HIGHER LEVEL ¢-OSCILLATOR REPRESENTATIONS FOR
Uy (CV), Ug(CP(n +1)) AND U, (BD(0,n))

JAE-HOON KWON AND MASATO OKADO

ABSTRACT. We introduce higher level g-oscillator representations for the quantum affine
(super)algebras of type C,gl) ,C@ (n+41) and BM(0,n). They are constructed from the
fusion procedure from the fundamental g-oscillator representations obtained through the
studies of the tetrahedron equation. We prove that they are irreducible for type CT(LI)
and C?(n + 1), and give their characters.

1. INTRODUCTION

Let g be an affine Lie algebra and U,(g) the Drinfeld-Jimbo quantum group (without
derivation) associated to it. For a node r of the Dynkin diagram of g except 0 and a positive
integer s there exists a family of finite-dimensional U,(g)-modules W™* called Kirillov-
Reshetikhin modules. They have distinguished properties. One of them is the existence of

crystal bases in Kashiwara’s sense (see [I} [5 [I8] and references therein).
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TABLE 1. Dynkin diagrams of (g, 9)

Consider the affine Lie algebras g = Bél), DS), Dfﬁzl, whose Dynkin diagrams are given in
the left side of Table|l} The Kirillov-Reshetikhin modules corresponding to the node n and
the integer 1 have a simple structure. Let V' be a two dimensional vector space. The action
of U,(g) on W™! has an easy description on V®". It is irreducible when g = B,(Ll)7 Dg_l, but

for g = DS) it decomposes into two components; V" = W™ @ W"~ 11, For a quantum
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group Uy, (g) we can consider the quantum R matrix. We introduce a spectral parameter
to the representation W™1!, and denote the associated representation by W™1(z). Let A be
the coproduct and A°P its opposite. Then the quantum R matrix R(z/y) is defined as an
intertwiner of A and A°P, namely, linear operator satisfying R(x/y)A(u) = A°P(u)R(x/y)
for any u € U,(g) on W™ (z) @ W™!(y). (R is found to depend only on z/y.)

In [I5], Kuniba and Sergeev initiated an attempt to obtain quantum R matrices from
the solution to the tetrahedron equation, three dimensional analogue of the Yang-Baxter
equation. Let £ be a solution of the tetrahedron equation. It is a linear operator on FRV V
where F is an infinite-dimensional vector space spanned by { |m)|m € Z>¢ }. By composing
this £ n times and applying suitable boundary vectors in F' and F*, they obtained linear
operators on (V&)@ (V€") satisfying the Yang-Baxter equation. The commuting symmetry
algebras were found to be Uq(B,(zl)), U, (DS)) or Uq(Dﬁl). The reason they had variations
was that there were two choices of boundary vectors in each F' and F* corresponding to the
shapes of the Dynkin diagrams at each end.

To the tetrahedron equation, there is yet another solution R, which is a linear operator
on F®. In [13], Kuniba and the second author performed the same scheme to R and
constructed linear operators on (F®") @ (F®"). For the symmetry algebra this time, they
found Uq(C,gl)), Uq(D,(i)_l) and Uq(Agi)). They called these representations on W = F®"
g-oscillator ones. To be precise, for type C’y(ll) there are two irreducible components W, W_,
so one can think W of either W, or W_. By construction, the g-oscillator representation
W is a bosonic analogue of W™!, and it is natural to ask whether we have a higher level
g-oscillator representation corresponding to W™ for s > 1. However, there is a difficulty
in understanding W since they do not have a suitable classical limit (¢ — 1) for type fo_zl
and Aéi

In this paper, we first resolve this difficulty by considering W for these two types as
g-oscillator representations over quantum affine superalgebras g given in the right side of
Table 1| by using the twistor on quantum covering groups [4]. The filled nodes in the Dynkin
diagrams signify anisotropic odd simple roots. If they were not filled, the third Dynkin
(2t

2n

diagram would be D,(f_zl and the first one A where the latter is the same diagram as

Aéi) but the opposite labeling of nodes. We then investigate the quantum R matrices for
W(z) ® W(y) and apply the fusion construction. As a result, we obtain a higher level
representation W) for any s € Z-( and each Uq(C,(Ll)), Uy(CP(n+1)) and Uy (BM(0,n)).

Our main purpose in this paper is to prove the irreducibility of W) and compute its
character for Uq(Cr(Ll)) and U, (C®(n+1)). We investigate the crystal base of W(*) in detail
to show this. We further prove that W) is classically irreducible, that is, irreducible as
a module over the subalgebra generated by e;, f;, k; for i # 0. Rather surprisingly, this
coincides with the fact that the corresponding W™* is classically irreducible. We also give
conjectures on the irreducibility of W(*) and its character formula for B (0,n).

We would like to remark that the correspondence between W™ and W) as representa-
tions of finite-dimensional simple Lie (super)algebras after a classical limit, appears in the

context of super duality [3]. The theory of super duality is an equivalence between certain
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parabolic Bernstein-Gelfand-Gelfand categories of classical Lie (super)algebras of infinite-
rank. As a special case, this yields an equivalence between the categories for Goo and Goo,
where (Goo, Goo) = (Boo, B(0,0)), (Do, Coo). Their Dynkin diagrams are given in Table
Let G, and G,, denote the subalgebras of G, and G, of finite rank n, respectively. Let Vo
be a given integrable highest weight G,.-module. Under this equivalence, it corresponds to
an irreducible highest weight G..-module, say W, called an oscillator representation. By
applying a truncation functor to Vo, and W, we also obtain irreducible modules V,, and

W, of G,, and G,,, respectively.

TABLE 2. Dynkin diagrams of (Gso,Goo)

Let (g,9) be one of the pairs of affine Lie (super)algebras (BS), BW(0,n)), (D,gl), Cy(ll)),
(Dfi)_l, C®@(n 4 1)) in Table (1} Let G, and G,, be the subalgebra of g and g corresponding
to I\ {0}, respectively. Assume that g = DY, Dfﬁl. Now we see that if V,, is the classical
limit of a classically irreducible Kirillov-Reshetikhin U,(g)-module, then W, corresponds
to the classical limit of a higher level g-oscillator U,(g)-module in Theorems and
The character formula in Conjecture is based on this observation in case of (g,g) =
(B,(f), BW(0,n)), which is true for s = 2. We strongly expect that there is a quantum affine
analogue of super duality which relates the category of finite-dimensional U, (g)-modules and
a suitable category of infinite-dimensional U, (g)-modules including the g-oscillator modules,
and hence explains the correspondence in this paper.

The paper is organized as follows: In Section [2| we briefly review the notion of quantum
superalgebras. In Section [3| we construct a level one g-oscillator representation W of U, (@)
and study some of its properties including the crystal base. In Section [4 we introduce
the quantum R matrix on W(z) ® W(y) and apply fusion construction to define W),
In Section |5, we prove the irreducibility of W) and give its character formula when § =
C’,gl), C®@ (n41). A conjecture when g = B (0, n) is also given. In Appendix we explain
how to construct a level one g-oscillator representation of U,(g) when g = C®)(n + 1) and
BM(0,n) from the one for fo_?_l and Aéiﬁ in [13], respectively, by using the quantum
covering groups and twistor [4]. In Appendices [B| and we construct the quantum R
matrix on W(z) ® W(y) for U,(g) from the one in [13].
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and hospitality. The second author would like to thank Atsuo Kuniba for the collaboration
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2. QUANTUM SUPERALGEBRAS

2.1. Variant of ¢-integer. Throughout the paper, we let ¢ be an indeterminate. Following
[], we introduce variants of g-integer, g-factorial and g-binomial coefficient. Let ¢ = +1.

For m € Z>q, we set

B (Eq)nL _ q—m
[m]q’ﬁ - €q — q*1 .
For m € Zx>q, set
[Mm]g.e! = [m]gelm —1)ge--[lge (m>1), [0l =1

For integers m,n such that 0 < n < m, we define

m _ [m]g,!
n 0. [n]qx![m_n]qﬁ!.

3

They all belong to Z[gq, ¢ !]. Let Ay be the subring of Q(q) consisting of rational functions
without a pole at ¢ = 0. Then we have

m
mlae € "1+ gdo). [y € gD+ Ag), M € ¢ L+ gAy).
q,€

_m
n
2.2. Quantum (super)algebra U,(slz) and U,(0spy2). The quantum (super)algebras

Uq(slz) (e = 1) and Uy(0spy|2) (e = —1) are defined as a Q(g)-algebra generated by e, f, k*
satisfying the following relations:

We simply write [m] = [m]q,1, [m]! = [m]41! and "
n

q,1

k— k!
RET kTR =1 kekT'=qle, kfKTN=q7f, ef —efe=— .

Set (™) = e™/[m], ! and £ = f™/[m], ). We will use the following formula.

Proposition 2.1.

mn—7j(j+1)/2 j—1 2j—m—n—I —254+m+n+lg.—1
elm) ) — 3 IR ) 11 (eq)™ ek K77 pm—i
>0 []]q,e! -

1=0
Proof. The Uy(slz) (¢ = 1) case is derived easily from (1.1.23) of [12]. The U,(0sp)2)

(e = —1) case can be shown by induction. O

2.3. Quantum affine (super)algebras Uq(Cy(Ll))7 U (CP(n+1)),U,(BM(0,n)). Set I =
{0,1,...,n}. In this paper, we consider the following three Cartan data (a;;); jer, or Dynkin
diagrams (cf. [9]), and (d;);er such that d;a;; = dja;; for i,j € I.

° Cr(Ll):

O==—0. Oig



. 0(2)(71 +1):

3 T
2 -2
1 2 -1
(aij)ijer =
1 2 -1
2 2

e BY(0,n):
o()ﬁol nilﬁ:
2 -1
-2 2 -1
(aij)ijer =
-1 2 -1
-2 2

(di)icr = (2,1,...,1,1).

Let d = min{d;|i € I}. Fori € I, let ¢; = q%, and let p(i) = 0,1 such that p(i) =
2d; (mod 2). Set

m m
s = bl o bl =l apts ] = [

for0<k<mandiel.

For a Cartan datum X = 01(11), C®(n+1),BM(0,n), the quantum affine (super)algebra
U,(X) is defined to be the Q(g%)-algebra generated by k', e;, fi (i € I) with the following
relations:

kiky = kiki,  kiesk ' =gV ey, kifik;t =q; “ 1,
=k

N k
eifj — (71)17(1)17(3)]0],61, = 0y —iT

? [
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1—a;j
(1) @mlmD2AmrOrD I eiel™ =0 (i # ),
m=0
1—a;j
3 (1)@m= /24mpp() (A0 g ) g (5 £ ),

m=0

where

) _ " pm) S

‘ [m];!” [m];”

We define the automorphism 7 of U, (X) for X = b, C@(n+1) by

(&

(2.1) (ki) =kt m(ei) = fa—is T(fi)) =en—i, if X =C,
(2.2) (ki) = k1, 7(e) = (—1)% frs, 7(f;) = (—1)%%e,_;, if X = CP(n+1)

n—i’

for ¢ € I and the anti-automorphism 7 of U, (X) by

77(’%) =k;
n(e;) = (—1)%0F % g k1 f; if X =C,BM(0,n),
n(f;) = (=1)%0F0mg e,
nle) = (=1)%mg k7, X =CP(n+1)
n(fi) = (=1)%q; ke

for i € I. Both 7 and 7 are involutions.
When X = C®(n +1), B1(0,n), let

Ug(X)7 = Uy(X) @ Ug(X)o
be the semidirect product of U,(X) and the group algebra generated by o, where
(2.3) 0?2 =1, ok;=ko, oe;=(-1)"Deo, of;=(-1)PDfioc (iel).

7 and i are extended to Uy (X)? by 7(0) = n(o) = 0.
The algebras U, (CS), Uy (C® (n + 1)), U,(BM(0,n))” have a Hopf algebra structure.
In particular, the coproduct A is given by

Alki)) =k ®k;, Alo)=0®o0,
(2.4) Ale;)) =e; ® Up(i)‘s"'“ki_l + gPDoin @ e,
A(fi) = fi ® P00 4 gPDoiny; @ f;
foriel.

3. LEVEL ONE ¢-OSCILLATOR REPRESENTATION

Let WV be an infinite-dimensional vector space over Q(¢?) defined by



where |m) is a basis vector parametrized by m = (m1,...,m,) € Z%,. Let |m| = Z;”Zl mj,
and let e; be the j-th standard vector in Z" for 1 < j < n. In this section, we introduce the

so-called g-oscillator representation of level one for each algebra.
3.1. Type CV.

3.1.1. Uq(Cr(Ll))—module W.. Consider the quantum affine algebra Uq(C,(Ll)). Let Uy(Cy)
and U, (A,—1) be the subalgebras generated by k;,e;, f; for i € I'\ {0} and i € I\ {0,n},

respectively.

Proposition 3.1. For a non-zero x € Q(q), the space W admits a Uq(C’S))-module structure
giwen as follows:
_1[m + 1][my + 2]

[2] |m—|—2e1>,

eo|lm) = zq

folm) = —x_1ﬁ|m — 2ey),

ko|m 2ml+1|m>

ejlm) = [m; 1 + 1]jm — e; + €;41),

_mJ+mJ+1

)=
) =

film) = [m; +1]jm +e; — e;11),
)= m),
)=

\m— 2e,,),

7

1 [mn + 1][mn + 2]
fn|m>—q 2]

kin|m) = g7~ m),

|m + 2e,,),

where 1 < 7 < n —1. Here we understand the vector on the right-hand side is zero when

any of its components does not belong to Z>q.

Remark 3.2. For jm) € W, set 7(|m)) = |m,, ..., m1), and extend linearly to any vector

of W. Then, when = = 1 we have the following symmetry

7(upm)) = 7(u)7(jm)),
for u € Uq(Cfll)). Here the automorphism 7 on Uq(C,(LI)) is given in (2.1).

Remark 3.3. This representation originally appeared in [I3| Proposition 3]. The pre-
sentation above is obtained from the one in [I3] by applying the basis change |m)"*% =
Hn il[:/],| yold and the automorphism of Uq(Cﬁll)) sending fo — —fo,en — —en, ki — —k;
for ¢ = 0,n with the other generators fixed.

We assume that e denotes + or —. Set ¢(¢) = 0 and 1, when € = + and —, respectively.
For m € Z>, let sgn(m) be + and — if m is even and odd, respectively.

Define the subspace W. of W by
W.= € Qlg)m).
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oy . . . 1
Proposition 3.4. For a non-zero x € Q(q), W- is an irreducible Uq(C,(L ))—module.

We denote this module by W, (x), and call it a (level one) g-oscillator representation. We
simply write W, = W,(1) as a Uq(Cy(Ll))—module.
Let sy(x1,...,z,) denote the Schur polynomial in x4, ..., z, corresponding to a partition

A. Then as a Uy(A,—1)-module, we have

1
chw, = Z sy(T1, 5 Tn) = Fm— 30
1€2Z 50 Hi=1(1 - zz)

Hn—l(l + Z‘l) -1
chw_ = E s (X1, xp) =
le1+2Z v [T, (=)
>0

Here the weight lattice of Uq(CT(Ll)) is identified with the Z-lattice spanned by e; for 1 < i < n,

and hence the variable x; corresponds to the weight of e;.

3.1.2. Classical limit. Let A be the localization of Z[q, ¢~ '] at [2] = ¢+ ¢ !. Let

Then W, (x)4 is invariant under e;, f;, k; and {k;} := % for i € T'\ {0}. Let

We(x) = We(x)A ®a C,

where C is an A-module such that f(q) - ¢ = f(1)c for f(q) € A and ¢ € C.
Let E;, F; and H; be the C-linear endomorphisms on W, (z) induced from e;, f; and
{k;} for i € T\ {0}. We can check that they satisfy the defining relations for the universal

enveloping algebra U(C),) of type C,, (cf. [7, Chapter 5]). Hence W, (x) becomes a U(C),)-
module.

Lemma 3.5. The space W, (x) is isomorphic to the irreducible highest weight U(C,,)-module
with highest weight —(% + ¢(€))wn, where w, is the n-th fundamental weight for C,,.

Proof. Tt is clear that E;(|0) ® 1) = 0 for all ¢ € I \ {0}. Since

kp — k1 1 1
H,(0)l) = —2-10) | 1= | — 0)|®1=—-|0)®1,
A0 o) = (=0} o1 = (< i0)) 1= —5l0)

and H;(|0)®1) =0for 1 <i <n-—1, W, (x) is a highest weight U(C),)-module with highest

weight —1co,,. It follows from the actions of E; for i € I'\ {0} that any submodule of W, (z)

contains |0) ® 1. This implies that W, () is irreducible. The proof for W_ () is similar. O

3.1.3. Polarization. Define a symmetric bilinear form on W, by
q7% Yimimi(mi—1)
[T ! 7

for |m), jm’) with m = (mq,...,m,). Note that (jm), |m)) € 1+ qAo.

(3.1) (Im), [m’)) = 6m,rn




Lemma 3.6. The bilinear form in (3.1) is a polarization on We, that is,
(uv,v") = (v, m(u)v"),
foru e Uq(C’,(ll)) and v,v" € W,.

Proof. 1t suffices to show when w is one of the generators. If u = k;, it is trivial. Let us
show that

(3.2) (eilm),[m’)) = (jm),n(e;)|m’)),
for i € I and |m), |m’) € W.. The proof for f; is almost identical since (3.1) is symmetric.

Case 1. Suppose that 1 < i < n—1. We may assume m’ = m—e; +e;1. The right-hand
side is
(lm), n(e:)|m — e; +eii1)) = (jm), ¢; 'k film — e + eiy1)) = [m]g™ ™7™+ (jm), [m)),
and the left-hand side is

(€ilm), |m —e; +ei41)) = [miy1 +1](jm —e; +eip1),[m —e; +ei11))
_ g4 [mit1 +1]
[m; — Wmipr + L i ]!

= g ) (), ).

since
1 1 1
A=-3 Z my(my —1) = 5 (mi = 1)(m; = 2) = 5 (Mit1 + 1)migs
jFi,i+1
1
= —5 Z mj(mj — 1) —I—mz — Mi41 — 1.
1<j<n

Hence (3.2)) holds.

Case 2. Suppose that i = n. We may assume m’ = m — 2e,,. The right-hand side is

(). e ) fm = 2e,) = (), g, = 2e,) = =22 L ), o),
and the left-hand side is
(enbm), Jm = 2e0)) = = 55 (jm = 2ea), jm = 2en)) = — g o Q]f’gm[mj]! (Jm), [m)
e e CON)!
- > o 1)—§<mn—2><mn—3>=—11<§; my(m; — 1) + 2m,, 3

Hence (3.2)) holds.

Case 3. Suppose that i = 0. We have to show (egv,v’) = (v, —¢ 2k * fov'). By Remark
and the property (7(|m)),7(jm’))) = (jm), |m’)), it is equivalent to (f,7(v),7(v")) =
(1(v), —q 2kne,7(v'")). However, it is equivalent to the one proved in Case 1. O
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3.1.4. Crystal base. Let M be a Uq(Cr(Ll))—module. For 1 < j < n —1, we assume that e;
and f; are locally nilpotent on M, and define €}, E to be the usual lower crystal operators

[12]. For ¢ = 0,n, we introduce new operators &; and ﬁ as follows:

Case 1. Let u € M be a weight vector such that e,u = 0 and k,u = ¢, 'u for some [ > 0.
Put
k(k+20—1)
(3.3) up =qn 2 fPu (k>0).
Then we define
(3.4) ﬁluk = Ugt1, CpUp+1 =ur (k>0).

Case 2. Let u € M be a weight vector such that fou = 0 and kou = glu for some [ > 0.
Put

k(k+2l—1) (k)
(3.5) upi=¢q, > ey u (k>0).
Then we define
(3.6) = Uk+1, fo’u;ﬁ_l = Ug (kj > O).

Remark 3.7. The definitions of & and f; (i = 0,n) are based on the idea that
(3.7) (Fru, ffu) € 14 qAg (&5 efu') € 14+ Ay (k> 0),
for u,u’ € W, such that e,u = 0 and fou' = 0 (use Proposition .

Let Ap be the subring of Q(g) consisting of functions which are regular at ¢ = 0. We
define Ag-lattice £, of W. and a Q-basis B, of L./qL. by
L:= @ Aolm), B.={|m) (mod qL)|sgn(m)=¢}.
sgn(m)=e
It is clear from (3.1)) that (L., L) C Ag, and B, is an orthonormal basis of L./qL. with

respect to (, )|g=0.

Proposition 3.8. The pair (L., B:) is a crystal base of W, that is,

(1) L. is invariant under & and f; foric I,
(2) eB. C B-U{0} and fiB. C B- U{0} fori € I, where we have

|m + 2e,) ifi =n,

~ m+e —e 1) ifmipr>landl <i<n-—1,

film) = . . (mod ¢L.).
|m — 2eq) ifmy > 2 andi =0,
0 otherwise,

Proof. It is enough to prove (2).
Case 1. Suppose that 1 < i < n—1. Let |m) = |mq,...,my) € L. be given with
mi+1 > 1. Since ei\m —m;e; + miei+1> = 0, we have

m;
i

[m;]!

ﬁml |lm — m;e; + m;e; 1) = lm — m;e; + m;e; 1) = |m),
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and hence f;|m) = J?Z.T”i+1|m —mie; +mie; 1) = |m+e; —e;q1).

Case 2. Suppose that i = n. First, suppose that m,, is even. Since e,|m — mpe,) =0
and k,|m — my,e,) = ¢~ !/m — m,e,), we have

~Mn mp )2 7:1?" mn mp 2 n '
fn? |m* mnen> = q(T) %‘ |m*mnen> = (1 + qz)qu( 2 [7:1 ] | |m>a

2
and hence

ra my  _ (mp )2 My | ~mp
Fum) = (1 + )2 - () LB e

]! lm — mpe,)

mn mp )2 h ' Tn T 2 n 2!
= (1+¢) % ¢ (%) % (14 g2)~ % —1g(5e+1)” mn +2]

] [ v 1o
_ (1t ) gl () [mn[;;f]imﬁ: Uim + 2e,)
= |m + 2e,) (mod ¢L.), |
since

Next, suppose that m,, is odd. Since e,|m — (m,, —1)e,) = 0 and k,|m — (m,

—le,) =
¢ 3m — (m,, — 1)e,), we have

mp —1
~mp —1

T i (= Den) = ()2 I 2

2
and hence
Julm)
B My —1 l 11
mp—1 _ (mp—1\(mnp+3 ! n
_ (4 ) (e (e L = ]]!" Fo 7 Im— (my — 1)ey)

g — mp—1Y(m ma—1] | m !
= (14 ¢) ™ ¢ (") P e P (1+ ¢~ "5 g(m5=)( E“)L”Jrz]'lerQen)
_ (1 +q2)_1q(mn2+1)(mg+5)_(mn{1)(mn;n%) [mn —|—2][mn + 1]

1]t Ren

= |m+ 2e,) (mod ¢L.),

since

() (25558~ (2L ) (22 [ +m2]+[T" 1 _ trlmn +m2]+[rlnn 1 ¢ (14 g40).
[ ], (5],
Case 3. Suppose that i = 0. We can prove this case by the same arguments as in Case 2
by using the automorphism 7 ([2.1).

0
3.2. Type C(n + 1).
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3.2.1. U, (C® (n+1)-module W. Consider the quantum affine superalgebra of type C'®) (n+
1). Let U, (B(0,n)) and U,(A,_1) be the subalgebras of U, (C?) (n+1)) generated by k;, e;, fi
for i € I\ {0} and ¢ € I\ {0,n}, respectively. We also write U,(B(0,n)) = Uy(0sp1j2n),
where 0sp1 |2, is the orthosymplectic Lie superalgebra corresponding to the Dynkin diagram:

o==—e
1 n—1 n

Proposition 3.9. For a non-zero x € Q(q%), the space W admits an irreducible Uq(C(z) (n+

1))?-module structure given as follows:

eolm) = xq_%[ml + 1]jm + ey),

_ 1
folm) =27 g2 |m — ey),

ko|m qm1+%|m>,

ejlm) = [mji1 +1]m —e; +ej41),

= g™ ),

)
)
)
) =1
film) = [m; +1]|m + e; — e;11),
)
)
)
)
)

where 1 < j <n—1.

We denote this module by W(z) and call it a (level one) g-oscillator representation. We
simply write W = W(1) as a U,(C® (n +1))-module. Note that as a U,(A,_;)-module, we

have
1

ch = Z sy (@1, 2n) =
= [l (1 =)
Remark 3.10. When x = 1 we also have the following symmetry

7(ujm)) = 7(u)7(jm)),

for u € U,(C®(n + 1)) (cf. Remark . Here the automorphism 7 on U, (C® (n + 1)) is
given in (2.2).

3.2.2. Classical limit. Let
(3.8) W(z)a = ZA|m>7 W(z) =W(z)a ®4 C,

where A = Z[q2, ¢ 2] and C is an A-module such that f(qz)-c = f(1)c for f(q2) € A and
ceC.
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One can check directly that W(x) 4 is invariant under e;, f;, and {k;} for ¢ € I\ {0}, and

the induced operators E;, F;, and H; on W(x), respectively, satisfy the defining relations of
U(ospi)2n)-

Lemma 3.11. The space W(x) is isomorphic to the irreducible highest weight U(0sp1|an)-

module with highest weight —wo,,, where w,, is the n-th fundamental weight for 0spi|ay-

Proof. We have

Ha(0) 1) = (Wm) 91= (ql“’f|o>> ©1= 0oL,

q% —qz

qz —q 2
and H;(]0) ® 1) =0 for 1 <4 <n —1. By the same argument as in Lemma W(z) is an
irreducible highest weight U, (0sp1j2,)-module with highest weight —co,,. O
3.2.3. Polarization. Define a symmetric bilinear form on W by (3.1)).

Lemma 3.12. The bilinear form in (3.1)) is a polarization on W, that is,

(uv, v') = (v,n(u)v"),
foru € Uy (CP(n+ 1)) and v,0" € W.
Proof. Let us show (e,|m), |m’)) = (Jm), n(e,)|m’)) for |m), |m’) € W only. The proof for

e; (1 <i<n-—1)is identical to Lemma and the proof for ey is obtained by using 7.
We may assume m’ = m — e,,. The right-hand side is

2mqy, —1

(Im), n(en)lm — e,)) = (Im), —¢; 'k " fulm — en)) = =gz~ [my] (jm), [m)),

and the left-hand side is

1
(en/m),|m —ey,)) = —¢>(lm — ey), [m —e,))
lqiézmi(miil) my,—1 My —%
= —QZW[mn]q "= ¢ 2 my](lm), [my)).
i=1 M)
Hence the equality holds. (I

3.2.4. Crystal base. Let M be a U, (C® (n + 1))-module. For 1 < j < n — 1, we assume
that e; and f; are locally nilpotent on M, and define €;, f; to be the usual lower crystal

operators. For i = 0,n, we consider the operators ¢; and f; defined in the same way as in

Uq(Cfll)) (13-3)—(3.6)), which also satisfy (3.7)).

Let Ag be the subring of Q(q%) consisting of functions which are regular at q% =0. We
define the Ag-lattice £ of W and a Q-basis B of E/q%E by

(3.9) £:@A0|m>, B={|m) (modq>L)}.

It is clear from (3.1)) that (£,£) C Ao, and B is an orthonormal basis of £/q2 £ with respect

to ()l y_y
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Proposition 3.13. The pair (L, B) is a crystal base of W in the sense of Pmposition
where

|1’I’1 + en> Zfl =n,

~ m-+e; —e; ifmigr>1and1 <i<n-—1,

film) = | w) A min (mod q%L).
lm — ey) ifmi >1 andi=0,
0 otherwise,

Proof. Tt suffices to prove (2) when i = 0,n since the other cases are proved in Proposition
Let us prove the case of f, only. Recall that [m],, = [m]q% _, form € Zx,.

Let |m) be given. Since e,|m — mye,) = 0 and k,|/m — mpe,) = q_%|m — mpe,), we

have
_ mp (mp+1) Mn mp (mp—1) m ’
farm—mpe,) =qn fn7||m_mnen> =qn [7n]||m>’
[mn}Qn’*l' [mn]qn,*l'
and hence
~ _mntmao [mp], !
Julem) =g T e el
!
_mnGma=1) [My], ) maGna+n [, + 1]!
_ 2 L LT 2 — " " im+e
n [TTLn}' " [mn"_l]qnﬁl!‘ n>
[my, + 1] 1
= va7m+e :m+e mod QE-
fn [mn + 1]%,71 | "> | n> ( ! )

3.3. Type BM(0,n).

3.3.1. U,(BM(0,n))-module W. Consider the quantum affine superalgebra of type B (0, n).
Let Uy(B(0,n)) (or Uy(0spij2,)) and Uy(A,_1) be the subalgebras of U, (B™M)(0,n)) gener-
ated by k;,e;, f; for i € I'\ {0} and i € T\ {0,n}, respectively.

Proposition 3.14. For a non-zero x € Q(q2), the space W admits an irreducible Uy, (BW(0,n))7 -

module structure given as follows:

—1[ma +1][mq + 2]

eolm) = zq |m + 2e;),

2]
14
folm) = —zx 1—|mf 2ey),
2
ko|m) = ¢*™ ! |m),
ejlm) = [mj1 +1]jm —e; +ej11),
film) = [m; + 1]lm + e; — e;11),
kjlm) = =™t m),
enlm) = —¢2|m — e,,),
falm) = g~ 2 [my, +1]jm + e,),
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) = ¢~ % |m),
olm) = (=1)™!m),
where 1 < j <n—1.

We also denote this module by W(z) and call it a (level one) g-oscillator representation.
Note that the classical limit of W(x) as a Uy(0sp;|2,)-module is the same as in Lemma

3.3.2. Polarization and crystal base.

Lemma 3.15. The bilinear form in s a polarization on W, that is,
(uv, o) = (v, n(w)?),

foru € Uy (BM(0,n)) and v,v' € W.

Proof. All the cases are already shown in Lemmas [3.6] and [3.12] since the action of e; for
0 <i < n (resp. ¢ =n) is the same as the one for ciV (resp. C?)(n +1)). O

We define the Ag-lattice £ of W and a Q-basis B of ﬁ/qéﬁ as in (3.9). We also define
the operators &; and f; in the same way as in U, (Cr(Ll)) and U, (C® (n + 1)).

Proposition 3.16. The pair (L, B) is a crystal base of W in the sense of Proposz'tion

where

|m +e,,) if i = n,
~ m-ie; —e; ifmigr>1andl1 <i<n-—1,
Fipm) = { ) Fmi (mod ¢} £).
|m — 2e;) ifmy >2and i =0,
0 otherwise,
Proof. It follows from Propositions and O

4. QUANTUM R-MATRIX AND FUSION CONSTRUCTION

In this section, we review the quantum R-matrix and its spectral decomposition for
each quantum affine (super)algebra and explain how to construct higher level g-oscillator
representations by so-called fusion construction.

Let z,y € Q(g?) be generic, and let W be a level one g-oscillator representation of U, (X)
including W, (¢ = £) for type V. The quantum R-matrix R(z,y) on W(z) @ W(y) is

defined as a linear operator satisfying
R(z,y)A(a) = A% (a)R(z,y)

for a € Uy(X), where A°P denotes the opposite coproduct, namely, the coproduct obtained
by interchanging the first and second components in A. If W(z) ® W(y) is irreducible, then
R(z,y) is unique up to a scalar function of x,y and depends only on z = x/y. Let P be the
linear operator on W(z) ® W(y) such that P(u ® v) = v ® u and set R(z,y) = PR(z,y).
Then R(x,y) maps W(z) ® W(y) to W(y) @ W(z).
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We also need to care about the difference between the coproduct and that of [I3]
and Appendix A. Let A be the coproduct of the latter. Let ¢ be the automorphism given by
s(ei) = eik; ' o(fi) = kifi,s(k;) = k;. Then we have A(a) = A°(¢(a)). Hence, to translate
the results in [I3] and Appendix A, we replace R(z,y) with R(y,z). The component V; or
V) appearing in the spectral decomposition should be replaced with PV;. Thus, we obtain
the spectral decomposition of R(x,y) as follows. Note that z = x/y.

For type Cy(ll), we have

1/2 9

1-— z
(4.1) - > 11 _qq4j P
1€2250 j=1
where R.(z,y) : We(z) @ W-(y) = W:(y) ® W:(z) for e = +,— and Pf is the projection
onto V°.
For C® (n + 1), from Proposition and the spectral decomposition for U, (Dfizl) i
[13, Proposition 7], we have

(4.2) - H ” P,

I€Z>0 j=1

where P, is the projection onto V.
Finally for B (0, n), from Proposition and the spectral decomposition for U, (ASL)T)
in Appendix [B] we have

l/2 (= 1)/2 4]+1
(4.3) Z H 4; 1 PH' Z H 2 — gl B
l€2Z>¢ j=1 l€1+2Z>¢ Jj=0

Next, we explain the fusion construction. For s > 2, let &4 denote the group of permu-
tations on s letters generated by s; = (i i+ 1) for 1 < i < s —1. We have U,(X)-linear

maps

Ry(z1, . sa6) s W(1) @ -+ @ W(as) — W(Tw(1)) @ -+ @ W(Tw(s)),

for w € &, and generic z1,...,25 € Q(q) satisfying

Rl(ﬂﬂh cee 7173) = idW(11)®-~-®W(az3)7
Rsi (x1,...,25) = (®j<iidw(3:j)) ® R($1/$1+1) ® (®j>i+1idW(;cj)) ,

wa’ (LU], s 7xs> = Rw’(mw(l)a cee 7xw(s))Rw(m17 B ms)a

for w,w’ € &, with L(ww') = ¢(w) + £(w") where £(w) denotes the length of w. Hence we
have a U,(X)-linear map Ry = Ry, (21, . ..,2s) with z; = ¢¥?=s71);

Ro:W(@" '™ @...e W) — W) @ ... e W)

Here wyq is the longest element in &, and d = min{d; |7 € I}. Now we define a U,(X)-

module

(4.4) W) =ImR,.
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Remark 4.1. Let R"™Y be the universal R matrix for the quantum affine (super)algebra
Uy(X) [6]. Suppose that W is a finite-dimensional irreducible U,(X)-module. Then R"™Y
is rationally renormalizable in the sense of [I1], that is, there exists ¢ € Q(¢?)((y/z)) such
that we have a well-defined map

(4.5) cR™Y - W(x) @ W(y) — W(y) @ W(z),

for x,y. Then we may apply [11, Theorem 3.12] to prove that W) is irreducible. However,
the g-oscillator module W is infinite dimensional and R"™Y on W(z)®@W(y) is not rationally
renormalizable. We expect that (4.5) still has a meaning, but do not know how to justify it.

5. HIGHER LEVEL ¢-OSCILLATOR REPRESENTATION

5.1. Type C'T(Ll). For s > 2 and € = &+, let WE(S) denote the higher level g-oscillator module
in (4.4) corresponding to W.. The following is the main result in this section.

Theorem 5.1. For s > 2, Wg(s) is an irreducible Uq(C’r(Ll))—module, which is also irreducible
as a Uy(Cy)-module. Moreover, its character is given by

ChWE(S): Z S)\(xly"'azn)a

A2,
((N)<s

where P is the set of partitions A = (A;);>1 with sgn(\;) = e for all i with A\; # 0, and £(\)
denotes the length of .

Corollary 5.2. The character of W§S) has a stable limit for s > n as follows:

chWés)z Z sx(@1y. .. )

YR
L(A)<n

1

B H1§i§j§n(1 — zT5)

(e =+).

Let us construct a certain Q(gq)-basis of Ws(z), which is compatible with the action of
R(z), and plays an important role in the proof of Theorem m We note from (4.1)) that

W = V5 = Uy(Cu)(Is(e)en) © [s(e)en)),

and hence it is irreducible. Moreover, we have the following character formula for W5(2).

Proposition 5.3. We have

chW® = chV§ = Z sa(zi, ... xn).

AEP,
L(AN)<2

Proof. Write W. = W.(g*!) for short since we may consider the action of U,(C,,) only. Let
(W-®@W:) 4 be the A-span of jm)®|m’) in W.@W.. Then (W.®@W.) 4 is also invariant under
ei, fi, ki and {k;} for i € I\{0}. This yields its classical limit W. @ W, := W-@W.)a®4C,
which is a U(C,)-module. Also, we have as a U(C,,)-module

W. @ W. 2 W. @ W..
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By Lemma W. is an irreducible highest weight module. By the theory of super duality
[3], it belongs to a semisimple category of U (C),)-module which is closed under tensor product
(see [16 Section 5.4] for more details, where we put m = 0 there). Hence W. ® W, is
semisimple, and the classical limit V7, the submodule generated by (|s(e)e,) ®[s(e)e,)) @1,
is an irreducible highest weight U(C,,)-module with highest weight —(1 + 2¢(¢))w,. The
character of V5 and hence V§ follows from [I7, Theorem 6.1]. O

We construct a Q(g)-basis of W which is compatible with its U,(A,,_1)-crystal base.
For this, we find all the U, (A,—1)-highest weight vectors in W,
For | € Z>¢, let

l

(5.1) v, = Z(_l)qu(k—l+1)

—1
l

lken—1+ (I —k)en) ®|(I — k)e,—1 + key,).
k=0 k

Lemma 5.4. Forl € Z>g, v; is a Uy(An—_1)-highest weight vector in WE(Q), and

lle,) ® |lep—1)  (mod q£;®2)7

7
where sgn(l) = e.

Proof. Tt is straightforward to check that e;v; = 0 for 1 < i < n — 1. Next we claim that
v € Ws(?'). Note that

chW, = Z sy (1, ..., 2n),
les(e)+2Z~0
and hence
(5.2) chW®? = (ch.)? = Z masa(z1, ..., &),
sgn(|A)=+
L(N)<2

where for A = (A1, \2),
M2z () i A > Ao,

1 if A1 = Ao

my =

Let S; be the Uy(A,,—1)-submodule of W2 generated by v;. Since the character of S
is s;2y(w1,...,7,), and the multiplicity of sq2y(21,...,2,) in (5.2)) is one, it follows from
Proposition that S; C Wg(2). This shows that v; € WE(Q). The lemma follows from

l
qk(kfl+1) [k] c qk(l + qu)- O

One can prove more directly that v; € w using the following lemma.

2 2
@)L

Lemma 5.5. Set& =e, eo, where it should be understood as eg when n = 2. Then

forl € Z>o we have

(el - ﬁ(e@?)vl _ q-2[§}<u A+ 2) Ve,
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Proof. Denote the module W, by W, ,, to signify the rank n and let WY,, be a linear subspace
of W, ,, spanned by the vectors 0”2, m,,_1,m,). Let 7 : Wen — We2 be a linear map
defined by 7(|lm)) = |mp_1,my,), where m = (mq,...,m,). Then we can show by direct

calculation that the following diagram commutes.

®2
(Wg,n)®2 L> WSQQ

gi i

2
(W2.,)%2 T o

This fact reduces the proof of the lemma to the case of n = 2.

When n = 2, one calculates
eoe§2)eovl = ch[l —k+ 1l —k+2]
k

x {q 2 4 1k + 2k + 2,1 — k+2) @ |l — k. k)
F @ =k =k + 20+ g2 TR = R]E -k +2) @[l =k +2,k)
-k + 3|l —k+4k -2 —k+2) @l —k+4,k)}.

-1

l
Here ¢, = (—1)FghE—141) ) and we have used the relation ¢' 2 =2[l—k]cjy 1+ [k+1]cx =

0. On the other hand, we also get
(e1e0)?vy =[2] ch[l —k+ 1l —k+2]
k

x {[38]gH Ak + 1)k + 2|k + 2,0 —k+2) @[l — k, k)
+ Aplk, L =k 4+2) @ |l — k42, k)
+ Bl — k43l —k+4k -2l —k+2) @]l —k+4,k)},

where

Akzq“jﬂ«1+¢ﬂ4xfw+uu—k+ﬂ—mw—k+m>

— g ([ + 1)l — k42— R =k + 3]}

Combining these results, we obtain

(60652)60_ﬁ(6160)2)vl
= E% I +2]Y ewg 20—k + 11—k + 2]k, 1 — k+2) ® [ — k + 2, k)
k
— B 2,
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For | € Z>o and I' = 2m € 2Z>, set
m(m«;2l+1) (m)
Vi = qn f2" v

Note that v;;; may not be equal to J?}L”vl in the sense of (3.4) since e,v; ;s # 0 in general.

Lemma 5.6. Forl € Z>¢ and l' € 2Z>¢ with sgn(l) = ¢, v is a Uy(A,—1)-highest weight
vector in Wg(z), and

iy =|le,) ®|le,_1 +1'e,) (mod ¢LE?).

Proof. Let us assume that [ is even, and hence ¢ = +, since the proof for odd [ is almost
identical. Since e; (1 < j < n — 1) commutes with f,, it is clear that v; ;s is a Uy(An—1)-
highest weight vector in WE(Q).
Let I’ =2m. For 0 < ¢ <[, we have
l—c
f}L 2 J|cen,1> if ¢ is even,

|Cen71 + (l - C)en> = (mOd qﬁ+)'

I—c
ETJ |cen—1 +e,) if cis odd,

Put a = [5¢] and b= [£].
Case 1. Suppose that c is even. Let

up = |cen—1), uz=|(l—c)ep—1).
We have

A(fE) (four @ fhuz)

-4

q;k(m_k)frsm_k)kft(ﬁul) ® fT(Lk) (J?EUQ)

M-

=~
Il
=]

—k(m—k)—(24+2a)k (m—Fk) Ta
TR ) s @ S Fru

M-

q

>
Il
=)

—k(m—k)—(%+2a)k+%+% fT(mek)‘ﬂ(La)ul ® fr(Lk)fvsb)UQ

I
NE

3

q

=
I
=

k+b

O g 6 o,

n

q

I
NE

a

=
Il
=]

—k(m—k)—(%+2a)k+ 5+ [m —k+a

n

2 2
—k(m—k)— (3 +2a)k+ % 17— {mebre) (b

q

M-

=~
Il
=]

m
=" Fan@ 7w @ FE0us.
k=0



m(m+2141) m(m+2141)

Multiplying ¢, 2 on both sides, we have ¢, 2 fan(@) € ¢*(1 + qAp), where

d:m(m+2l+1)—2k(m—k)—2<;—|—2a)k

+a?+0*—(m—k+a)?— (k+b)?—2(m—k)a— 2kb

(5.3)
=2lm—|—(m—k)—4ma—4k‘b=2lm+(m—k)—4m<l;c) —4k‘(§)
=(m—k)+2c(m—k)=(2c+1)(m—k)

since a = 5 and b = ¢

2 2°

Case 2. Suppose that c is odd. Let
up = [cep—1 t+ep), uz=|(l—cle,—1+en).
We have

A (four @ foun)

S g EO R R (o) @ £ (Fus)
k=0

m
—k(m—k)—(2+42 o\ ~

= 3 gm0 g o)y, g ) 0L,

k=0

m

—k(m—k)—(3+2q)k+ alat2) | b(b+2) _

=3 g MO GRS TR pon) pla)yy @ ) f Oy

k=0

m
= q;’“(m‘k>‘<%+2a>k+7”(“§”+—b“’;"’> m—k+al| |k+b FOn—kta)y, g pb),,

e a b " "

- n n
_ i q;k(mfk)f(%+2a)k+ a(at2) | b(b+2)  (m—kta)(m=htat?)  (etd)(etbt2)

k=0

m—Fk+a k+b| ~ _ ~
l a b Sy @ fi Py
n n

m ~ ~
= gar@ 7w @ Fi s,

k=0

m(m+2141) m(m+2141)

2

Multiplying g on both sides, we have ¢, ? 9ap(q) € qdl(l + qAp), where
d=d—-2k+2a+2b—2(m—k+a)—2(k+b)
=d—2k—2m

=2lm + (m — k) — 4ma — 4kb — 2k — 2m

:2lm+(m—k‘)—4m(l_c_1)—4k<c;1> — 2k —2m

(5.4)

2
=(m—k)+2c(m—Fk)=(2c+1)(m—k)
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by putting a = 551 and b = 2. By (5.3), (5.4), and Lemma we have

m(m+21+1)
2

Gn fflm)vl = |le,) ® |le,—1 +2me,) (mod q£§2).

O

Corollary 5.7. The set {v;i|l € Z>o, ' € 2Z>q, sgn(l) = €} is the set of Ug(Ap—1)-
highest weight vectors in Wg(z),

Proof. The character of the Uy (A, —_1)-submodule of W, generated by v; ;s is sx(z1,...,%x)
where A = (I’ +1,1). Hence it follows from Proposition that there is no other Uy (A,—1)-
highest weight vectors in We(z). (]

Now we define the pair (Eg), Bg)) by

,CEQ) = Z Z Z AOf’lvh s ﬁlrvlhlz?

l1€Z>0 12€2Z>0 r>0
sgn(l1)=¢ 1<iy, .. ir<n—1

822) = {ﬁ1 s ﬁrvl11l2 (mOd Q££2)) ‘
Iy € Z>o, sgn(ly) = ¢, la € 2Z>¢, 7 >0, 191,,,.,@;371—1}\{0}

Proposition 5.8. We have
(1) £2 c £8? and B c B22,
(2) (£§2),B§2)) is a Uy(An—1)-crystal base of W,

Proof. (1) By Proposition L£2?% is a crystal base of W? as a Uy(A,—1)-module, hence
it is invariant under f; for 1 <i <n—1. By Lemma we have ﬁ-l ~-'ﬁrvll,l2 € £5? and
hence fi, ... fi.vi, 1, € B®2 (mod ¢£2?).

(2) By definition of (,Cg), B§2)) and Lemma (££2), Bg)) is a Uy(Ay—1)-crystal base of
the submodule V' of WE(Q) generated by vy, ;, for I1,l5. On the other hand, we have V' = W5(2)
by Proposition m Hence (£§2), Bg)) is a Uy(A,—1)-crystal base of ) O

For l[m) = |mq,...,m,) € W, let T(m) denote the semistandard tableau of shape (|m]|),
a single row of length |m|, with letters in {7 < - -+ < 1} such that the number of occurrences
of i is m; for 1 < i < n.

Suppose that |mj),...,|m,) are given such that |m;| < --- < |mg|. Let A = (jmg| >
-++ > |my|), which is a partition or its Young diagram, and A\™ denote the Young diagram
obtained by 180°-rotation of \. We denote by T'(my, ..., my) the row-semistandard tableau
of shape A\™, whose j-th row from the top is equal to T'(m;) for 1 < j <s.

Example 5.9. Suppose that n =5. If jm;) = |2,1,0,0,2) and |ms) = |0,1,2,3,1), then

T(ml, mg) =

|l o
|l o
wol| vl
wlf =1
D[

HE

Proposition 5.10. We have

B® = { Im;) ® [my) (mod ¢£?) | |my| < |my|, T(m;, my) is semistandard }
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Proof. For Iy € Z>o and ly € 2Z>¢ with sgn(ly) = ¢, let us identify v;, ;, = [l1e,)®|liep—1+
lre,) in BZ? with the pair (l1e,,l1e,_1 + l2e,) and the connected component of vy, ;, as
a Ug(An—1)-crystal with the set of corresponding set of pairs (my, ms)’s. Then T'(vy, ;,)
is the semistandard tableau of shape (I; + l2,11)". Since €;v;,;, = 0for 1 < j <n—1,
T(vy, 1,) is the tableau of highest weight and the set

(5.5) {T(ﬁ-l ...ﬁ,,,vh,lz) ‘r >0,1< iy, . 0 <1 — 1}\{0}

is equal to the set of semistandard tableau of shape (I3 + la,11)™ with letters {7 < -+ <

1} O
Let |m;),|ms) € B be given with |m;| = d; and |msy| = do, let P(my, my) denote

a unique semistandard tableau of shape p™ for some partition p, which is equivalent to
|m;) ® [m2) as an element of Uy(A,—_1)-crystals. Indeed, if we read the row word of T'(m;)
from left to right, and then apply the Schensted’s column insertion to 7'(ms) in a reverse way
starting from the right-most column, then the resulting tableau is P(m, mz). So P(mj, my)
is of shape (d},d})™ for some d} < dj with d} < dy, dj > da, and d} +dy, = dy + dz. In

particular, P(mj, my) = T'(my, ms) if d; < ds and |m;) ® |ms) € Béz).

Example 5.11. Let |m;), |m,) be as in Example[5.9] Then

P(ml,mg) =

[l K=l

EX
[
IS
[
B
B
ol
ol
=

Let l; € Z>g and Iy € 2Z>¢ be given with sgn(l1) = €. Put A = (A1, A2) = (I1 + l2, lh).
Let SST(A™) be the set of semistandard tableaux of shape A\™ with letters in {m < --- < 1}.
For each T' € SST(A™), we choose i1,...,i, € I\ {0,n} such that T =T (ﬁl ~-~J7iTVl1,12)
(see (5.F)), and define

(56) v = };1 . ﬁrvlhlz S ,Cg)
By Proposition we have a Q(g)-basis of we
(5.7) || {vr|TessT(x")}.
AEZP,
L(N)<2

Lemma 5.12. For T € SST(\™), we have

vy = |mi) @ [ms) + D g mylm)) @ [m)),
m/ ,m),
where P(my, my) =T, P(m}, mj) is of shape pu™ with j1 > X\ and pp # X, and ¢ my, € qAo.
Here > denotes a dominance order on partitions, that is, 1 > A1, and p1 + po = A + Aa.

Proof. By Lemmas and (see also their proofs), we observe that

(5.8) Vi, = |lien) @ |lien—1 + lae,) + Zcx,y,z,wlxenq +ye,) @ |ze,—1 + wey,),

where the sum is over (z,y, z,w) such that

(1) 0<a<lywithz+2z=1,
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(2) y >z, w>xwithy+w=1 + Iy,
(3) cay,zw € qAo.
We may regard |l1e,) ® |lie,—1 + l2e,) as the case when (x,y, z,w) = (0,11,11,12). Then it
is not difficult to see that if the shape of P(xe,_1 + ye,,ze,_1 + wey) is u™ = (1, 12)™,
then ps =z =1; — x <y and hence p > A\, and pu # A when z > 0.
Let i1,...,4 € I\ {0,n} be the sequence in . By the tensor product rule of crystals,

we have

(5.9) ﬁl ---ﬁr(|xen—1 + yen) @ [ze,-1 +wey)) = Z Cmy,m, [M1) ® [my),
m;,msa

where the sum is over my, my such that

(1) ¢m;,m,(q) € Ag such that

1 if jmy) @ [ma) = fi, ... fi (|ren_1 + yen) @ |zen_1 + wey)),
le,mz(o) =

0 otherwise.

(2) v > A and v # A, where v™ is the shape of P(m;j, my).
Therefore, we obtain the result by (5.8)) and (5.9)). O

Corollary 5.13. We have Lg) =L%2N Wg(z).

Proof. 1t is clear that 59) C L&n Ws(2) by Proposition Conversely, suppose that
ve LN W is given. By (5.7), we have

(5.10) v = Z cTvT,

T
for some cp € Q(g). We may assume that all the shape of T" in (5.10) is the same. Fix T
with er # 0. Let |m;) ® |ms) be such that |m;) ® |ms) appears in (5.10) with non-zero

coefficient, and P(mj, my) = 7. By Lemma [5.12] the coefficient of |m;) ® |ms) is ¢r. Hence
(2)
cr € Ag, and v € L. O

Proof of Theorem ﬂ Let W&2 = WE(Q) @& W, where W is the complement of WE(Q) in W2
as a Ug(Ap—1)-module since it is completely reducible. By Corollary we have

(5.11) £2%2 =2 o M3,

where M) = £&2 0 W is the crystal lattice of W as a U,(A,,_1)-module. Then we have

(5.12) Ro(£2%) c LY, Ry|,—0(B2?) c BY.
More generally, by (4.1) and (5.11)), we have for a € Z<q
(5.13) R(q™2*)(L2?) c L2

For each 1 <7 < s—1, we have

RS = RS' ( o 7q572i717 q872i+1a T )Rwosz‘ (qlisa e 7q871)'

i

% i+1
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We have Ry, (¢"7%, - ,¢* ) (LE®) C LZ* by (5.13)), and hence by (5.12)

Ré(L;@S) c ‘C;@ifl ®£§2) ®£;®37i717

Ry(BZ*) c BE ' @ B @ B
Therefore R,(B%*) is spanned by BS), where

B = { Im;) ®...® |m,) (mod gL

[mj) @ fmyia) € B2 (1< <5-2) |
By Proposition the set

{T(ml,...,ms)

mi) @ ... |m,) € B |

is equal to the set of semistandard tableau of shape A™ where A = (jmg| > --- > |my]).
Hence
(5.14) chw®) = Z Sx(Z1, ..., Tp).

)\6:@5

L(N)<s

Let V*) be the U, (C},)-submodule of W) generated |s(c)e,)®*. The classical limit V") of
V" is a highest weight U(C,,)-module with highest weight
1
A = —8(5 +s(€))wn.
On the other hand, by [I7, Theorem 6.1] the character of the irreducible highest weight
U(C,,)-module with highest weight A(*), say V/(A(®)), is also equal to (5.14). Since V(A(®))

is a quotient of V*), we conclude that

W) = chV® = chVy® = chV (A®).
In particular, VO(S) is an irreducible U, (C),)-module and hence W) = VO(S) is an irreducible

Uq(Cy(ll))—module. This completes the proof. O

5.2. Type C®(n +1). Let us prove that W) is an irreducible U,(C® (n + 1))-module.
The proof is similar to that of Theorem for U, (C,(LD). So we give a sketch of the proof
and leave the details to the reader.

We first consider W®). By (@.2)), we have

(5.15) WE =V} = Uy(0spy)20)|0) @ |0),

which is an irreducible representation of U,(0spy|2,,) and hence of U,(CM) (n+1)). By similar

arguments as in Proposition [5.3] we have the following.

Proposition 5.14. We have

chw® = chV, = Z sx(@1, ...y xn).

AP
(<2

Lemma 5.15. Forl € Zxq, let v; be the vector in (5.1)). Then v; is a Uy(An,—1)-highest
weight vector in WP, and v = |le,) ® |len—1) (mod ¢z £L52).
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Proof. Since the actions of Chevalley generators for 1 < i < n — 1 is the same as in the case
of C,(f), it follows from Lemma that v; is a Uy(A,—1)-highest weight vector. Note that

(5.16) chW®? = (chw)? = Z MASA(Z1, ..., Tn),
(M) <2

where my = A\; — As. Then we have v; € W2 by the same argument as in Lemma O
We have an analogue of Lemma which also proves that v; € W(2).

Lemma 5.16. Set £ = e,,_o---e1eq, where it is understood as ey when n = 2. Then for
[ >0 we have

1 1
(Eenrf — Len 182vi = (—1)lg2EE Dy 2y,
2] 2]
Lemma 5.17. Forl,m € Zx>q, let
mOntaits)
Viom = Gn 2 fnm Vvi.

Then vy, is a Ug(An—1)-highest weight vector in W@ and
Vim = |ley) @ |le,—1 +me,) (mod q%/j@’z).

Proof. Since e; for 1 < j < n — 1 commutes with f,, v;,, is a Uy(A,—_1)-highest weight
vector in We(z).
For0<c<Il,puta=1[1—cand b=c. Let

uy = |cen_1>, Uy = |(l — C)en_1>.
By (2.4), we have
A(fE) (fiur @ fhus)

= 3 g H R PR (Frun) @ S (Fhu)
k=0

_ Za_kq;k(mfk)f(1+2a)kfr(bmfk)f:lzul ® ék)ﬁb;uQ
k=0

= 3 g MmO S o) plo), 0 109 £

n

k=0
m _ A a(a+1) |, b(b+1) _k k. b

- Za’fqn k(m—k)—(142a)k4+ 25— 4 2222 [m . +a -ll)- fT(lm—k-',-a)ul ® fT(Lk+b)u2
k=0 n n

+1) | b(b+1) —kta)(m—ktat1) _ (k+b)(k+b+1
)= (142a) k4 SatD) 4 bOH1) _ (m-kta)(m—ktatl) _ (ktb)(k )

— k(m—k
= ot

ker ~m— a !
5 Ry @ frthug

m—k+a
a

n
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m(m+4143)

Multiplying g, 2 on both sides, it is straightforward to see that

m(m+4143)

2 fanlg) € VMR 4 g2 Ap).
This implies that v; ,, = |le,) ® |le,—1 + me,) (mod q2 L®2). O

Now we define the pair (£(2), B?) by

£(2) = Z Z A0ﬁ1 s Ervl17127

l1,l2€Z>¢ r>0
1<iy, . ir<n—1

B® = {ﬁl ~~-ETV11,12 (mod qéﬁ(z)) ‘ li,ls €259, >0, 1 <idy,...,5, <n-—1 } \ {0}.

Proposition 5.18. We have
(1) £® ¢ £®2 and B?) c B2,
(2) (£®,B?) is a Uy(A,—_1)-crystal base of WP, where

B® = { |m;) ® lmsy) (mod q%£(2)) ‘ |m;| < |my|, T(m;, my) is semistandard }
Proof. 1t follows from the same arguments as in Propositions and O
Corollary 5.19. We have L&) = £22 0 W3),

Proof. By Proposition one can check that Lemma also holds for W®), which
implies £2) = £®2 W3, 0

Theorem 5.20. For s > 2, W) is an irreducible U,(C® (n + 1))-module, which is also

irreducible as a Uq(osp1|2n)—m0dule. Moreover, its character is given by

chw(®) = Z sa(zi, ... xy).

A€ P

L(N)<s
Proof of Theorem[5.20, We may apply the same arguments as in Theorem [5.1]and the result
in [I7, Theorem 6.1] by using Proposition and Corollary d
Corollary 5.21. The character of We(s) has a stable limit for s > n as follows:

1
chw®) = sal@1y ..o xn) = .
)\;@ H1§ign(1 — ;) H1§i<j§n(1 — zizj)

L(N)<n

5.3. Type BM(0,n). As usual, we identify the weight lattice for U,(B(0,n)) with Z" =
@, Ze; equipped with the standard symmetric bilinear form such that (e;,e;) = d;;. Then
the simple roots «; (i € I\ {0}) are given by o¢; = e;41 —¢; for 1 <i <n—1and a,, = —e,,
and w,, = —%(el +-+ep).

For A € &, with £()\) < min{n, s/2}, we put

n
Ag\s) = —Swy + Z Ai€p—it1-
i=1
Let V(Ag\s)) be the irreducible highest weight U(ospij2,)-module with highest weight Ag\s).

Note that A%) is the weight of the maximal vector v; and V(Ag))) =V, forl > 0. Generalizing
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the decomposition of W@ into Uq(05p1j2n)-modules, we have the following conjecture on
W),

Conjecture 5.22. For s > 2, W) is an irreducible U,(B™M (0, n))-module and its character
is given by
chw®) = Z chV(AE\S)).
APy
£(A)<min{n,s/2}

Remark 5.23. The family of infinite-dimensional U(0sp; |2y, )-modules V(Ag\s)) have been
introduced in [2] in connection with Howe duality. They are unitarizable and form a semisim-
ple tensor category. The Weyl-Kac type character formula for V(Ag\s)) can be found in [2]
Theorem 6.13].

Corollary 5.24. For s > 2n, we have

ChW(S) = ZAE‘@+ SA(xl’ U 7In)
ngign(l — ;) H1§i<j§n(]' — x;x;)
_ 1
ngign(l —x;)(1 - %2) H1gz‘<j§n(1 — @)

Proof. The first equation follows from the fact [I7, Corollary 6.6] that if A\ € &7, with
£(\) < n, then

sa(z1, ..., xn)
chV(A(Y) = .
A H1gign(1 — ) H1§i<j§n(1 — x;x;)
The second one follows from the well-known Littlewood identity. O

APPENDIX A. TWISTOR

In this appendix, we review the twistor introduced in [4] that relate quantum groups to
quantum supergroups. We use it to relate the g-oscillator representation of U, (D;izl) in
[13] to a representation of U,(C® (n + 1)). An advantage to do so is that in the latter we
can take a classical limit ¢ — 1. We also obtain a representation of U,(B™")(0,n)) from the
g-oscillator representation of Uq(Agn)T), where Agi” is the same Dynkin diagram as Agi) in
[8] but the labeling of nodes are opposite.

A.1. The twistor of the covering quantum group. We review the covering quantum
group and the twistor map introduced in [4]. Our notations for a Cartan datum is closer
to Kac’s book [8]. Let I be the index set of the Dynkin diagram, {«;};cr the set of simple
roots, (aij)i,jer the Cartan matrix. The symmetric bilinear form (-, -) on the weight lattice
is normalized so that it satisfies d; = (o, @;)/2 € Z for any i € I. It is also assumed that
a;j € 27 if d; = 1 (mod 2) and j € I. The parity function p(z) taking values in {0,1} is
consistent with d;, namely, p(i) = d; (mod 2). We set ¢; = ¢%, m; = nd.

Let ¢, 7 be indeterminates and i = /—1. For a ring R with 1, we set R™ = R[r]/(m? —1).

The covering quantum group U associated to a Cartan datum is the Q7 (g, i)-algebra with



29

generators F;, F;, K iﬂ, JijEl for ¢ € I subject to the following relations.
JilJ;=J;Ji, KiK; =K;K;, JK;=K;J;,
JiE; =B, JiF; =7w%EF g,
KE; =q¢""E;K;, KiFj =q"F;K;,

-1
B, F; — qPOPO) p B — 6, JiKi — K
=7 g+ ij 1
Tiq; — q;
1—ayj )
Z (—1)l7rl(l—1)p(i)/2+lp(i)p(j){ laza] EilfaijszjEé =0 (i#7),
1=0 Qi i

1—(11”'
. ST — ag i L,
> (—1)%#(11>p<z>/2+lp<l>p<ﬂ>{ l‘”] FI7 T RE =0 (i# ).
=0 Qi TG

Remark A.1. We changed the notations from [4]. We replaced v with ¢, t with i, Jy,; and
Kd”' with Jz and Kl

We extend U by introducing generators T;, Y; for ¢ € I. They commute with each other
and with .J;, K;. They also have the commutation relations with F;, F; as

T,E; =iV E;T;, T,F; =i “FT;, YE; =i*7E;Y;, Y;F; =i *FY,;
where
d;ai; iti>jg,
0i; =< d; if i = 7,
—2p(i)p(j) ifi <.
We denote this extended algebra by U.

Theorem A.2 ([]). There is a Q(i)-algebra automorphism ¥ on U such that
E;, — i_d’iTZITiE“ F; — F[I‘Z, K; — TZK“
Ji — TiQJi7 E — Ti7 Tz — Ti,

g—itq, T —T.

A.2. Image of the twistor . We apply the twistor T given in the previous subsection
for the Cartan datum corresponding to By, namely, I = {1,2,...,n} and the Cartan matrix

is given by

Through it, we are to regard the g-oscillator representation W = @ Q(q?)|m) of Uy(By)
(subalgebra of Uq(foll) generated by e;, fi, k; for 1 < i < n) given in Proposition 1 of
[13] as a representation of Ug(0spy|2,). Although we normalized the symmetric bilinear
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form on the weight lattice so that («;, ;) € Z for any i € I in the previous subsection, we
renormalize it so that (a,a,) = % to adjust it to the notations in [I3]. The generators
T;,Y; are represented on W as

imiti=mim) (1 <i<n) i—2mi

Tilm) = i7" |m) (i=n) Y = imi=2mm) - (i = n)

m) (1<i<n)

Let u; (i € I, u = e, f,k) be the generators of U,(B,) (7 = 1) and @; = ¥(u;) be
the image (7 = —1) of the twistor ¥. Then @; satisfy the relations for Ug(0sp1)2,) where

q% = i_lq%. On the space W, they act as follows.

— 2mip [mle —e; + ei+1>a

172 [mq]lm+ e; — ei41),

_ iQmi—QmH-l q_mi+mi+1 |m>’

j1—Im|

= ki [my]m —e,),

= {?me g3 m),

>
z
EEEEEE

where 1 <i<n, k= (qg+1)/(¢g—1).
By introducing the actions of &, fo, ko, we want to make W a quantum group module in
Section associated to the affine Dynkin datum C®(n+1) or B (0,7n). For the former

we set
€olm) = xi2m1’|m||m+e1>,
folm) = 27k i™H [my]jm — ey),
e—2my1—1_mi+

kolm) = i g™ "% |m),

and for the latter

ml] [ml — 1]

folm) = - = — 20y,

kolm) = —¢*™*!|m),
where x is the so-called spectral parameter. We also note that the quantum parameter is
still § = i_lq%.
To obtain the representation for the quantum parameter ¢, we need to we switch q% to

iq2 (q% to q%). Also, the relations in Section and those in Section are different. For
the node ¢ that is signified as e in the Dynkin diagram, there is a relation

ki — k1
eifi + fiei=—T—~+
g2 —q 2
in Section 2.3 rather than )
ki —k;
eifi+ fiei= ——
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in Section The former relation is realized by deleting x from the action of &; or f; in
the formulas of the g-oscillator representation above. By doing so, we obtain

) i =l m ey for Uy(CP)(n +1)
€olm) = ’
(=1)mI|m + 2e;) for Uy(BD(1,n))
i o= 12 T — ) for U,(C® (n +1))
folm) = 4" 1 ma]fms 1] !
2 ()il A m —2e;) for U,(BV(0,n))

)

Jio|m) = g™ 3 m)  for Uy(C®(n+1))
0 =
¢®™ 1 m)  for Uy(BM(0,n))

(
film) = (=1)7m A ] lm 4 e — eiq1),
q

= ilmmF2ma gy 1 im — ey,),

€n|m
fnlm) = i‘m‘_g’”“’\m—&—en}7
knm) = ¢~ % |m),

for1<i<n-—1.

To obtain the actions of U, (C® (n + 1)) (resp. U,(B™(0,n))) in Proposition (resp.
, we perform the basis change [m) to i*(™)g~Iml/2 [1}-,[m;]'|m) where s(m) = —|m|(|jm|+
1)/2— Zj m?. Next we apply the algebra automorphism sending e,, — —e,,, f,, — —fn and
the other generators fixed. For U,(C®(n + 1))7, we also apply eg +— oeq, fo = foo.
Accordingly, the coproduct also changes. For U,(B™)(0,n)), we alternatively apply eg

i[2]eg, fo ﬁfo-

APPENDIX B. QUANTUM R MATRIX FOR U, (AT

In this appendix, we consider the quantum R matrix for the g-oscillator representation
of Uq(Aéi)T) where Agi)T is the Dynkin diagram whose nodes have the opposite labelings to
Aéz). Next we identify it as the one for U,(B™(0,n)).

n

B.1. g-oscillator representation for Uq(Agi)T). By AgL)T we denote the following Dynkin

diagram.

oO==—-0

O==—-0
0 1 n—1 n

Although we did not deal with the g-oscillator representation for Uq(Agf}T) in [13], it is easy
to guess from other cases given there. On the space W, the actions are given as follows.
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eo|lm) = z|lm + 2e;),

folm) = x_1W|m — 2eq),

ko‘m 2m1+1| >

) =
eilm) = [m;]jm — e; + e;41),
film) = [mi1]lm + e; — eipq),
kilm) = g2 jm),
en|m) = ik[my|/m — e,),
) =
) =

lm + e,),

—mn—1/2

fnm
kp|m |m),

where 0 < i <mn, k= (q+1)/(¢—1). Denote this representation map by .
Uy (By)-highest weight vectors {v; | I € Z>¢} are calculated in [I3| Prop 4]. We take the
coproduct (C.1) with 7 = 1.

Lemma B.1. For z,y € Q(q) we have
(1) (e @m) Ao f2 - 2o = - U (2t + g iy o (12 2),
(2) (ma @ 1) Alenel?y - ePeo)vo = Y ((y + gu)vr — q(y + 2) A(fa)v0).

Define Rio(z,q) as in Proposition for Uq(Bgll)). The existence of such Rro(z, q)
is essentially given in [I3] Theorem 13]. Namely, although Aéi” is not listed there, the
corresponding gause transformed quantum R matrix is S%!(z) and the proof has been done
as the cases (i),(iv) and (v).

Proposition B.2. We have the following spectral decomposition
-1/2 4541
z+q* z+q”
ol ZH 1+ qhi1y P+ Z H 1+ qhitiz B,
1€2Z j=1 lel+2z24 3=0
where P; is the projector on the subspace generated by the Uy(By)-highest weight vector
U] (l > 0).
APPENDIX C. QUANTUM R MATRIX FOR U, (C®(n + 1)) anp U,(BM(0,n))

In this appendix we compare the quantum R matrix for the g-oscillator representation
for U,(C® (n + 1)) with the one for U, (D n+1) given in [I3]. We also consider the quantum
R matrix for U,(B™"(0,n)) based on the results in [13].

C.1. Gauge transformation. We take the following coproduct
A(k;) =k @ kg,

(C.1) Ale) =1®ei+e; @0 2 PO,
Alf)=fiwo =P 1k g f,
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for i € I, where o satisfies (2.3)). We also take the same coproduct (C.1J) for @w;. Let T be an
operator acting on W®? by

(C.2) T|m) ® [m') = &6 94 | m) © [m'),

for m = (my,...,my,) and m’ = (m/,...,m}). Here we have the constraint pg; + ¢ = 0.
Then by [20] (see also [19]),

Al (u) =T A(u)T
gives another coproduct of U, (B,) acting on W2, Take ¢y to be 1 for k < 1. We also set
(C.3) K|m) = i*™|m),

where

ka""Z( —n—)mk.

Set
—|m| +my (i = 0 and for U,(C®(n + 1)))
(m) —2/m| 4 2m; (i = 0 and for U,(B™(0,n)))
Yi\m) = )
m; + M1 (0<i<mn)
—|m[+m,  (i=mn)
mi+n (i = 0 and U,(C® (n 4+ 1)))
8, (m) 2my +2n+1 (i=0and U,(BM(0,n)))
i\m) =
—m; + Miqy1 (0 <1< TL)
—my, (i=mn)

Let g = e; for U, (C® (n+1))),2e; for U, (BM(0,n))), a; = —e; +e;41 (0 <i <n), and

a, = —e,.

Lemma C.1. The following formulas hold for m, m’, and i € I;
(1) T7' (1@ el |m) © jm') = 177 |m) @ e;[m’),
(2) I™He; ® )T [m) ® |m’) = 1%(“‘ Je;|lm) @ |m’),
(3) r'(1 ®fz)F|m> ® m') = it |m) @ f;|m’),
(4) T7H(fi@ I |m) ® [m’) = ”"(m/_"")film> ® |m’).
Lemma C.2. The following formulas hold for m and i € I;
(1) K~'e;K|m) = i#i(™e¢;|m),
(2) K fiK|m) = -5 0m=e) £ [m).

Proposition C.3. Foru; (i € I, u=e, f, k), we have

Aw)Jm) @ [m') = i (K @ K) 7 AT () (K © K)jm) @ jm'),
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m; + Mmip1 — (0i0 + din)|m| — ndso (u=ce)
Ai(m) = ¢ m; +mi1 + (Gio + 0in)(Im|[ +1) =2 (u=f),
2m; — 2myq (u=k)

except when i = 0 and for U,(B™"(0,n)), where

2mp —2m|—-2n+1 (u

I
o
&

Ag(m) = ¢ 2m; —2m| — 20 +3 (u
0 (

N

o
E S
S— ~—

Here we should understand mg = my4+1 = 0.

Proof. Tt follows from Lemmas and and the following calculations. For instance,
fori=n
A(en)|m) ® [m') = (1@ én + & ® okn)[m) @ [m')
= k("™ ]lm) @ [m’ —e,)
(1) R =2 jm — e) @ ),
Al(e)m) @ m') = (T (1@e,)T+T e, @ NI (1@ ky))m) @ |m)
— (i ) m) @ [m' — e)

+ if\m’|+m;+2 72m;’71[

q my]jm —e,) @ [m’)),

and for ¢ # n
Afen)|m) @ ') = (1@ e; +e; @ k) |m) @ ')
— §ZMmin [m}]|m) @ l/m’ —e; + e;11)
S §2menE2m2m —2m A 2m] [m;]lm —e; +e;11) ® |m’),
AT (eg)m) @ [m') = (T1(1 @ )T+ T (e; @ T (19 k) jm) & o)
=177 ] m) @ (m' — e; + e,41)
A 22 ) m — e + €441) © [m).
(]
For a quantum group such as U = Uq(Dfﬁl), Uq(Agi)T), Uq(C'(z)(n +1)), Uq(B(l)(Oa”))

a quantum R matrix R(z) is defined, if it exists, as an intertwiner satisfying

R(z)(mp ® my) A(u) = (my ® ma) Au) R(2),
where R(z) = PR(z), P is the transposition of the tensor components and z = x/y. We also
note that the coproduct we use here is (C.1). For U = Uq(Dgl) or Uq(Aéi)T), the existence
of quantum R matrices are proved in [I3] or Appendix We denote them by Ro(z).
Let Ryew(2) be the quantum R matrices for the quantum groups U = U,(C®(n + 1)) or
Uq(B(l)(O, n)). From the previous proposition, we have
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Proposition C.4. For generic 2,y € Q(q), Rpew(2) and Rio(2) have the following rela-
tion:

Roew(2,—q) = (K @ K) 'T'Rgo(z,¢)T (K ® K).
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