7),
such as ay(7) = Ce 77 with some C' > 0 and v # 0, which actually arises in the critical
case p = pyr, [41] or when A\,(> 0) is replaced by a neutral eigenvalue [42]. We will show
that such behaviors cannot arise in our situation. In order ®,,; to be matched with the
inner expansions (2.11) in the intermediate region {(7) < |y| < 1}, we must have

ap(T) = —%5(7)7_% + o(e(1) 7). (2.27)

It then follows from (2.26) and (2.27) that
e(r)™* =0 (e_’\”Tk) as T — 00. (2.28)
For the ease of presentation, we consider only the case where N is not too large so that

p—1
pe;

= [N U6y - ey - B hl6) - Un(6)] s < o

Then, arguing as in §§2.3 of [42], we obtain
(f(o(7)), o) = XCnE(T)7_26+\/ﬁ +o0 <5(7‘)7_2’3+@> as 7 — 00. (2.29)

We now integrate the ODE (2.20) over [, 00). Since [~ e**|(f(v(s)), dn)|ds < co due to
(2.28) and (2.29), it then turns out that a finite limit A, := lim,, o, e*™a, (1) exists,

onlr) = A = [ (o), ), (2:30)

[ o) ds =0 () as 7o o0 (231)
forn=0,1,...,0 Notice that

Ay=0 (n=0,....0—1); (2.32a)

Ay #0. (2.32b)

Indeed, (2.32a) is a simple consequence of (2.25), (2.30), and (2.31). If (2.32b) is false, we
deduce from (2.28)—(2.30) that the controlling factor of a,(7) is not e=*7, a contradiction.
Arguing again as above, we obtain a,(7) = O(e(7)""22tVP) for n = 0,1, ..., — 1 and

ag(r) — Ape™7 = — /OO MO (F(u(s)), de)ds = O (5(7-)%2&\/5)

T

as T — 00. Then (2.24) follows from (2.27). In addition, we see that A, is negative due
to the matching condition (2.24). The matching condition (2.24) suggests that

% (e(r)7%P) = =Xe(r)™* (1 +0(1)) as T — oo. (2.33)

12



For n > ¢ 4 1, we integrate the ODE (2.20) over [ry, 7]. By (2.29) and (2.33), we get

eAnTan(T) —A,= /7_0 e>\n5<f(v<8))7 bp)ds ~ - (chi K))\ZBAnrg(T)V—QB—&-\/E?

where A, = e*a,(19) and k = vV D/(y — 2) > 0. Due to this, we obtain the asympto-
toics of a,(7) (n > €+ 1) as 7 — oo. It follows that

Qr.m) = v(r,7) = > an(7)pu(r) ~ x=(r) VP, (r),

() dn - 1
FK(T) - n;_l zcngbn(T)? dn — 1_ (€+ li)\g)/n7 (234)

where the convergence is understood in an appropriate weak sense (cf. [41,42]). We
will show that Fy(r) ~ w(r) := {2(v'D + 1)} 'r7VD as 1 — 0. Recall the identity
—2y —+v/D+ N —1=1 and the exact formula (2.19) of ¢, (r). Then we have

°° 2 r 1)n! o0
(l/ + 1)/0 w(T)(ﬁn(T)’/‘N_le_T Idr = Cn%/o Lg/)(z)e_de,

where v = \/E and where the change of variable z = 7?/4 has been used as well. Since
n! [ L LY (z)e*dz = v(v+1)--- (v +n — 1), it turns out that

) Nt/ — —0,1,2...
/0 w(r)on(r)r™ e r - (n=0,1,2...),
y4 0o e 1
Z: —Copn(r + Y Teadn(r) with e, = ———. (2.35)

o 1+ (v/n)

o

Comparing (2.34) with (2.35) and performing similar computations several times, we have

1
Fo(r) = -y—-vD ( —7—\/5)
o(r) 2(y+1>r +of(r ,

whence: Q(r,7) ~ ﬁe(ﬂ”*w“@r”*@ as r — 0. This is indeed much smaller than

ap(T)pe(r) as long as e(7) < r < 1, 7 — oc.
It is also possible to refine inner expansions by computing the next order correction
0 (2.10). To this end, we set

U(& 1) = Ur(&) + p(r) Hi([€]) +

where u(7) = &(7)? — 2¢(7)é(7) and £ = y/e(7). A standard argument then reveals that
H,(s) = Hi(]¢]) is a solution of the inhomogeneous linear ODE:

sU1(s)

5 +OUs), s>, (2.36)

N -1
H” + TH/+pU1(S)p_1H =

13



satisfying H(0) = H'(0) = 0. The solution is expressed by means of variation of constants-
formula. Due to Proposition 2.1 and L’Hopital rule, we obtain
_ _ . h(y —28)
Hy(s) =Cis 72 40 (5772 with € = —————L 2.37
) () VD (237
as s — oo. Consequently, the two-term expansion for U(, 7) has been obtained. In terms
of the self-similar variables, this expansion reads

Bunn(y7) =Use(r) = he(r)' ™07 4 o Crp(r)e(r) 2T

which is valid in the intermediate region {e(7) < |y| < 1}.

We can observe the asymptotic matching of the outer and inner expansions even in
the higher order computed above if we carefully check their coefficients in detail, but they
yield no contribution to the leading terms. Hence we use them only to obtain information
about a guide for rigorous construction and estimate the error to the leading terms.

2.2 Discussions toward the full construction

We have derived condition (2.32) from Hypothesis 2.3. The full proof proceeds to the
opposite direction. Namely, we will find a suitable small perturbation of initial data such
that (2.32a) holds and then show that Hypothesis 2.3 is true. Following [22], we shall solve
this finite-dimensional problem by a topological fixed-point theorem based on mapping
degree theory. To this end, we have to set an appropriate functional framework and to
show a priori estimates for ®(y, 7) ensuring (2.11) and (2.22). We just mention the region
where (2.22) is expected to hold. Since v = & — U, (r) and

e M dy(r) Ao e MTp TR = pm My 2Ae 20

as r — 00, the maximal region of the quadratic approximation of f(v) holds is, in principle,
(e(1) <)|y| = O(e7/?) as 7 — oo. This last amount is not a technical upper bound,
since €7/? is a characteristic curve for the hyperbolic part of the differential operator
vs + Av & v, + 27y - Vo + Bu, 1 < |y|. Nonetheless, the authors of [22] had to restrict
their a priori estimates to {|y| < e’"} with o < 1/2. In view of the original coordinate,
the set corresponds to a shrinking domain |z| < (T — t)/2=7 t < T. In the following
sections, we show that it is possible to set a better functional framework than that of [22]
and to prove an a prior: estimate of the form:

|q>(7‘7 7_) - Uoo(T) - 6_>\£T¢£(T>‘ < Ve—AeTT—V-I—QE (1 <r< 67_/2)

for every v > 0. Consequently our solution u(z, t) has good estimates in the ball {|z| < 1}
uniformly in (0, 7).

3 Setting of initial data and functional framework

Let us set

weT )\[ h 2|)\0| _ _h

with wy 1= ——— ay (1) := ——eo(7) —e T,

o) i=e v — 28 Cr Ce
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Let 6 be a constant

- min{2|\|, vV D}

3.1
16(2|\o| + VD) (3.1)
and let 79, 7 be numbers such that 7o < 71 < 0o. Let us write
( r r A
ai (1)t |eo(T _25{U (—)—Uoo(—)}— andn(r) |,
Z( 0) [ 0( 0) 1 €0<7_0> 60(7’0) ; ( )
N r < eo(T0)%,
Ge(r) == do(r), 50(7-0)29 <r< 2670/27
a;(10)” [ Z o (7 ] , 2e" <,
where G(r) is a nonnegative continuous function satisfying
G(r) = o(r~?") as r — oo. (3.2)
We set the initial date @ as
Po(r;a) == Uso(r) + ay(10)de(r) + Z QO (1 (3.3)
where o = (ag, a1, ..., 1) € R is a tuple of parameters, so that
( —28 r 20
eo(70) " Us ; r < eo(10)”,
EQ(TQ)
olr; ) = Uso(1) + aj(10)Pe(7) + Zan¢n eo(T0)? <1 < 2e™/2, (34)
([ Uxs(r) + G(r), 2e70/2 < .,
Concerning the parameter o, we impose
|oo| < go(7p)? P+ (3.5)

(cf. (3.10)). In fact, we will convert our problem to a finite dimensional one which amounts
to finding a suitable o € R’ satisfying (3.5) such that the corresponding initial data
Qo (r; ) yields a solution ®(r, 7; ) with required estimates. To clarify the estimates, we
define a functional framework for ® in the next subsection.

3.1 The functional framework

Let M be a sufficiently large constant to be selected later (cf. Remark 4.1 below). We
say that a continuous function ® : Ry x [y, 1] — R belongs to AY _ with v € (0, 1] if @
fulfills the following conditions (1), (II)a, (II)p and (II):

70,71
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(1) For 7o <7 < 71 and r < go(7)?,

@(T,T)—eo(T)_25U1< i )

50(7’)

(IN)a For 7o < 7 <7 and go(7)? <7 < 1,
907, 7) ~ Uac(r) = 65 )] < o420
(I For o <7 <7 and 1 <r < e™/?
| (r, 7) = Uno (1) — a(T)e(r)| < veo(mo)*eq(7)? =2 r 742,
(I) For 7o < 7 < 7 and e™/% < 7,

|B(r, 7) — Uso(r)| < vMr=2.

(3.8)

(3.9)

We see that &, € Ax%, for la| < eo(70)?P01+39 (see §3.1.1). We now define a subset

Uryr C R’ as

Uy r = {a € RY | ®(r,7;0) € Al

2‘)\0|+39}
70,71 :

la] < eo(70)

(3.10)

A standard continuous dependence on initial data implies that i/, ,, is open with respect

to the standard topology of Rf. Given 7, with 7 > 79, we define a map Q,

Qr a = ((riia), .., g1 (T @)
with qx(m; ) = (v(- ,Tl;a),gbk)Lg(RN) for k=0,1,...,0—1.

Lemma 3.1. Assume that Q. (o) =0 for some o € Uy, ,. Then:

T0,7T1°

1
la| < 550(70)2‘)‘()”39 and ® € AY?
The proof of this lemma is postponed to §4.

3.1.1 Estimates of the initial data
Due to (3.4), the initial data ®g(r) = ®y(r; ) satisfies following estimates.
Lemma 3.2. Let 1 := min{|Xo|, VD/2, | Xo|/A\e}. We then have

(1) = Uso(r) — az(70) e (r)]

Cep(mo)? ol 4 2ol r < eo(mo) /0,
_ Ceo(ro)2Poltip=i 4 Cey(9)2Polr2 | g0 (1) 730/ < v < go(0)%,
T | Ceg(m)2Pol+30(1 4 26, g0(70)¥ < r < 2e70/2,

Ceg (7o) HPolp2t, 2em/2 < 7.

Moreover, the initial datum ®q belongs to A%,QTO.

16
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Proof. Set 1 :=1/go(7). Consider the region {r < ey(79)*}. We see from (3.4) that

|[@o(r) = Uso(r) — a7 (70) ()]
< e0(70) *|UL(n) = Us(m) + g™ | + (h/ee)z(10)* X [eer™ — (1)

) ol ) (3.12)
_ ] Ceolmo) (140, n < eo(ro) 0,
T\ Ceolmo) P77 4 Ceg(mo) 22712, gg(n0) ™M < < eo(mo) 7,
As for the region for go(7)%? < r < 2¢™/2, due to (3.4) and (3.5), we have
|Bo (1) — Uso(r) — aj (10)e(r)| < Ceg(mo)?Pol3%=7 (1 1), (3.13)
As for 2¢7/2 < r, it readily follows from (3.2) and (3.4) that
1o (1) — Uso(1) — @ (10)e(1)]| < Ceg(mo)2 I+, (3.14)

Putting (3.12)—(3.14) together, we obtain (3.11).
We then verify that ®, belongs to A%?TO. A similar argument to (3.12) shows that

|(I)0(7”) — 60(70)—2/3U1(n)| < 080(7_0)—254—2977—«,

for e9(70)%? < r < g0(79)? and sufficiently large 79, where n = r/go(7). In addition, it
follows from (3.2) that |®o(r) — Us(r)| = G(r) < 7727 for 2e™/? < r if 7y is sufficiently

large. These together with (3.13) give & € A%?TO. The proof is complete O

3.2 Proofs of Theorem 1.1 and Corollaries 1.2—-1.4

Once proving the key a priori estimate given in Lemma 3.1, we may conclude the proof of
Theorem 1.1 by the topological argument by means of mapping degree as in [21] (see also
[17,29,40-42]). Since the argument is purely topological and independent of particular
functional framework, we only write main points without discussing the detail.

Proof of Theorem 1.1. Lemma 3.1 guarantees that any root of @);, in U, ,, is contained
in the interior of U,, . The mapping degree of (), is then preserved for 7y < 7 < 7y
by homotopy invariance. Hence there exists a € Uy, ,, such that Q,(a) = 0 as long as
Urr # 0. This last assumption is guaranteed for |73 — 7| small enough by standard
continuous dependence results. Then, by the method of continuity, we have

sup{m1 > 10 ; Upy.r, # 0} = +o0. (3.15)

Let {7;} C (70,00) be a sequence such that 7o <7 < --- <7; / 00. Due to (3.15), there
exists a; € Uy, such that Qr (a;) = 0. Lemma 3.1 then implies ®(r, ;) € A%QT]
By taking a subsequence, we may assume that {co;} converges to some a* € R, which
completely determines the initial data ®q(r; a*). The function u(zx,t) obtained by scaling
back from ®(y, 7;a*) via (2.1) is the desired solution of (1.2) if T" is small enough (denoted
as Tp). The pointwise estimates stated in the theorem are obtained by those for ®(y, 7; a*)
guaranteed by its membership to Al = Nr e(ry00) AL -, With 7o = —log T, The result
for arbitrary blow-up time 7' > 0 is obtained by rescaling, i.e., uy(z,t) = APu(\z, \?t)
with A = /To/T. The statement (iv) is proved by standard zero number arguments. The
proof is now complete. O
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Proof of Corollary 1.2. Let us write V(&,7) = U(&,7) — Uy(€), U(&,7) = e(7)*®(y, 7)
with £ = |y|/e(T) (cf. (5.4a) below). Introducing new variables

T dT/
o= [ Wen=vien

we obtain

¢ VW

Wy =AW + pUy (E)PIW — fi(s) ( + BW) + f(&,9) (3.16)

with

F(&s) = [P {(U1(&) + W(E, 5))" = Ur(€)" — pUL(E)" W (€, ) }

—its) (5P ) an

Notice that the function f(&, s) is Holder continuous since a > 0 by assumption.

We apply standard parabolic estimates for equation (3.16) in a space-time region
Q := Bgr X (s1 + 0,00), where Br = {¢; €] < R} and 6 > 0 is arbitrary. Due to (3.6)
(with 71 = 00), it is readily seen that || f||ze(q) < Ceo(7*)? holds for every a > 1, where
7* is the time corresponding to s; +d and C' > 0 is a constant independent of sy, §. Let
Q" € Q' € Q be sub-cylinders and let W21(Q) denote the Sobolev space based on L%(Q).
Due to classical LP estimate for parabolic equations, we obtain an estimate of the form
Wl 21 gn < Ceo(7)’. We now choose a large enough so that W2'(Q') is embedded in

the Holder space C*/2(Q') of order v in @’ (with respect to parabolic distance) for some
v € (0,1). Notice that the embedding constant does not depend on sy, §. Re-selecting a
smaller v > 0, if necessary, we apply Schauder’s interior estimate for (3.16), to get

IWllezrmnswrzry < K (IWlei@n + Il ) < O

for some constant K > 0. Since 7* is arbitrary, the last estimate implies

Sup %—V:(S, s)| < Ce(r)’,
Since ZY(¢,5) = e(1)?Z (e(1)**®(y, 7)) and |(7)| < Ce(r), we have
- (y, )| < C=(r) Uy (l%) +Celr) 72 T, 5)| < Co(r) #20

for ly| < Re(7), 7 > 79. Returning to the original variables, we get the estimate (1.24)
on u;. Estimate (1.23) is easily obtained by (1.24), equation (1.2), and (1.18). The proof
is now complete. O

Proofs of Corollaries 1.3 and 1.4. We estimate the L? norm by splitting the region of
integration defining |Ju(-, )|l qgn~y. The local L? norm in {|z| < &(7)’y/T —t} may be
readily estimated by (1.18) and the change of variable £ = |z|/e(7)v/T — t, which resulted
in (1.28), whereas (1.20) can be used in {e(7)’V/T —t < |z| < 1}. As for |z| > 1, we
use simply the decay estimate u < Clz|~2® when ¢ > ¢., whence (1.29). When ¢ = ¢,
we need a faster decay u < C|z|™? for some d > 23. Under the condition (1.30), the last
estimate is guaranteed by [28, Proposition C.3]. The detail is left to the reader. Il
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4 Proof of a priori estimates in the outer region

In this section we prove Lemma 3.1. This task is done by showing several a prior:
estimates, which we are going to establish in the following subsections. Let us write

=> an(r)¢n in LARY), (4.1)

where a,,(7) = (v(-, 7), dn)12ry). We first estimates a,(7) forn =0,1,...,(—11in (4.1).
This is accomplished in §§ 4.1 under the assumption @, (o) = 0. The reminder term
E(y,7) =v(y,7) — Zn 0 n(T)0n(y) yields smaller contribution than the leading mode
as(T)¢¢(y) in the outer region {eo(7)? < |y| < e™/?}. Those estimates of an( ) and E(y, )
lead to the estimates (II) and (II) with v < 1 in the requirement for Am 7. The last §§ 5
is devoted to showing the estimate (1) in the inner region. In the following, we denote
by C' a generic positive constant that may change from line to line.

4.1 Estimates of Fourier coefficients

Lemma 4.1. Assume that ® € Al Then:

70,71 "

Cr—28-2, r < 50(7)1*9,
|f(v(r,7))| < & Ceo(r)Polp=r=2R0l=2(1 4 p48) - ()10 < p < eMe7/2, (4.2)
CMPr=28-2, eMT/2 <,

for o <71 <, where Ap :=1—1/2)\p; € (1/2,1).

Proof. Let ®y,(r, 7) be the function as in (2.10) and set vy, (r, 7) = Pipn (1, 7) — Uso (1),

[fo@r, 7)) < 1f(e(r, 7)) = f (i (r, )] + 1f Wi (r, 7)) = 72 (FL + F).

By the condition ® € Al _ for r < gy(7)?, we know that

70,717
|B(r, 7) = i (7, 7)| < £0(7) iyu (1, 7).
Let 1 :=r/eo(7). For r < g¢(7)?, we then obtain that
Fl S |q)(T7 7_)}7 - q)inn<r7 T)p - pq)inn(ru T)p—l(@( ) q)mn( ))l
+[P(Pinn (1, 7)7 7 = Uso ()" )(2(r, 7) = P (1, 7))

_ [ Calry Uy, < e
=\ Cenlr) 2 UL ), () < < so(r)

and

Fy = |(Uso(r) + vinn (7, 7)) — Uso (r)? = pUoc ()7~ i (1, 7))
{ Ceo(1) 2872200 ()P n <eo(r)7?,

)
<
= | Ceaolr) 222U 207, eol(r) ™ < < eofr)’
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whence:
CT—Qﬁ—Q’ r S 5()(7—)1_97

43
Ceo(r)Polp=1=2P0l=2 o (7)170 < < (1)’ (43)

[f(o(r,7))| < {

Since ® € A! we obtain

70,717

Cr=2Beg ()20l 2o(7)? <7 < 1,
lo(r,7)] < { Cr28e=Aer/2er 1<r<eM/?
Cr=28, M2 < < eT/2,

Moreover, |v(r, 7)| < MUy(r) for r > e™/? due to (Il) with v = 1. It then follows that

Ceo(7)4Polp=2v+26-2 eo(T)? <r <1,
|f(v(r, 7)) < { Ceo(7)tPolp=20+26=2446 1 1 < p < ehem, (4.4)
CMPr—26-2 ehm <,
Due to (4.3) and (4.4), we obtain (4.2) and the proof is complete. O
Lemma 4.2. Assume that ® € A} _ . Then:
[(f(0(7)), Gn) 12 my| < Cena(r)? ol (4.5)

forn=0,1,... and 7o <7 < 71, where = min{|X\o|, VD /2, | Xo|/ N} > 0 as before.
Proof. We set

Hl;n + H2;n + HS;n + H4;n

50(7')1*9 1 e
(o
0 60(7’)170 1

We shall use (4.2) to estimate |f(v(r, )| in each subinterval. Since N —2 — 2y = /D
(cf. (1.8b), (1.15)) and v — 25 = 2|\o|, we have

ANpT/2

" /eAe"/2> [ (w(r ) dn(r) [P p(r) dr.

£ (7')1*‘9
Hy, < Cey / TN g < () A-DERHVD), (4.6)
7 0
1
H2'n < Ccnsg(7)4|’\°|/ r—2’y—2|/\o\+N—3 dr
’ eo(r)t—?
< Cen(eo(T)20 + g4 (1) VP20l +VD) Yo ()2l (4.7)
eAZT/2
Hs,y < C|ép|eo() ! / P 22NN =B =1/ g < ), Jeo (7). (4.8)
1

The contribution of Hy, is much smaller than those above due to the presence of expo-
nential weight. Since |¢,| < ¢,, the estimate (4.5) follows from (3.1), (4.6)—(4.8). The
proof is complete. O
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Lemma 4.3. Assume that Q,,(a) =0 for some o € Uy, ,,. Then:

an(7)] < Cofr)2hal s (49)
foro <7 <7 andn=0,1,...,0 —1, where ;. = min{|\o|, VD/2,|Xo|/ N} as before.
Proof. Due to Q,,(a) = 0, we see that

ol = | [ 0. o)

< C’/oo e (T8 g (5) 2Nl g5 < Ceg()HPolFr, (4.10)

whence (4.9). The proof is complete. O
Lemma 4.4. Assume that Q.,(a) =0 for some o € Uy, ,,. Then:

|| < Cg(mp)?PoH20@HVD) forp =01, 0—1; (4.11)

|4 (0) — Oenttf (T0)| < Ceneo(ro)PHPEVE) - form = 0,0+1,..., (4.12)

where 6, =1 tf n="» and dy,, =0 if n # L.
Proof. Notice that (3.4) implies that

2¢70/2
/ vo(r)dn (r)rN e A dr

50(70)20
60(70)29 (%) )
=aq, + / +/ 7 (70) be(r +Zak¢k W ()Y e /A gy
0 2e70/2
forn=0,1,...,¢ — 1. Then, due to a,(m) = (v, ¢n>L%(RN)7 we have

20

eo(mo)1—? eo(70) oo )
an(10) = @y + / +/ +/ vo(r) o (r)rN e % dy
0 eo(to)t—? 2¢70/2

e0(10)?° 0o
+(/ +/ ) ( (70)e(r +Zan¢n ) n(r)rNTreT
0 2¢70/2
Let n :=1r/eo(79). We see from (3.4) that

Cr=28, r < eo(mo)t?,
vo(r)| < 2| X0 . — 1-0 26
Ceo(1o)?r=7) eo(10)' " < r < ego(m0)*.

Due to this and identity —2y 4+ N — 1 = v/D + 1, we heve
1-6

(70)
Hi < Cey [ PRIYPR < Copen() 000D, (1.14)
0
80(7’0)26

| HY.,| < Ceneolmo)? ! / rVPH dr < Cepeg(rp)2R01+20(VD+2), (4.15)

50(7'0)1_9
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Moreover, the inequality |a| < go(70)2P1+3 ensures
Eo(T )29
|H,| < Cepeolmo) 2l / rVPH dr < Cepeg(ro) 2oV DH2) (4.16)
0

Due to the presence of the exponential weight, the contributions of Hj,, and Hj, are

much smaller than, say e /8, for 7y large enough. Due to the condition (3.1) on 6, we
have 2|\o| 4+ 20(v/D +2) < (1 — 6)(2|Xo| + v'D + 2). The first claim (4.11) then follows
from (4.9), (4.13)—(4.16). The proof of the second claim (4.12) is similar and thus omitted.
The proof is complete. O

4.2 Estimates of remainder terms

Our next goal is to estimate the higher Fourier mode: v(r, 1) — Zn 0 @n(T)®n(r). To this
end, it is convenient to introduce a new dependent variable

W(r,m;a) =r"v(r,7;a), Un(r) == 1rTon(r),
where v(r, 7; ) := ®(r, 7; ) — Uso(r). Then:

Wo(r; ) := W (r, 1o; @)

oo () o ()] e

N 7_0 W + Zan1/)n é‘0(7—0)29 <r< 2670/27

rG(r), 2e™/2 < .

\

and function W satisfies W, = —LW + g(W) where

N—-2y—-1 C) W' = XNW,  g(W) :=7r7f(v).

—LW =W"+ (
T 2

We set
m::N—27:2+\/5>2.

For a while, we consider the case where m is an integer (the general case is discussed at
the end of this section). Let us write

L 00
Zan )+ E(r,7) where E(r,7) := Z A (T)0y (7). (4.17)
n=0 n=~+1

Function E satisfies

0
(E(-.7) ) z@m =0 for n=0,1,....¢, E.=—LE+gW)=>Y (g(W), n)hy.
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We denote by S(7) the semigroup for —L£, which is expressed as

[S(T)W](y) = Z e (W, Vn) L2y Yn(|Y) (4.18a)
_ eyl st lyle”"/?r [yPe™ 412 o

—?/0 Iw{m}exp{—m}r W (r) dr (4.18b)
B elXolm o d |y6—r . z|2 e (o i
- /m p{ Y }W( )dz (m€N) (4.18¢)

with w == v+ N/2 -1 = (m —2)/2 and A := |\g| + (m — 2)/4, where I, denotes the
modified Bessel function with order w. The bounds for the modified Bessel function

Cz¥e?*

[1.(2)| < Atz ° cR4, (4.19)

yields the following estimate:

[S(T)W](y)] (4.20)
Clelrol oo llyle=/2 — 7|2 lyle"/2r —(m—1)/2 X
< LA L D m— .
< | ool ) (atisen) o
The series expression (4.18a) implies aj (1), (r) = S(T — 10){a; (70)e }(r), whence:

W(r,7) — ag(T)¢e(r) = S(T — 7o) {Wo — a;(70) e} (r) / S(r—s){g(W(s))}(r) ds

4.2.1 A priori estimates in the short-time case
We first discuss the short-time case, that is, 79 < 7 < 19 4+ 1. Notice that
el <e <1 for m<o<7t<T1+]1. (4.21)

For simplicity, we shall abuse some notation such as W(|y|,7) = W (y, 1), ¥un(|y|) = ¥n(y).
Lemma 4.5. There holds

|S(r = 70){Wo — a; (10)e} ()| < Ceo(T)HF(1 + |y|*) (4.22)
for eo(T)? < |yl < €/? and 79 < 7 < 19 + 1 with sufficiently large 7.
Proof. For 1 =1,2,3, we set

I |>‘0|(T TO) ‘ye (T TO)/ 2‘2 W d
T {Ar(1 — e (o)) /2 /l)i(To) eXp{_ 4(1 — e=(7=m0)) }l 0(2,70) — az(70)¢e(2)] dz,

where

Di(0) == {z € R™||z| < go(0)?}, (4.23a)
Dy(0) == {z € R™|ey(0)? < |2| < 2¢7/%}, (4.23b)
Ds(0) :== {z € R™|2¢7% < |2|} (4.23c)
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for 7o < o0 < 7 < 71. Hereafter we always assume go(7)? < |y| < e?and 70 < 7 < 19+ 1.

Estimate for I;. Let us divide the region D;(0) in (4.23a) as the disjoint union of
Do) :={z € R™||z| < go(0)' 7301}, (4.24a)
Dis(0) :={z € R™ | (o) 3" < |2] < go(0)*} (4.24b)

for 79 < o <7 < 7. The corresponding integrals are denoted as I; ; and I o, respectively.
For go(7)? < |y| and |2z| < &o(79)%, there holds

e o) 3 ey — oy > (4.25)

if 79 > 1+ 2log2/0w,, where wy, = A\¢/2|\o|. By (4.21), (3.12) and (4.25), we have

c lyl? 2
I, < — Aol 212ly ¢
1,1 = (1 _ e*(T*To))m/Z exXp { 64(1 — 67(7'77'0)) /1)111(70)(50(7_0) |Z| ) z

1-30/p

(70) (10)
<C (SUP Lm€L2> ly[~™ [50(70)2”0' /80 Sl 4 /EO 0 p2PRoltm=1 dr] (4.26)
0 £

L>0 o(70)

< C€0 (7_)2|/\0\+m—9(4|)\0|+2m+um)/u‘

For eo(79)'730/* < |2| < 0(70)%, (3.12) implies that

< 050(7_0)2|>\0\+39.

Wo(2) — ai (mo)ie(2)] < Ceolro)™ [('—')) e

80(7’0

Then, due to (4.21), we obtain I, 5 < Ceg(79)2F39|[S(7 — 70)1](y)| < Ceo(7)P0H+39. Tt
then follows from (3.1) and (4.26) that

I, < Ceg(r)Rol+30, (4.27)

Estimate for I,. Note that Wy(z) — aj (70)¢e(2) = Zf::lo ann(|z|) for z € Dy(1p). Our

fundamental assumption of o € U, ,, ensures |a| < go(7)??1F39. Tt then follows from

(4.20) and (4.21) that

elhol(r—0) lye(T—T0)/2 _ 4|2 1
[ < - n¥n d
R e N / meXp{ A(1 — (=) }Z‘O‘ Yal2)] d2 (4.28)

n=0
< Clag((r P9 (1 4 [y ).

Estimate for I5. We see that

||

|y€*(‘r*7’0)/2 . Zl > ’Z‘ _ |y|e*(7*7'0)/2 > 7 (429)

for |z| > 2|yle~(""7)/2 and

2lyle~ (T2 < 2e™/2 < || (4.30)
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for z € D3(7). It then follows from (3.11) and (4.29) that

N

I exp 4§ — |2|*" dz < Cep(1) ol 4.31
5 (1-— e—<7—70))m/2 Ds (7o) 16(1 — e—(T—TO)) 0 ( )

Due to (4.27), (4.28) and (4.31), we obtain (4.22) and the proof is complete. ]

Lemma 4.6. There hold

< Ceo(r)* minfeo(r)? (1 + [y[*), (1 + [y[**N)}, (4.32)

/ "S- 5){g(W(s))}(y) ds

< Ceo(r)?PHr (1 + |y)*) (4.33)

JAECE {Z<g<w<s>>, wnm(mwn} (v) ds

for eo(7)? < |y| and 79 < 7 < 79 + 1 with sufficiently large 7o, where > 0 is as before.

Proof. For 1 =1,2,3, we set

= e / { ’ye_(T_S)/2_Z‘2}| (W(z,5))| dzd
;= exp{ — g(W(z,s))|dzds,
= e e g, (=)

where, for 7o <o <7 <7 and Ay =1—1/4)\p4q,

Ei(0) = {z € R™||z] < go(0)}, (4.34a)
Ey(0) :={z € R™|go(0) 0 < |2] < eMeo/?}, (4.34Db)
Es(o) :={z e R™| /2 < |2]}. (4.34c¢)

Estimate for J;. We see from (4.2), (4.21) and (4.25) that

’ c |y|2 }
J < / exp{— / 2|7 f(v(z,s))|dzds 4.35
1 - (1 _ 6—(7——5))m/2 64(1 e_(T_s)) B (s) | | | ( ( ))| ( )

T peo(s)t—?
< C (sup Lme—LQ) |y|_m/ / 0 T,Y_Qﬁ-‘,—m—?) drds < C€0<7_)—9m+(1—9)(2|)\0\+\/5)‘
L>0 o Jo

Estimate for J,. Let us set

Bi(y,0) = {z € R"||z| < 2Jyle” "7/}, (4.36a)
By(y,0) = {z € R™|2Jyle /2 < |2|}. (4.36b)

We divide the region Ej in (4.34b) into

Eyi(0) = {z € R™|eo(0)™? < |2| < o(0)*}, (4.37a)
Ena(y,0) = Bi(y,0) N {z € R™ |eo(0)* < |2] < M/?}, (4.37b)
Eys(y,0) == By(y,0) N {z € R™|eo(0)? < |z| < M/} (4.37c)
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fory €e R™, 70 < 0 < 7 < 7, and split Jy as Jy = Jo1 + Joo + Jog accordingly.
Arguing as the estimate for Iy, we see Ey(y, s) # 0 for |y| > go(7)? and Fy3(y, s) = () for
ly| > e=s/Mer1e7/2 /2. Owing to |No| > 1, (4.2), (4.21) and (4.25), we obtain

i c lyl?
< _ v
1< [ e e { gy ) [, G s

20

T Eo(s)
<C (sup e—LQLm) |y|—m/ 80(3)4l’\0|/ F—2Pol+m=3 7.1 (4.38)

L=20 7o eo(s)1—?

< 0(80<7)26(*2I>\0\+\/5) + 80<7_)(179)(72|)\o\+\/5))80(7_)4|>\0\70(2+\/5).

Recall £ > 1, Ay > 0 and Ay > 1/2. By (4.2) and (4.21), we have

T Ceo(s)*Mlds lye=(7=3)/2 — 2|2 ol "
Joa < / / exp | - 2221 4 |24 4
T0 (1 - 6_(T_S)>m/2 E272(y,s) 4(1 - 6_(T_S))

< C/ €O<S)4\A0|(50(5)—40“/\0\-‘,—1) + (€O(S>46(Ag—l) _i_e()\[—l)AgS)’y‘Zf) ds

70

< 060(7_)4\)\0|—40(|>\0|+1) + 050(7_)2|>\0\(60(7_)2|)\0|+46()\2—1) + 6—7-/2)|y|2€ (439)

and

b < C/T 80(8)4|/\0\(60(8)—49(|>\0|+1) + (€0<8)49(2)\z—1) + 6(2)\g—1)Ags)‘y|2|)\o\) ds
R (4.40)
S 080(7_)4‘)\0|—49(‘)\0|+1) + 0(60(7_)4|>\0|+49(2)\4—1) + 6_7-/2)|y|2|)\0‘.

On the other hand, (4.2), (4.21) and (4.29) imply that

T Cey(s)lds lye= /2 — 4|2 —2[Mo|-2 4
ha< [ [ ewts 2] Pol=2(1 4 [2]*) dz
TO (1 - 6_(T_8))m/2 E273(y,s) ]‘6(1 - 6_(7-_8))
< /T 060(8)4|)\0|d8 exp { — |y|2 /1 r—2Aol+m=3 g
N 70 (1 - e—(r—s))m/2 16(1 - 6_(T_S)) go(s)2?

T Ceo(s)tPolds > r’ 2Xo+204+m—3
_ m=3 4
+/m <1—e<”>>m/2/o PV (I —e T [ ’

S C (Sup €L2Lm> |y|fm60<7_)4|)\0|(1 4 80(7_)29(72‘)\0|+\/5)) S 80(7_)4‘)\0|729(2|)\0|+1). (441)
L>0

Estimate for J;. Let us divide the region Ej5 in (4.34c) with
E31(y,0) == Bi(y,0) N E3(0),  E3»(y,0) := Ba(y,0) N E3(0), (4.42)

fory €e R™ and 79 < o <7 < 7y, and split J;3 as J3 = J31 + J39, accordingly. We note
that B3 (y,s) = 0 for go(s)? < |y| < e=¥/* +1¢7/2 /2. Due to (4.2) and (4.21), we obtain

T C Iyef(‘rfs)/2 _ Z|2 B
J3q < / / exp {— 2PPol=2 gz ds
WIS T T g " AT e (4.43

S Ce—(Ag+1/2)T|y|2£
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and T
J31 < C/ e eyl ds < Cem /2y (4.44)
T0

for |y| > e=3/*+1e7/2 /2 with sufficiently large 7, > 0. For |y| > e(7)?, it follows from
Dol > 1, Ay > 1/2, (4.2), (4.21), (4.29) and (4.30) that

J32 < /T ¢ 5 / exp {— 2" } |2)2Pl=2 d2ds
0 (1 - 6_(T_S))m/ Es3.2(y,s) 16(1 - 6_(7—_8)) (445)
(

Because of (3.1), (4.35), (4.38)—(4.45), we obtain (4.32). To show (4.33), we use the
series expression (4.18a) of S(7) and Lemma 4.2, to get

S(T — S){<g(W(S)), wnh%(Rm)wn}(y)‘ < Ce*An(Tfs)EO(S)Ql)\OHH(l + ’y‘Zn)

for n =0,...,¢. Since |1 — s| < 1, we obtain (4.33) and the proof is complete. [

4.2.2 A priori estimate in the long-time case

Next, we show the estimate in the long-time 70 + 1 < 7 < 74. Notice that
l—e'<1—e <1 formg+1<o<7<m. (4.46)

Let Eo(ly|) :== E(|y|, 7o) where E is as in (4.17).

Lemma 4.7. There hold

Cleg(7)2Pol+20@+VD) if eo(r)? <yl <1,
[1S(7 = 70) Eol ()] < { Co(0)2C+YD)gy (1) 2ol [y (26 if 1 < |y| < elrmo-D/2, (4.47a)
and
1S(T — 70){Wo — aj (1)1} (y)| < Ceo(r0)¥en ()l |y[* (4.47b)

Zf 6(777071)/2 < |y‘ < 67/2’
for o +1 < 7 <1 with sufficiently large 7.

Proof. Since Ej is orthogonal to the eigenfunctions 1, for n = 0,1,...,¢ in Lf,(Rm),
Lemma 4.4 (cf. (4.12)) as well as the series expansion (4.18a) imply

[S(r = 70) Eo) (y)| < Ceq(r)2ol+2CHVD) N7 (2 o= (n=b-20@24 VD))
n=0(+1 (448)

< CEO(T)2|,\0|+29(2+\/5)

for eo(7)? < |y < 1 and

[S(7 = 70) Eo) ()] < Ceo(mo)"EHVPlgg(r)2Moly[ 3~ c2emm=hlr=r) |y 2(n=0)
n=¢+1 (449)

< 060(7_0)29(2+\/5)60(7_)2|>\0| |y|2£
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for 1 < |y| < e"=™=D/2 where the exact formulas of ¢, and ¢, as in (2.17) and (2.18)
have been used as well. We then obtain (4.47a).

Next, we prove (4.47b). We remark that 2e~/2 < 2|yle=(7=70)/2 < 2¢70/2 and |y| > 1
for e=0"D/2 < |y| < e/? and 7o + 1 < 7 < 7. Due to (4.18¢) and (4.46), we have

|S(T = 1) {Wo — az(70) ¢} (y)]

3
<0 S [ ooy = AW~ am() s (450
i=1 7 Di(70

=: K1 + K, + K3,
where D;(79) (i = 1,2,3) are the sets as in (4.23).

Estimate for K;. Let us write fD1(m) = fDl o+ fpl ,» Where Dy y and D, 5 are the sets as

in (4.24a) and (4.24b), respectively, and denote K; = K;; + K5 accordingly. Similarly
to the estimate for I3, it follows from (3.12) that

Kia 2 OO [ (o) 432 s
D; 1(70)
< Ce|/\0|(T7T0)(50(7_0)2|)\0|+(1739/u)m + 80(7_0)(1730/u)(2|)\0|+m)).

Notice that we have |y|=2 < efe=“7=70) for e(7==1/2 < |y| and |A¢| — £ = — )\, whence:
Kl,l < C<8O(TO)(1739/p)m + 80(To)mf(1739/u)(2|/\o|+m))67)\@7-|y’2£. (4.51>
A similar argument shows

K, < C'GAO'(T_TO)/ (20 (70) 2P0l F8 2| 7 + Ceg(19) 2™ |2]%) dz
Di1.2(70) (4.52)

< 0(80(7_0)#+29(M+m) + €0<7_0>29(m+2)>67A4T|y‘2£.

Estimate for K,. Let us write sz(TO) = fD2,1(y,7'0) + fD2,2(y,To) with the sets Dy (y,0) =
By (y,0) N Dy(0) and Dos(y, o) := By(y,0) N Dy(o), where By(y, o) and By(y, o) are as
in (4.36a) and (4.36b), respectively, and denote Ky = Ky + Ks 5 accordingly. We note
that Dy, Doy # () for em==D/2 < |y| < e™/2. Because of (3.11), we have

Kgyl S C@AO(TTO)€0<TQ)2)\O|+39/ eXp{—’yef(TfTO)/2 — 2’2}(1 + ’2‘26) dz (453)

D2,1(y,m0)
< Oe—)\o(r—m)go(7_0)2|>\0\+36 [(|y|e—(7——7—0—1)/2)2£ + <2|y|6—(T—To)/2)2€] < 060(7_())396—)\(7'|y|2€'

In addition, we know from (3.11) and (4.29) that

Ky p < Cem 2 m)gy (1) 2ol + e PP 4212 dz < Ceglro)¥ e |y|*. (4.54)
D2,2(y,70)

Estimate for Kj3. Inequalities (3.11), (4.29) and (4.30) imply

K3 < Ce’\O(TTO)eo(TO)Q’\()'/ (|2]/2¢™/2)2e PP /422 dz < Ce™e T |y[?. (4.55)
D2 ,2(y,7m0)
Because of (3.1), (4.51)-(4.55), we obtain (4.47b) and the proof is complete. O
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Lemma 4.8. There hold

S(r—s { Z )s Un) L2(Rm)¢ } (y)

n=0
_ 060(8)u720(2+\/5)80(7_)2|)\0\+29(2+\/5)7 50(7)9 < |yl <1,
Ceo(s)eo ()Ml y[*, 1< [y,

(4.56)

and
1S(7 = 8)g(W(s))(y)] < Ceols)* min{eg(T)?My[*, [y|P*}, |y| > e7="V2 (4.57)

as long as 1o+ 1 < 7 < 71 and 19 < s < 7 — 1 with sufficiently large 19, where p =
min{|Xo|, V'D/2,|Xo|/ N} > 0 as before.

Proof. Recall that <f(v),¢n>L§(RN) = <g(W),wn>L%(Rm). Arguing as in the proof of
Lemma 4.7, we obtain the first and second inequalities of (4.56) for |y| < e(T—s=1)/2
from (4.5) and (4.18a).

We next prove (4.57) and the second inequality of (4.56) for |y| > e"=*=1/2. To this
end, we assume |y| > e("=571/2 hereafter without stating explicitly. Due to (4.18c) and
(4.46), we have

[S(T = s)g(W(s))(y)] < 06'“'(7_8)/ exp{—[ye” "I — 2P} g(W(z, )| dz.  (4.58)

m

We split R™ to the subregions F; (i = 1,2,3) defined in (4.34) and denote the corre-
sponding integrals as L; (i = 1,2,3) accordingly. We remark 1 < 2e~/2 < 2|yle=(7=)/2,
[yl = 1 and r7 f(v) = g(W).

Estimate for L;. By (4.2), we see that

L, < Celolr—9 / 21 (0(z, 8))] dz
Ei(s)
1—-60

(s)
< CG|A0|(FS)(€ (r—s— 1/2]y|)2)‘0|/€0 FI=28+m=3 g (4.59)

0
< 050(8)\/5—9(2”\0‘4-\/5)6—)\@7'|y‘2€'

Estimate for L,. Let us divide further the region F5 as

Byi(s) == {2 € R™ |eo(s) ™" < |2 < 1},
E}o(y,s) = Bi(y,s) N{z € R™|1 < |2 < e™*/?},
Ey5(y,s) == Ba(y,s) N {z € R™ |1 < |z| < Mo/?),

and denote the corresponding integrals by Lo, (7 = 1,2,3) accordingly. We note that
Eyo(y,s) # 0 for [y| > e="/2 and Ef 4(y, s) = 0 for |y| > e*/**=+1¢7/2 /2. The estimate
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(4.2) of f(v(z,8)) in Fy,(s) implies that

Ly < O [l fote.s))dz
Eé,l(s)
1
< CePoltr=) (= (r=s-1)/2| )20l =22 / 2ol tm=3 g (4.60)

60(3)1_9

< C(ef)\gs + €O(s>(170)\/5)€f>\gs‘y’2|)\0| < C(ef)\[s + €0<S)(170)\/5)67A57|y|2£

for |y| > e"=*"Y/2. Due to (4.2), we have

Lyo < CG_AO(T_S)G_%ZS/ exp{—|ye= /2 — 2|2} 2|HH P2 2
Eé,2(y73) (461)

< C(ef)\gs + 673/2)67)\[1"3/’2@
and
L22 < Ce\)\0|(775)672)%3(2|y‘67(775)/2)2|)\0\(1_’_6(2/\471)Aes) < 0(672)\58+678/2)|y|2|A0" (4.62)

A similar estimate to (4.29) shows

ng < Ce|)\0|(r—s)e—2)\gs/ e—\z|2/4|z|2€+2)\g—2 dz < C«e—)\gse—)\g’r|y|2€‘ (4 63)
B3 3(y,9)

Estimate for Lj. Let us split £ to the disjoint union of Fs i, E55 as in (4.42) and
denote the corresponding integrals as Lz ; (j = 1,2) accordingly. We note that E5; = ()
for e™=57V/2 < |y| < 27te~¥/*M+1e7/2 The fact of |A\o| > 1 and (4.2) imply that

Ly, < C’elAO(T_S)/ exp{—|ye "2 — 22}z N2 4
Es,1(y,3) (4.64)

< C€|)\g\(7—fs)€f)\g+1/\gs(2‘y|67(7—73)/2>2f < Cefs/ZengT’yFZ
and
L, < CeMol(T—s)e—Aes(2|y|e—(f—s)/2)2lko| < Ce—s/2|y|2lko| (4.65)

for |y| > 27'e=*/*\+1¢7/2 . Similarly to the argument in (4.63), we see that

Loy < Ceuo(T—s)/ e/ 2al=2
7 E3.2(y,s)

< CePolr=5) (g~ (T=2)/2) 210l /OO
es/4

S Oe—2>\gs|y|2|/\0‘ S Oe—)\gse—)\gT’yPZ.

(L) emaiensg, (460
e S

Due to (3.1), (4.59)—(4.66), we have (4.57).
To obtain the second inequality of (4.56), it is sufficient to show

< Ceo(s)"eo ()l y[* (4.67)

¢
S(r —s) {Z(g(W(S)), @bn)Lg(Rm)wn} ()

n=0
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for e™==1/2 < |y|. Notice that |y| > 1. Recalling Lemma 4.2 and the series expression
(4.18a) of S(7), we easily obtain

S(T - 8){<g(W(S))7 wn>L2(RM)wn}<y)‘
< Ceo(s)e ~Aes p=An(T—s |y’2n _ C&?o(s)“e*)‘”]yw (67(775)/2|y’)2(n_4)

for n = 0,1,...,¢. Estimate (4.67) then follows at once since e~("=/2|y| > ¢~1/2. The

proof is complete Il

Lemma 4.9. There hold

/T S(t—s) {Q(W(S)) = (g(W(s)), ¢n>Lg(Rm)¢n} (y)ds

n=0
Cso( );L—29(2+\/5)50(7.)2\)\0|+29(2+\/5)7 50(7_)9 < |y| <1,
Ceo(o) 0 ()2l y|*, 1<yl

and

< Ceo(mo)* minfeo(r) [y >, [y}, [y > e (4.69)

/ " S(r— 5)g(W(s))(y)ds

70
as long as 1o + 1 < 7 < 1 with sufficiently large 1y, where p > 0 is as before.

Proof. We first divide integral in time as [° = [’~ by J7_,. Clearly the later integral
may be estimated as in (4.32) and (4.33). It thus suffices to con51der the former integral.
Fix now y with 1 < |y| < e"=~1/2 Then there is a unique number 5 = 5(y) € (79,7 —1)
such that |y| = e"""1/2, We then use the second inequality of (4.56) to estimate the
integrand over [y, 7 — 1]. As a result, we obtain

L

/TO S(r—s) { Z )s Un) L%Rm)%}( ) ds (4.70)

n=

< eo(70)"e0 (7)1 + [y[*)

Similar estimates may be derived for £o(7)? < |y| < 1 and e7=™=1/2 < |y|, respectively,
without splitting the integral in s, whence (4.68). Integrating the both sides of (4.57) in
s over [1y, 7 — 1], we readily obtain (4.69). The proof is complete. O
4.2.3 A priori estimates for |y| > e7/?

Lemma 4.10. There exists a constant C' > 0 depending only on N, Ay and h such that
Wy, 7)] < ClyPl, Jyl > e (4.71)

for 1o < 1 < 1 with sufficiently large 1.
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Proof. Similarly to (3.11), there exists a positive constant C' such that
Wo(r)| < Cr2l > 0. (4.72)

A careful check of our setting of initial data shows that the constant C' in (4.72) depends
only on Ay, N and h. We define functions W; and W5 as

W(y, ;o) =[S —10)Wol(y) + /T[S(T — 5)g(W(s)](y) ds =: Wy + Ws. (4.73)

70

By (4.72), we have

C [Xo|(T—70) T—70)/2 _ |2
Wi < - o))/ (/ / ) exp{ Jye ™t = Tf| } ]z]2|)‘0|d2
( - 0 Bi(y,70) Ba(y,70) ( —€e 0 )

< Ce|>\0| T—T0 (2’y|6_(T 70 /2)2|>\0| + Ce|>\0\ T—T0 (|y|€—7/2>2\>\0| < C|y‘2|)\o\

for |y| > e7/2. Tt follows from Lemmas 4.6 and 4.9 that |[Wy| < Ceo(ro)"|y/2?! for
ly| > e™/2. The proof is complete. ]

Remark 4.1. Let us comment on the choice of the constant M from the definition of

functional set A7 _ in §3.1, as we haven’t clarified how large it should be. We now choose

M as in (3.9) so that M > 2C holds, where C' is the constant appearing in Lemma 4.10.
4.3 Completion of the key a priori estimate

We now prove Lemma 3.1. Due to Lemmas 4.3, 4.10 and 5.1 below, it suffices to show
1
W (r,7) = af(r)u(r)] < geo(r) 2, e(r) <r <1, (4.740)
1
W) = i (r)e(r)] < geo(mPeo(r) 1%, 157 < e (4.74b)

as long as 1o < 7 < 7y with 7y large enough. When 79 < 77 < 79+ 1, the estimates (4.74)
follow from Lemmas 4.5 and 4.6. When 79 + 1 < 71, we obtain (4.74) from Lemmas 4.7
and 4.9 as well as the estimate (4.9) of Fourier coefficients. The proof of Lemma 3.1 is
now complete.

4.4 The general case m € R,

In the case where m € Ry is not an integer, the representation (4.18¢c) is no longer
available. Instead, we may use (4.18b), which have the estimate (4.20). As in §§§ 4.2.1
and §8§4.2.2, we split the region of integrations to various subintervals to obtain suitable
estimates. See [42, §§§4.3.2] for a similar argument.
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5 Proof of a priori estimates in the inner region

In this subsection we will prove a priori estimates in the region where |y| < £(7)? using

the idea of [41,42]. This together with the lemmas in §4 complete the proof of Lemma 3.1.
Lemma 5.1. Assume that p > py,, N > 10+ 8a. Assume also that
|Do(r) — Pout (7, 70)| < Ceo(re)? 220077 (5.1)

forr < eo(m)?. If there exists a constant My > 0 such that

O(r,7) — Uso(r) + ﬁ80(7')7’25@(7”) < Myeo (7)1 72200 (5.2)

Ce

forr =eo(7)?, 79 < T < 71, then there exists a positive smooth function H(s) with

O(s™7) as s — o0,
H(s) = { O(l) ass—0

such that

B(r,7) — B (. 7)] < o) PP H (T) (5.3)

forr <eo(1)?, 70 < 7 < 7 with 1 large enough.

Proof. We extend the idea of the proof of [41, Proposition 2.1] for the neutral eigenvalues
to that of stable ones. Let us abbreviate £¢(7) to (7). We shall recall equation (2.5):

VU
(U, = A g0 - ) (S5 4 o)
where & = y/e(7), U(E,7) = e(1)#®(y, 7), and u(7) := &(7)? — 2¢(7)é(7). Consider the
new dependent variable :

V(gv T) = U(é', T) - Ul(é)
Equation (2.5) for U(&, 7) is then converted to the one for V (£, 7) as follows :

NV = (PO A+ P [pale) ™V + (O + VY~ ieF (54a)
=PV 4 OO - TP V] - (r) [ Tu(©) + (£ 4+ 6v)] =0
with Ty(s) = SU;(S) + BUL (). (5.4b)

Here and henceforth, we shall abuse the notation such as U;(§) = Ui ([¢]) for simplicity.
The ordered structure of the family {U,},~0 implies that

To(s) = B%Ua(s) >0 forany s>0; Tp(0)=2.

a=1

33



Let us write

which solves

N -1

0=H]+——H, —|—p32aU§_1(s)H0, s> 0 with s = ||,

s
Hy(0) =0, H{(0)=0.

Taking advantage of the asymptotics of U;(s) and Uj(s) as in Proposition 2.1, we obtain

To(s) = Ms‘” +o(s7), (5.5)
Hy(s)=Cos " +o0(s™7) with Cp= h(’gf;@_(ﬁ/; D (5.6)
as s — 00. Let Hi(&) be a solution of the inhomogeneous ODE:
H" + %H’ + ps®* Uy (s)P T H = Ty(s), (5.7)
satisfying H(0) = H'(0) = 0. A standard computation then shows that
’ 1 LNt
H(5) =My () | s [ 0 H) ) dn
=C1s " +0(s77?) with C = Ay =25) (5.8)
42+ VD)

as s — o0o. Let M; > 0 be a constant to be chosen later. We will construct sub- and
supersolutions of (5.4a), using auxiliary functions

Vie(&,7) = pa(T)Hi(€) & Mie(T)* Ho (&) (5.9a)
with 14.(7) = u(7) F v/ Mie(r)*. (5.9b)

The functions Vi (&, 7) := Vi 4 (€, 7) satisfy

NVis = 6P [ (U1(€) + Vie)’ = Th() = pUL () Vit

+ PO = Ual€) Wa| + (i (r) = p()To(€)—

— () px(7) (%Hl(g) + BHl(f)) — 5(7)26% (ue (7)) Hy () F (5.10)
= ane(rutr) SV 4 5©)) 7 Miel? - () Hofe

Notice that the last two terms in (5.10) are roughly of oder &(7)?*?? as 7 — oo, which
is the same as of (us(7) — pu(7))To(€). To cancel out the terms proportional to T1(&) :=
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§-VeHo(§)/24 BHo(€) and My Hp(€) in (5.10), respectively, we introduce the functions

¢ dt b
Ji(§) = Ho(f)/o W/o n™N " Hy(n) T (n)dn,
3@ = o) [ s [ Hoa
1 - 0 0 {Ho(t)}QtN_l 0 n o\n UR
Notice that they solve ODEs
N-—-1

T+ S+ psUa(s) = ()

. ON—1- ~

Ji+ TJ{ +psUs(s)P ™ Ty = Ho(€)

with boundary conditions J;(0) = J;(0) = 0, J(0) = J'(0) = 0. We now set

Vour(€, ) = EMu(r)en(r 1 (6) £ Mielr) - (20(r)) Ju(6)

T

Using H'Lopital rule, we readily obtain

(—— + ﬁ) Co& " +o0(£77), (5.11a)
(__ + 5) Co 2 40 (6772 (5.11D)
Ty(&) := %ﬁ@ + BL(&) = (-5 - 5) (1 -5+ 6) Col 7 +0(677%)  (5.11c)

as & — 00. Notice that (—v/2+4 5) (1 — /24 8) = AoA1 > 0 for p > py,. The redefined
function

Vi (57 T) ::‘/17:t(§7 T) + ‘/2,:|:<£7 T)

satisfies

NVa =g | (U1 + Va) = U = pUt Vo + p {UF " = U3} Vi
+ {px(7) — (1)} To (&) — pu(7) pe(7) <M

5 + 6H1(§)) (5.12)
— cofr 1 () H(€) + E(6,7),

where

£(6.7) = £ Myp(r)e(r)*To(6) F Mre(r)* - (u(r)=(r)) 1 (€)

iMm(T)E(T)Q%(&(T) )<—§ V; 1(¢)

+ B (5))
7 (M4 (1)) ()
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As is readily seen, there is a constant C'y;, > 0 such that
€€, 7) < Care(r) ™+ (14677

This is smaller than {4 (1) — u(7)} To(€) = Fv/Mie(7)*T2Ty(€) in its modulus. Due to
(5.8), we have

ntres(r) (S 4 519)) —eu(r o sl ()
<Ce(m)'(1+ T < Ce(r) (1467 (5.13)

for ¢ < e(7)?~1. We now choose M, large enough, so that the last quantity of (5.13) is
dominated by {u+(7) — pu(7)} To(&) as well.

Consider the case where the plus sign of Vi is selected. Since Ty(§) is positive, it
follows from (5.5), (5.9b), (5.12), and (5.13) that

Loy

NV < g [ U+ Ve = UP = pUt Ve +p{U7 " =03} Ve | = 2

holds for & < e(7)?"!. Moreover, it is easily seen that this last term dominates for
1 < & <e(1)?7 1, whereas the negative term p {Uf_1 — Ug_l} V., dominates for £ = O(1).
Therefore the function V, is a supersolution. The case where the negative sign of V.. is se-
lected is similar. In this case the both (Uy + V_)’ U —pUP™'V_ and p {UF! — UL '} V-
are positive. Consequently, the function V_ is a subsolution.

Next, we verify

Vo(E,7) SUE,T) = U(&) S V(& 7) for €] = (1), 7o <7 < 7. (5.14)

To this end, we recall
Pout (1, 7) = Uoo (1) + aj(T)e(r) ;s aj(T) = ——e(1)7%, (5.15)

Due to (2.15) and (2.8), we obtain, as 7 = &(7)? — 0,

(I)out (Ta T) - (I)inn(r7 T)

= aa(T)%%rfwz(l +0(r) + €<T>7725+min{2|/\0|,\/5}O<7,777min{2\)\0|7\/5})7 (5.16)

where Cy = hl/2(2 + /D) = Cy(1 + 2wy) (cf. (5.8)). Combining (5.2) with (5.16), we get
|B(r, T) — Binn (1, 7) — Cre (7)™ 27772 < 2Me(r) 120420 (5.17)

for r = 5(7)9, To < 7 < 71. Rewriting this estimate by the inner variables, we obtain

\U(&,7) — Uy (€) — u(r)Hi(€)] < 3Moe(7)%¢77. Tt then follows that

U(&,7) = Ui (&)] < p(r)Hi(€) + 3Moe (7)€" < Vi 4(€,7) + Mie(r)* Ho (€).
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We thus obtain (5.14) with M; = 5MCy " if 79 is large enough (cf. (5.6)). We finally
verify if the bound corresponding to (5.14) at 7 = 7y is true for [£] < &(79)?~!, which
amounts to asking if there holds

o (1) — Py (r, 70) — &(70) 2P p(m0) Hy (5 (:0)> ’ < Mye(ro) 2P0, (6 (7;0)) (5.18)

for r < e(79)?. This is clearly satisfied for r < &(79)?’, since ®y(r) = Py (r, 79) there and

e(10)2 =N H, (&) < Hy(€) with € = r/e(my) < 2¢(10)?~1. As for the region {e(79)% < r <
£(10)?}, an estimate similar to (5.16) with 7 = 75 implies

Pt (7, 70) = Pina (1, 70) — Cre(0)? 21772 < Ce(mg) =240y,

Combining this with the assumption (5.1), we readily obtain (5.18). Comparison principle
completes the proof. O
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