Global existence of solutions to a parabolic
attraction-repulsion chemotaxis system in R?:
the attractive dominant case
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Abstract

We discuss the Cauchy problem for the following parabolic attraction-repulsion
chemotaxis system:

Ou = Au—V - (uV(Biv1 — fava)), t>0, v € R?
ﬁtvj:Avj—)\jvj + u, t >0, z € R? (j:].,Q),
u(t,0) = ug(z), vjo(t,0) = vjo(z), zeR? (j=1,2)
with constants 3;, A; > 0 (j = 1,2). In this paper we prove that the nonnegative

solutions exist globally in time under the assumption (81 — f2) [zs o dz < 87 in the
attractive dominant case 31 > [s.
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Introduction

In this paper we consider the Cauchy problem for a parabolic attraction-repulsion chemo-

taxis

(CP)

system:
Ou = Au— V- (BuVor) + V - (BouVus), t >0, z € R?,
Tj0v; = Avj — \ju; + u, t>0, r€R? (1 =1,2),
u(O,x) = UO(;U)? Tj’l}j(O,LU) = TjUjO(x)¢ z € R? (.7 = 172)7

*Department of Mathematics, Hiroshima University, Higashihiroshima, 739-8526, Japan.
address:tnagai@hiroshima-u.ac. jp

tOsaka City University Advanced Mathematical Institute, 3-3-138 Sugimoto, Sumiyoshi-ku Osaka 558-
8585, Japan. E-mail address:seki@sci.osaka-cu.ac.jp

tCourse of General Education, National Institute of Technology, Fukui College, Sabae, Fukui 916-8507,
Japan. E-mail address:yamada@fukui-nct.ac.jp

§Corresponding author

E-mail



where (3, A\j (j = 1,2) are positive constants, 7,7 € {0,1}, and ug, vig, and vog are
nonnegative functions. For initial data, we impose the following regularity conditions:

(1.1) uop > 0, ug Z 0, up € L'(R?) N L>®(R?),
(1.2) vjo > 0, vjo, Vo € Ll(RQ) N LOO(RQ) (j=1,2).

This system was proposed in [11] to describe the aggregation process of Microglia. In the
system, the functions u(t,x), v1(t, ), and va(t, z) on [0,00) x R? represent the density of
Microglia, the chemical concentration of attractive, and repulsive signals, respectively.

Various types of Chemotaxis model have been widely and extensively studied in the
past decades. In particular, the parabolic-elliptic-elliptic counterpart:

O = Au — V- (BuVor) + V - (BouVg), t >0, z € R?,
(1.3) 0= Avj — \jvj +u, t>0, z€R? (j=1,2),
u(0,x) = up(x), r € R?

attracts lots of attention by several researchers, for instance, Shi-Wang [22] and Nagai—
Yamada [18,20]. The main question posed in these works is to ask if the system (1.3) has
global-in-time (classical) solutions depending on the relation between f1, 32 and on the
size of initial mass ||ugl||y:1. We just recall some known results. For the repulsion-dominant
case, i.e., 81 < P2, Shi-Wang [22] proved that, without any restriction on the size of initial
mass [|ug| ;1 (r2), every local-in-time solution of the system (1.3) may be extended for all
time and remains bounded in R? uniformly with respect to ¢t. Nagai-Yamada [18] proved
that this result continues to hold for the balanced case, i.e., 81 = P2. In view of the
relation between (1 and (o, this last result is optimal in the sense that the result does
not necessarily hold for the attraction-dominant case, i.e., 81 > B2. In this case, Nagai—
Yamada [18,20] showed that all solutions exist globally in time if [|ug || 1 (r2)y < 87/(81—[2)-
Moreover, the boundedness of global in time solutions was discussed in Nagai—Yamada [21].
On the other hand, Shi-Wang [22] proved that finite-time blow up does occur for some
initial data satisfying [[uol|z1(r2y > 87/(B1 — B2). More precisely, it was proved that there
exists a small number ro > 0 such that if the size of initial mass [|ug||;1(2) is larger than

8m/(B1 — B2) and
/ |z — xo|? uo(x)dx < g
R2

with some point zo € R?, then the solution blows up in finite time. Here, by finite-time
blow-up, we mean

(1.4) limsup [u(, t)|| oo r2) = +00

t—Tmax
for some Thax < 00. Such a value Ty, is called the mazimal existence time. In this sense,
we understand that the number 87 /(31 — 82) is the threshold value for initial mass, below
which solutions are global in time and above which some solutions blow up in finite time.
This critical mass phenomenon is well-known for the classical Keller-Segel model, which
corresponds to the case 53 = 0 in (1.3). See, for instance, [3,14-17,19].



We shall turn our attention to the fully parabolic system (CP). The Cauchy—Neumann
problem on bounded domains €2 in R? have been treated by many researchers (see [2,4,
7-10,24]). Fujie-Suzuki [4] especially showed that the global existence of solutions holds
if [JuollL1(qy < 4m/(B1 — B2), or the radially symmetric function ug satisfies |luo|| ;1) <
8m/(B1— B2). Concerning the Cauchy problem for (CP) in R?, the result obtained for (1.3)
with 81 = f2 was extended therein to the system (CP) by Jin-Liu [6]. For the repulsion-
dominant case, i.e., 51 < (2, the third author [26] has recently proved that every global
solution is bounded uniformly in time. For the attraction-dominant case, i.e., 81 > [,
Shi—You [23] recently asserted that nonnegative solutions to (CP) with 73 =1 and 79 =0
exist globally in time under the condition ||ugl| 1 (r2) < 87/(B1 — f2). However, to the best
of our knowledge, the case 51 > P and 71 = 75 = 1 has been left open. Our aim in this
article is to fill this gap. We are now in a position to state our main result.

Theorem 1.1. Let ug and vjo (j = 1,2) satisfy (1.1) and (1.2), respectively. Assume that
B1 > B2 holds. If the initial mass is subcritical in the sense that

8T
(1.5) /]1%2 ugdr < -

is true, then the nonnegative solution of (CP) with 1 = 1o = 1 ewists globally in time.

Our strategy for proving Theorem 1.1 is to use the characterization of maximal exis-
tence time in terms of the L>-norm of u(t) (cf. (iv) of Proposition 2.1). In order to obtain
a priori estimates on [|u(t)|| e (r2), We rely on Moser iteration scheme, which has been used
in a number of PDE problems. It is essential to show its first step, i.e., obtaining an a pri-
ori estimate on [[u(t)|[z2(r2). To this end, we introduce a functional F (u, v, w)(t)(cf. (3.3)
below), what we call modified free energy functional, for the particular system (CP)
with 71 = 7 = 1. This nontrivial definition of F(u,v,w)(t) captures a feature of the
fully parabolic system and is different from the one introduced in [23] for partially el-
liptic simplified systems. In fact, we first introduce a change of unknown functions and
then define the functional F(u,v,w)(t) for the new unknown functions. In particular, it
involves three absorption terms, which make our analysis successful in deriving desired
estimates. We then combine a useful modified free energy identity on F(u,v,w)(t) with
the Trudinger—Moser inequality, using the idea of [12] that makes the inequality useful
even in unbounded domains. Consequently, we obtain an estimate of the form:

1
B — B2

where g € (0, 1] is some constant. Once this is shown, we can argue as in [23], to conclude
the proof of Theorem 1.1.

The rest of this article is structured as follows: In Section 2 we collect some tools used
in Theorem 1.1. Section 3 is devoted to the proof of the modified free energy identity (3.4)
below. In Section 4 we derive a priori estimates (1.6) by applying the modified free energy
identity and the Trudinger-Moser inequality. We prove Theorem 1.1 in Section 5. For the
convenience of readers, we demonstrate the Moser iteration technique in the Appendix.
As a result, we show that (1.6) implies an L> bound for u(t) for any time-interval.

(1.6) do /R2(1+u(t))log(1+u(t)) dx + /0 /R2(/818tv1(s)—Bg@tvg(s))2d$d7 <C,



Notation. For 1 < p < oo and T > 0, let LP be the standard Lebesgue space on R? with
the norm || - ||, and let LP(0,7; X) be the set of all p-integrable functions over interval
(0,T) with values in a Banach space X, whose norm is denoted as || - || Lr(o,1,x). For k € N

and 1 < p < oo, W*P stands for the standard Sobolev space on R? with the norm || - ||y k.
and Wk?2 = Hk Symbol Z is the set of all nonnegative integers. We set |a| = a1 + az
for a = (oq, o) € Z2.. Partial derivatives of order m with respect to ¢ and z; are denoted
by 0/ and 07", respectively, and set V = 1(9y,02) and 0% = 071952 for a = (a1, a0) € Z2.
Symbol C' is a positive constant which may vary line to line. In particular, C(x,..., %)
denotes a positive constant depending on the quantities in parentheses.

2 Preliminaries

First of all, we state that the existence of local in time solutions to (CP) and some
properties of the solutions are established by virtue of the method in [22, §2] (see also [23]).

Proposition 2.1. Let uy and vjo (j = 1,2) satisfy (1.1) and (1.2), respectively. Then
there exists a positive constant Ty such that the system (CP) has a unique smooth solution
(u,v1,v2) on [0,Ty] x R2. Furthermore, the following assertions hold:

(i) w,v1,v2 € C([0,Tp); LF) (1 < p < 00), supgeiery, [|(w; v1,v2)[loc < 00.
(i) OFO%u, oS w1, 0Fd%vs € C((0,Tp); LP) (1 <p< o0, k € Zy, a € Z2, k+ |a| > 1).
(iii) u(t,x) >0, vi(t,z) > 0, va(t,x) >0 (0 < t < Tp, = € R?).

(iv) If the mazimal existence time Tp,qy is finite, then

(2.1) limsup ||u(-, t)||cc = +00.
tTTmaI

Proposition 2.2. For every 0 <t < T, we have

(2.2) [u(®)]l1 = f[uollx,
(2.3) loj ()1l = e [lvjoll + A7 (L — e M) luolly (5 =1,2).

Given a function f € L9 (1 < ¢ < o0), we define, as usual, the heat semigroup eDf as

(e f)(x /Gtw— fly)dy, t>0,

1 2
where G(t,z) = g P <_‘Z|t> .
7r

We just recall some basic estimates concerning the heat semigroup as well as the Trudinger—
Moser inequality:



Proposition 2.3 (LP-L? estimates [5]). Let 1 < ¢ < p < co and o € Z% hold. Then there
exists a positive constant C(p,q,a) depending only on p,q, and o such that

(2.4) 10ge® fllp < C(p, g, c)t™ /P12 £l 1> 0.
In particular, C(p,q,a) =1 if |a] =0 and p = q.

Proposition 2.4. Let A > 0,0 < T < o0, and f € L*>(0,T;L7) (1 < g < ) be given.
Then the functions F)\(t) € WP, 0 <t < T, defined as

t

(2.5) F)\(t) == / e M=)elt=98 (5 ds, 0<t<T
0

engjoy the following estimates:

(i) fl<g<p<oorl=q<p<oo, then:

IOy < Co, @)A1V fll e 10y, 0 <t < T

(i) If1<qg<p<2¢/(2—¢q),2<q<p<0or2=q<p<oo, then:

IVEA(®)||p < Clp, g) N2V D fll e 0 popay, 0 <t < T

Proof. The proof is the same as in [20, Lemma 2.3], so we omit it. O

Proposition 2.5 (Trudinger—-Moser inequality [13,25]). Let © be a two-dimensional do-
main with finite Lebesque measure. Then there exists a positive constant Cryy, independent
of Q, such that inequality

1 1
il l9l 7, < el
(2.6) ] /Qe dx < Crprexp (167T||v9||L2(Q)>

holds for every g € H(Q), where |Q| denotes the Lebesque measure of Q.

Remark 2.6. (i) The Trudinger—Moser inequality holds for open sets 2 with || < oo
by the proof of Moser [13] using rearrangement techniques.

(ii) We have Crpr > 1 by taking g = 0 in (2.6).

3 Modified free energy identity

In what follows, we denote by (u,v1,v2) the nonnegative solution of (CP) defined on [0, 7]
for some 0 < T < oo. Let us set

(3.1) v =P = Pova, w=uv1 —v2, B =p1—Pa.



Under the assumption (31 # (32, system (CP) is reduced to

(3.2a) Ou = Au—V - (uVwv),
(3.2b) 0w = Av — a1v + asw + Bu,
(3.2¢) Orw = Aw — byw — bov,
where
0 = A1B1 — A2f32 0y = B1B2(A1 — A2) by = X231 — A1 2 by — A1 — A2
B ’ B ' B ’ g

Putting a = b(A1 — A\2)/5 and b = 3152/, we now define a functional F(u,v,w)(t) as

63)  Fluew) = [ 01+ u0)los(1+ult ))dw—/ u(t)o(t) dz

1
+— [ (IVo@®)]* + arv(t x—a/ v(t
RrR2 R2

— g /RQ(’V’LU(t)P + byw?(t)) dz

and call it modified free energy functional for the system (3.2).
Due to the regularity properties of solutions and the elementary estimates

(14 5)log(1 + s) = { ey 23720

for every o > 0, it turns out that the functional F(u, v, w)(t) (0 < t < Tax) is well-defined.

Remark 3.1. In the case A\ = A2, we have a; = by = A\; and ag = by = 0, so system (3.2)
is reduced to a classical parabolic Keller—Segel system. For this system, the global existence
has been already discussed in [12]. Although, the second component, which corresponds
to v above is assumed to be nonnegative in [12], the proof there works without any change
even if it is sign-changing. We therefore assume A; # A9 throughout this article.

We now state a modified free energy identity.

Lemma 3.2 (Modified free energy identity). For every 0 <t < T, one has

34)  Flu,v,w)(t) +D(t) = Flu,v,w) / /R < Vol? + b(Dw) ) daxds,

where




Proof. Noting [, d;udz =0 due to (2.2), we have

d
i /RZ{(l +u)log(l+u) —uv}de = /R2 du(log(l + u) — v) dw — / udpv da.

RQ

Using Oyu = V - (uV(log(1 4+ u) — v)) + Alog(1 4+ u) and integration by parts, we obtain

dru(log(l +u) —v) dzx
R2

= - V- (uV(log(l+u) —v))(log(l+u) —v)dx + s Alog(1 + u)(log(1 + u) — v) dx

=— / u|V (log(1 + u) — v)|> dz — / Viog(1l+ u) - V(log(1l + u) — v)dx
R2 R2

=— / u|V (log(1 + u) — v)|* dx — / Viog(1l +u)*dz+ [ Vlog(l+u)- Vodz
R2 R2 R2

v\ |2 1 9

\% (log(l +u) — 5)) dx + 1 Jos |Voul©dz,

—— [ Vo1 4w~ v)do - |

RQ

whence:

(3.5) % /R2{(1 +u)log(l+u) —uv}dr + /R2 u|V(log(1 4+ u) — v)|* dx

+/RQ V(log(l+u)—%>‘2 da:+/

R2
By use of (3.2b), we obtain

1
udp dr = / |Vo|? d.
4 Joo

(3.6)
/ uopv dxr = / (Opv — Av 4 a1v — agw)Owv dx

/ 8tv dx —|— Vv -Vowwdr + — vopwdr — — wov dx
R2 R2 R2

d 2 a9 d
/ (Opv) dx+2ﬁdt/ (IVv]* + arv )dx_/Bdt/szwdx
/v@twdaz
R2

Also, we see from —dyw + Aw — byw = byv that

1
/ voyw dr =— (—0w + Aw — byw)dyw dx
R2 by Jr2
1 1 d

=—— [ (Qw)?der — —— 2+ bw?)d
by Jea w)” dz Sp i Jo |V F F B1wT)
which together with as/(8b2) = $102/8 = b implies that
bd
(3.7) a2 vopw dx = —b/ (Oyw)? do — = — (|Vw|2 + byw?) da.
6 R2 R2 2 dt

7



Substituting (3.7) into (3.6) and then making use of ag/8 = bby = a, we have

1 1 d d
/]R2 udpv dx =3 RQ(atv) dw+25dt/R2(V”’2+al” )dm—aa vw dx
bd

——— [ ([Vw]* + byw?) dz — b/ (Opw)? dex.
2dt RQ RQ

(3.8)

Combining (3.5) with (3.8) gives that

(3. 9)
1
/ {1+w)log(l+u) —w}lde+ — d / (IVo|* 4 a1v?) dz
28 dt
d bd 9
—a% dew_i% (IVw]? + byw?) d
/ u|V(log(1 +u) — v)|*dx + / ‘V log(1 + u) — E) ‘ dx + (O)? da
R? 2 B Jre
:/ |Vo|? da + b/ (Opw)? dz.
4 RQ RQ
The integration of the last identity over [0,T] completes the proof. O

4 A priori estimates for the system (CP)

In this section let v, w and 8 be the same symbols as in (3.1). We begin with showing
some auxiliary estimates.

Lemma 4.1. The following estimates are true:

(i) For every 1 <p < oo and each j = 1,2, there exists a constant C1 = Ci(p, \;) such
that
lo®)llp < e lvjollp + Cilluoll - (0 <t <T).

(ii) For every 1 <p < oo and 0 <t < T, there exists a constant Cy = Ca(p, A1, A2) >0
such that

lw(®)llp < e w(0)]lp + Cale™ ozl + Juoll) (0 <t <T).

(iii) For every 2 < p < oo and 0 <t < T, there exists a constant Cs = Cs(p, A\1,A2) > 0
such that

IVw(®)lly < e[ Vw(0)lp + Csle** vall2 + Jluoll) (0 <t <T).

(iv) There exists a constant Cy = Cy(A1, A2) > 0 such that

T
/0 10:w(®)]13 dt < Ca(ll(vi0, v20)lI 72 + Tlluol).



Proof. The first claim (i) is an immediate consequence of (2.4) and Proposition 2.4(i).
Notice that w satisfies equation dyw = Aw — A\jw + (A2 — A\1)ve. By means of the heat
semigroup, this can be recast as the integral equation

¢
w(t) = e Mt w(0) + (Mg — )\1)/ e M=) (t=9)80, (5) ds.
0
For 1 < p < oo, the LP-LP estimate (2.4) yields
le" w0l < [[w(0)llp, O0<t<T.
Taking advantage of Proposition 2.4(i) and Lemma 4.1(i), we may obtain

< C(p, M1, A2) (e Jvgol1 + [uoll1)

t
H()\g — )\1)/ e M=) (=980 () ds
0 P

for 0 < ¢ < T. Due to these estimates, we deduce the second claim (ii).
Assume that 2 < p < co. Since Ve!®w(0) = e!2Vw(0), it follows from (2.4) that

IVe 2w (O)lp < [Vw(0)ll,, 0<t<T.

Applying Proposition 2.4(ii) and Lemma 4.1(i), we obtain

t
H()\g — /\1)/ e M=) 7e(t=9)80, (s) ds
0

p
< C(p, M, M)lv2ll e o,m22) < C(py Axs A2) (e |uaol2 + [luoll1)

for 0 <t < T. The third claim (iii) then follows.
We finally show the fourth claim (iv). Multiplying the equation dyw = Aw — \jw +
(A2 — A\1)ve by G;w and integrating the identity over R?, we obtain

/ (8tw)2 dr = Awdywdxr — M\ / woyw dx + (A2 — A1) / voOyw dx
R2 R2

RR2 R2
d )\1 2
=— Vw-Vwdr — — | — w dx | + (A2 — A1) v Opw dx
R2 dt \ 2 Jpe R2
d (1 ) A1 2 (A2 — Ap)? / 5
<—— = d — d - d
< dt(Q/RQWw’ x+2/RQw x)+ 5 RQUQ x

—1—1/ (Opw)? de,
2 Jp2

10ew(®)13 + %(IIVw(t)H% + Mllw®)l[3) < (A2 = Ar)?[le2(8) 13,

An integration of the last inequality in time leads to

whence:

T
/0 10ew()13 dt + [[Vw(T)|I3 + A w(T)|3

T
< [Vw(0)]3 + Mllw(0)[13 + (A2 — A1)2/0 loa ()13 dt.



Notice that [|[Vw(0)[|3 + Ai[|w(0)[|3 < C(A1)(|lvioll3: + [lvaol|%:1). Due to Lemma 4.1(i),
we have

T
/0 lo2 ()13 dt < CO2) (a0l + Tlluol?).

Therefore the fourth claim (iv) follows. The proof is now complete. O]

Lemma 4.2. For0<t<T, s >0, let us set
M (t) :/ u(t)dz, D(t,s)={x € R?|v(t,z) > s}.
D(t,s)
Then for every § € [0,1), the inequality

(4.1) /Rgu(t)v(t) dr < (1-19) / (14 u(t))log(l + u(t)) dx

D(t,s)

1 B 1 2
+ g ool + 2 (ool + 5ol ) FI9ool + 060

holds, where

(42) C(5,5)
s|uoll1, D(t,s) =0,
= 1
(=) {rwoll + 2 (sl + 5ol ) JtogCra -+ slllls, - D) 20,

and Crpr(> 1) is the constant in the Trudinger—Moser inequality (2.6).

Proof. Consider the case D(t,s) = (. Due to v(t,x) < s (z € R?), we have

/RQ w(t)o(t) dz SS/RQ w(t) dz = s|luolr.

Hence (4.1) holds in this case.
Consider next the case D(t,s) # (). Since v(t) € C(R?), the set D(t,s) is open in R2.
Due to the fact v(t) € L'(R?), we have |D(t, s)| < oo. It follows that

/R u(tyo(r)de = /D NRCIECEDTEEY /D RICEE /R NIRCCEOLE

< / w(t)(w(t) — $)* do + 5 / w(t)dz + 5 / u(t) da
D(t,s) D(t,s) R2\D(t,s)

(4.3) </D(t )(1+U(t))(v(t)—S)+d$+8HUOII1-

Let us write



so that

(4.4) /D RIOICORRES / g(®h(t) da,

D(t,s)
(4.5) /D(t o) d =(1=8)(D(9)] + M (D) = Mt s).

Applying Jensen’s inequality for a convex function —log -, we obtain

L - o x| = 9(t) 0 ) x
(4.6) M(t,s) (/D(t,s)g(t)h(t) e /D(t,s)g(t)1 Bg(t)d ) a /D(t,s) M(t, 8)1 & g9(t) 4

oh(t)
<log / — dr | .
D(t,s) M(t, S)

It then follows from (4.3)-(4.6) that
(4.7)

/u(t)v(t)dx
RQ
N (D)
g/ o(t) log g(1) dz + M (L, 5) log / gz ) + slluolh
D(t,s) D(t,s) M(t,s)

g/ g(t)logg(t) dx + M(t, s) log </ e dx) - M(t, s) log M(t, s) + sljuol|1-
D(t,s) D(t,s)

A straightforward calculation shows that
/ o(t) log g(t) da = M (1, 5) log(1 — 6) + (1 — 5)/ (1+ u() log(1 + u(t)) dx,
D(t,s) D(t,s)
where M (t, s) is as in (4.5). Due to this and (4.7), we have

(4.8) /Rzu(t)v(t) do < (1 — 5)/ (1 + u(t))log(1 + u(t)) dz

D(t,s)

+M(t, s)log (/ e da:) + M(t, s)(log(1 — &) — log M(t,s)) + s]|uo1.
D(t,s)

We shall now pay attention to the second term of the right-hand side of (4.8). Since
v(t) € HY(R?) N C(R?), we have

Vu(t), in D(t,s),

(v(t) = s)" =0on dD(t,s), V(v(t)—s)" = {0, in R\ D(t,s),

whence (v(t) — s)* € H}(D(t,s)). Applying the Trudinger—Moser inequality (2.6) and

ID(t,s)| + M(t) =

11



for the second term of the right-hand side of (4.8), we then obtain

(4.9)

M(t, s)log (/ eh®) dw)
D(t,s)

~ 1
< M(t, s) [mnvmt)uizw(m) +log(Crar DIt 5)|)
M(t,s) )~ _
mHVv(t)HQ + M(t, s)log Crar + M(t, s) log
_ D)+ M)
167(1 — 6)

M(t, s)
1-90

IVo(8)3 + M (t, 5) log Cras + M(t, s)(log M (t, s) — log(1 — 8)).

Using (4.9) in (4.8), we have

(4.10) /Rzu(t)v(t) do < (1— 5)/ (14 u(®)) log(1 + u(t)) dz

D(t,s)
[D(t, 5)| + M ()
167(1 —9)

[Vu(t)||3 + M(t, s)log Crar + s||uol:-

In order to estimate the measure |D(t,s)|, we recall v = f1v1 — f2v2 and (2.3). Then:

/ sdx < / v(t,z)dr < ﬂl/ vi(t, x) dx
D(t,s) D(t,s) R2
_ _ 1
<™ [ oo+ 20— [ undo <51 (Jlowlh + 5ol )
R2 )\ R2 )\1

1

whence:

I6] 1
(4.11) D@, 5)] < = (llviolls + = lluollr ) -
S )\1
Combining (4.10) with (4.11) as well as an obvious estimate M (t) < ||ug||1, we obtain

/ w(t)o(t) dz <(1 — 5)/ (1+ u(t)) log(1 + u(t)) da
R2

D(t,s)
1 b1 1 )
-%l&ﬂl_é){nuoh+-s <quh+—Adeh>}HVv@ﬂb

1
# =0 {luoll + 2 (ol + 3ol ) flog Cra + ol

for every § € [0,1) and ¢ € (0,7]. Here we have used the fact that Crpr > 1 as well (See
Remark 2.6). The claim (4.1) then follows and the proof is complete. O
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Lemma 4.3. Assume that the initial mass is subcritical, i.e., ||ugll1 < 87/B. Then there
exist constants dp € (0,1) and sop > 0 such that

@12)  Flu,v,w)(t) >0 /R (1 u(®)) log(1 -+ u(t)) dx — C(Bo, 50) + Gt

with G(t) =5 lo@®IE —a [ v(Ou(®)do = ST +blw B

where F(u,v,w)(t) and C(dg, so) are given in (3.3) and (4.2), respectively.
Proof. Fix 6 € [0,1). Due to (3.3) and (4.1), we have
Flu,v,w)(t) >6 [ (1 +wu(t))log(l+ u(t))dx
R2
1

+(1-0) /D(t,s>(1 () log(1 + u(t)) do — /R u(®u(t) do + 5[ Vo(o)3

. ;—;llv(t)\lé _ Q/RQ v(Bw(t) dz — g(uvw(t)ug + bi[lw(t)|3)

25/]1{2(1 + u(t))log(1 + u(t)) dx

_%%—m£_®“MH€%Wﬁ+iWM»MW®%
—C(8,5) + G(t).

We now take a number dp € (0,1) such that

8 — Blluollx
8w

(Note that we can certainly take such a dy since |lug|1 < 87/8 by assumption). Set

0<dp <

1 l|luoll1

ﬁ — m =: A(67507 HUOHI) > 0.

For such a dp, we choose a number sy > 0 sufficiently large so that

B1(A1lviollr + [Juoll1)
167 AL A(, do, |luol|l1) (1 — do)

So >
or equivalently,

B 1
A(do, B, [luoll1) — T67(1 — 09)50 [violln + N [[uollr ) > 0.

It then follows that

e Lol + 2 (sl + ol ) § >0
QB 167T(1 — 50) tolin S0 Yol /\1 vollt ’
whence the claim holds. The proof is now complete. ]
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Lemma 4.4. Under the assumption of |uglls < 8m/8, there holds

(4.13) % /R (1 u(t)) Tog(1 -+ u(t)) da + ; /0 t [ (@0)? dads < €(T)

for 0 <t <T, where § € (0,1) is the constant defined in Lemma 4.3.

Proof. To estimate [p, u(t)v(t)dx, we shall use the inequality (4.1) from Lemma 4.2. Due
o (4.1) with § = 0, we have

(4.14) /RQu(t)v(t) dxg/D(t (U ult) og(1 -+ u(e) do
e {H wol + 21 (moul ; 1|ruo||1)} I90(6)3 + C(0. 5)

Recalling the definition of the modified free energy functional, we deduce from (4.14),
1 2
%va(t)HQ

=F (u,v,w)(t) — /R2(1 +u(t))log(1 + u(t)) dr + / u(t)v(t) de — G(t)

RQ

< Flu, v, w)(t) + {/R w(t)o(t) dz — /D(t (0 (o) (1 + u(t) dm} — G

1 1
<Flu v, w)0) + 1= { ol + 2 (ool + 5ol ) FITe@1 + 00,9 + 160
which implies that for 0 <t < T,
() V001 <F(u,0,0)(0) + C(0,) +16(0)

1 1 1
with  k(s) =35 Ton {H 0”1+lB<HU10H1+HUOHI>}

Since ||ug||1 < 87/ by assumption, there exists s; > 0 such that k(s1) > 0 holds, whence:

(4.15) Vo2 < @{f(u,u,w)(t) +C0,8) + GO} (0<t<T).

Summarizing (3.4) and (4.15), we obtain
(4.16) F(u,v,w)(t) +D(t)

< Flu,v,w)(0) + 131)/0 f(u,v,w)(s)ds+4

1 t
0 1)/0{C(O,sl)+|G(s)|}ds

t
+ b/ H@tw(s)Hg ds.
0
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Here Lemma 4.1(i)—(iii) give

loa]
25

<C(||(uo,v10, v20) |1, [|(v10, v20) || 1),

(4.17) GO <2 @13 + lallo@®)ll2w(®)]]2 + g(HVw(tH@ + [ba[|w(®)]13)

and also Lemma 4.1(iv) yields

T
/0 10cw(s)113 ds < Ca(ll(vi0, v20)IF1 + Tluoll7)-

Hence,

Flu:0)(0) + g [ 10050 416 ds +b [ onw(s) s < ET)

where C(T)) := F(u,v,w)(0) + C(||(uo, v10, v20) |1, || (V105 v20) | g1, T') > 0. This implies
~ 1 ¢
(4.18) F(u,v,w)(t) +D(t) < C(T) + 4]{:()/ Fu,v,w)(s)ds (0<t<T).
S1 0
By noticing the positivity of D(t), the application of the Gronwall inequality to (4.18)

then shows that the inequality

~ C(T)

Fu,v,w)(t) +D(t) < C(T) + T = C(T)

holds for 0 < ¢t < T. Due to this, (4.12) and (4.17), we have

l t v 2 XdS
50/R2(1+u(t))1og(1+u(t))dx+5/0 /Rz(at 2 dad
< F(u,v,w)(t) + D(t) + C (o, 50) — G(t) < O(T)

for 0 < t < T, where C(T) := C(T) + C (8o, 50) + C(|| (w0, v10, v20) |1, || (010, v20) || 171, T).
The proof is now complete. O

5 Proof of Theorem 1.1

The following proposition is key one to show Theorem 1.1.

Proposition 5.1. Let 0 < T < co. Assume that the nonnegative solution (u,vi,v2) to
(CP) on [0,T] x R? satisfies

(5.1) 50/]1{2(1+u(t))log(1—|—u(t))d:c+51162/0 /RQ(atv(s))zdxdTgc,

where v = v — Pavy and &g € (0,1) is some constant. Then:

(5.2) sup_[u(®)llz < C(T).
o<t<T
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The proof of Proposition 5.1 is the same as in Shi—You [23, §5] (see also [12,16]), but
for the reader’s convenience, we give its proof in the Appendix.

We now begin the proof of Theorem 1.1. Assume T},ax < 00. Since ||ugll1 < 87/(81 —
B2) by assumption, Lemma 4.4 guarantees that the a priori estimate (4.13) holds for T =
Tmax- Proposition 5.1 then guarantees supg;o7, . ||u(t)|lcc < C(Timax), which contradicts
(2.1). The proof is complete.

A Proof of Proposition 5.1

The following Gagliardo-Nirenberg inequality in R? is used in the course of the proof of
Proposition 5.1 (for the inequality, see, e.g., [5]): Let 1 < ¢ <p < oo and 0 =1— q/p.
Then there is a positive constant C' depending only on p and ¢ such that for all f € L4
with |V f| € L?,

(A1) I£1lp < CIVFISIAlG™

Let v, w, and (B be the ones defined as in (3.1). Following Shi-You [23, §5], we show
Proposition 5.1. We prepare some lemmas.

Lemma A.1. There is a postive constant C(T) depending on T such that

(A.2) sup |lu(t)|l2 < C(T).
0<t<T

Proof. Multiplying equation (3.2a) by u and then integrating by parts, we have

1d

1
sl + IvalE = =5 [ wavds

1 1
= —/ o dx — / u? (ayv — apw) dx + éHqu
2 R2 2 R2 2

Here we have used Av = 0yv + (a1v — agw) — fu by (3.2b). The Hélder inequality and the
Gagliardo—Nirenberg inequality (A.1) with p =4, ¢ = 2 imply that

1 1 172 11/2)2
=5 [ wowds < SlulBiowls < (I9ulylaly?) 19,
R2

1
= ClIVullzllullallow]lz < Z[IVull3 + Cllowliz|lull3.
Using the Holder inequality and Young’s inequality, we get

2 1
1 1 3 3
—= / u?(a1v — agw) dz <= / ud dx / larv — asw|? dz
2 R2 2 R2 R2

Sé u? d:n—I—C/ \alv—agw\?’d:c
R2 RR2

B
< lulls + € (vl + llwll3)
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which yields that

1 B
2 /RQ u? (arw = agw) da + Zllull3 < Bllull3 + C(llvl5 + [wll3).

It here follows from [16, Lemma 2.1, (2.3)] that for any ¢ > 0,
Bllull§ < CBe)| (1 +u)log(L + w)|[1[[Vull3 + C(e)Blul?.
Notice that a bound
I|(1+wu(t))log(l 4+ u(t)) |1 < C(T), 0<t<T,

holds due to (5.1). Taking € > 0 such that C'3C(T') < 1/4, we observe that

1 B 1
~5 |, v = azw) da+ Gl < IVl + OOl + ol + ol

Hence d
@HU\\% + [Vullz < Cllowli3llulz + CUvlI3 + lwll3 + [luol?).

Applying the Gronwall inequality to the differential inequality above yields that
t
(A.3) lu(®)]13 <lluoll3 exp (C/O \Iatv||3d7>

t t
+C/0 (o5 + w3 + lluollf) exp <C/ ||3tv||§d7> ds.

As a consequence, we obtain (A.2) because the right hand side of (A.3) is bounded in
(0,T) due to (5.1) and Lemma 4.1 (i)—(ii). O

Lemma A.2. The following estimate holds:

(A4) sup [[Vo(t)lls < C(T).
0<t<T

Proof. By the heat semigroup e*®, we have
t

(A.5) Vo;(t) = e eV +/ e NU=ITet=98y(5) ds, j=1,2.
0

Due to LP-L9 estimate (2.4) for e/ and Lemma 2.4(ii), we see that

N\ —3/4
[V (8)lla <e™ [ Vvolla+ CAH sup fu(t)]|2.
0<t<T

Hence this together with (A.2) and v = 51v; — Bave implies the desired estimate (A.4). O
Lemma A.3. There ezists a positive constant C(T) such that

(A.6) sup |lu(t)||s < C(T).
o<t<T
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Proof. Multiplying equation (3.2a) by u? and integrating by parts, we obtain
1d 3,8 322 _ 4 3/2w, 3/2
Gl + gV = =3 [ W9u2. Vods.

Using the Holder inequality and applying the Gagliardo-Nirenberg inequality (A.7) as
p=4,q=4/3 and f = u%/? yield that

- g/R W2V Ty d < %||u3/2||4\|Vu3/2||2]|VU||4
< C(Ivu®213 21?1 9?2 2| Volla = CIITu2 (52 ully *| T o]l
< IV + Ol Tl

Hence:

(A7) Ll + 194213 < Il ol

By the application of the Gagliardo—Nirenberg inequality (A.1) with p = 2, = 4/3 and
f = u?/? again, we observe that

IVa®2(13 = [[ull§ = C|lul3.

Combining this estimate with (A.7), we get
d, 3 3 6 3
—lullz + llulls < €A+ [[Vol[g)[ulls-
dt

Therefore (A.6) is derived by applying the Gronwall inequality and using Lemmas A.1
and A.2. ]

Lemma A.4. There exists a positive constant C(T') such that

(A.8) sup [[Vo(t)[lee < C(T).
o<t<T

Proof. By taking the L>®-norm in (A.5), the LP-L? estimate (2.4) for e'® and Proposition
2.4(ii) yield that

). —1/6
IV, () oo e[ Vvglloo + AT sup [lu(t)]fs.
o<t<T

Consequently, by Lemma A.3 and v = 1v1 — B2v2 we observe the desired estimate (A.8).
O

Proof of Proposition 5.1. The proof is based on the Moser’s iteration technique (see [1]
for example), which is often used in the study of PDEs. For the reader’s convenience, we
are going to give the detailed proof.
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Multiplying equation (3.2a) by uP~! (p > 2) and then integrating by parts, we have

4(p—1
iuunp + %)HVup/QH% =2(p— 1)/ w2V uP/? - Vo da.
R2

By use of the Holder inequality and the Gagliardo—Nirenberg inequality, we see that

[>T uP’? - olly < ([ Voool[u?? o] Va2
3/2 1/2
< Vool VP23 2|}/
< p YV 2|3+ CpP Vo[ w2,

which gives
d 2(p—1)
(A.9) g ullp + TIIVUP/QIE < Cp*(p — 1) Voll5 w13

By the application of the Gagliardo—Nirenberg inequality, we obtain

2(p—1)

p IVaP2(13 = p(p = Dl[ully = Cp*(p = 1)|u”?|3.

This together with (A.9) yields that
d
Sy + 2o = Dlully < Cp*(p = DA+ Vo) w21

Therefore, applying the Gronwall ineqality and using Lemma A.4, we have

t
(@)1} <e P~ fuglh + Cp*(p — 1)/ e PETVEI (1 Vo5 [[ully , ds
0

t
<e Plp—1)t Huo||p+C'p (p—1) < sup ||u(t )”Z;) / plp—1)(t=5) gg
0

o<t<T

<e PP=1)t 1, 011P 4 Op? ( su U p/2>
< [uollh + Cp 0<thll (] s
Set p=2% (k=1,2,...) and

k
Oy = sup u(t)||5-
o<t<T

Then for each kK =1,2,..., we have
_ok( _
(A.10) Oy <e 2 @D gy uo||Z " + C2% 07,
<e? k(2k— 1)td2k +C22k‘1)k .
<C2%* max{d®", ®2_,},
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where d := max{||uo||1, |[uollcc }. Because ®2 |, < C2(22(k-1)2 max{dzk,q)ziz} due to
(A.10), we find that

D, < C1+292k+2%(k—1) max{dzk : (1)22_2}'

Repeating this procedure, we obtain

P, < CZ§:1 2j_122f:1 27 (k+1-7) max{ko, <I>3k

)

which yields that

ut)||ye < CXo=12" 77 985 27D I (B}
— OXi=1 2 gy 20Ty max{d, ®o}.

Passing to the limit & — oo, we obtain the desired estimate (5.2). The proof is complete.

O
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