
CALABI-YAU STRUCTURE AND BARGMANN TYPE TRANSFORMATION ON THE

CAYLEY PROJECTIVE PLANE

KURANDO BABA AND KENRO FURUTANI

Abstract. Our purpose is to show the existence of a Calabi-Yau structure on the punctured cotangent
bundle T ∗

0 (P
2O) of the Cayley projective plane P 2O and to construct a Bargmann type transformation from

a space of holomorphic functions on T ∗
0 (P

2O) to L2-space on P 2O. The space of holomorphic functions
corresponds to the Fock space in the case of the original Bargmann transformation. A Kähler structure
on T ∗

0 (P
2O) was shown by identifying it with a quadrics in the complex space C27\{0} and the natural

symplectic form of the cotangent bundle T ∗
0 (P

2O) is expressed as a Kähler form. Our method to construct
the transformation is the pairing of polarizations, one is the natural Lagrangian foliation given by the
projection map q : T ∗

0 (P
2O) −→ P 2O and the polarization given by the Kähler structure.

The transformation gives a quantization of the geodesic flow in terms of one parameter group of elliptic

Fourier integral operators whose canonical relations are defined by the graph of the geodesic flow action at
each time. It turn out that for the Cayley projective plane the results are not same with other cases of the
original Bargmann transformation for Euclidean space, spheres and other projective spaces.

1. Introduction

The fundamental and historical problem in the quantization theory will be how to assign a function on a
phase space to an operator acting on the space of quantum states and the assignment satisfies some algebraic
condition, like a Lie algebra homomorphism. The phase space appearing in the theory has a structure,
a symplectic structure. There are many theory relating with this problem. One method is the theory of
deformation quantization. Also there is the opposite theory, an assignment of operators to functions, from
an operator to a function. In the (pseudo)differential operator theory and Fourier integral operator theory,
the basic assignment of operators to their principal symbol (and sub-principal symbol) is a fundamental
isomorphism between the spaces of operators and functions on the phase space modulo lower order classes.

The famous transformation, called Bargmann transformation was introduced in [Ba] and gives one aspect
of the quantization of the unitary representation. The method to construct such a transformation is given
by the pairing of two polarizations, real polarization and complex polarization, on Cn interpreted as Cn ∼=
T ∗(Rn) ∼= Rn × Rn, complex space and fiber space by Lagrangian fibers π : Cn → Rn. Under precise
treatments of this method it was given a similar operator for the case of the sphere in [Ra2], in [FY] for the
complex projective space and for the quaternion projective spaces in [Fu1].

Among the projective spaces the Cayley projective plane P 2O is the exceptional one and our purpose in
this paper is to show that we can also construct such an operator for this manifold in the same method. This
case will be one of the non-trivial examples to which we can apply this method, ”pairing of two polarizations”
([Ra2], [Ii1], [Ii2], [Fu1], [FY]).

In the paper [Fu2] a Kähler structure on its punctured cotangent bundle T ∗
0 (P

2O) was constructed by
embedding it into the complex space C27\{0} as an intersection of null sets of several quadric polynomials,
which gives the realization of the natural symplectic form as a Kähler form. Here we show the holomor-
phic triviality of the canonical line bundle of this complex manifold by giving a nowhere vanishing global
holomorphic 16-form explicitly.
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There are several study of the existence of Kähler structure on the (punctured) cotangent bundle of a
certain class of manifolds, like [Ra1], [Sz1], [Sz2], [Koi], [Li], [FT], also see [Be], [So] in relation with a special
property of the geodesic flow, SCℓ-manifolds.

The classical Bargmann transformation gives a correspondence between monomials on Cn and Hermite
functions on Rn, which are the eigenfunctions of the harmonic oscillator and this facts were applied to various
problems, especially to Töplitz operator theory (there are so many, but here I just cite one book [BS]). Also
there are many precise treatments and modifications of this transformation (for examples, [Ii1], and recent
works in [Ch1], [Ch2] ).

For our case we show the restrictions of monomials defined on C27\{0} to the embedded punctured
cotangent bundle T ∗

0 (P
2O) are mapped to eigenfunctions of the Laplacian on P 2O.

This paper is organized as follows. In §2, we explain a realization of quaternion and octanion number
fields, H and O, in a complex matrix algebra. Multiplication law in the octanion is interpreted in the two
2× 2-complex matrix algebra C(2)× C(2).

In §3, we introduce the Jordan algebra J (3) of 3 × 3 octanion matrices. Cayley projective plane P 2O
is realized in this Jordan algebra. Following an earlier result in [Fu2] we explain the embedding of the
punctured cotangent bundle T ∗

0 (P
2O) of the Cayley projective plane into the complexified Jordan algebra

C⊗RJ (3) =: J (3)C of 3× 3 complexified octanion matrices:

τO : T ∗(P 2O) −→ J (3)C.

We denote the image τO(T
∗(P 2O)) = XO. Also we state that the natural symplectic form ωP 2O is a Kähler

form.
In §4, using the defining equations of the punctured cotangent bundle of the Cayley projective plane embed-

ded in the complex Jordan algebra J (3)C, we give an open covering by complex coordinates neighborhoods
and show by an elementary way that the canonical line bundle of the complex structure is holomorphically
trivial by explicitly constructing a nowhere vanishing holomorphic global section (we put it ΩO), that is, a
16-degree holomorphic differential form which coincides with the restriction of a smooth 16-degree differential
form on the whole complexified Jordan algebra J (3)C.

In §5, we resume a basic fact on symplectic manifolds with integral symplectic form and a method of
the geometric quantization. Here we consider two types of typical polarizations (real and positive complex).
Then we apply the method to our case (= T ∗

0 (P
2O)) and give a Bargmann type transformation in the form

of a fiber integration on the punctured cotangent bundle T ∗
0 (P

2O) to the base space P 2O.
In §6, first we show the nowhere vanishing holomorphic global section ΩO constructed in §4 is F4-invariant.

Incidentally, we determine the product ΩO∧ΩO in terms of the Liouville volume form dVT∗(P 2O) :=
1

16 !

(
ωP 2O

)16
of the cotangent bundle T ∗(P 2O).

Also we introduce a class of subspaces consisting of holomorphic functions on XO satisfying some L2

conditions. These will correspond to the Fock space in the Euclidean case.
In §7, we determine the exterior product of the Riemann volume form pull-backed to the cotangent bundle

T ∗
0 (P

2O) and the nowhere vanishing global holomorphic section ΩO in terms of the Liouville volume form.
For this purpose we fix a local coordinates at a point in P 2O which is also used in the section §9.

In §8, we discuss invariant polynomials and a similar feature to harmonic polynomials with respect to the
natural representation of the group F4 to the Jordan algebra J (3) and its extension to the polynomial algebra.
Then, based on a general theorem in [He] (also [HL] and [Ko]) we state the eigenfunction decomposition of
L2 space of P 2O.

In §9, based on the data obtained until §8 we discuss our Bargmann type transformation is a bounded
operator, or isomorphism or unbounded according to the Hilbert space structures in the Fock-like space.
Some cases says there are quantum states in L2(P

2O) which are approximated by classical phenomena, but
can not be observed directly by classical mechanical way.

Finally in §10 we mention that our Fock-like spaces have the reproducing kernel and a relation with the
geodesic flow action.
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2. Representations of quaternion and octanion algebras by complex matrix algebras

First, we fix a representation of quaternion numbers h = h01 + h1i + h2j + h3k (1, i, j, k are standard
basis of the quaternion number field H and hi ∈ R) as a 2× 2 complex matrix in the following way:

(2.1) ρH : H ∋ h 7−→
(

h0 + h1

√
−1 h2 + h3

√
−1

−h2 + h3

√
−1 h0 − h1

√
−1

)
=

(
λ µ

−µ λ

)
∈ C(2),

where we understand that quaternions h01 + h1i and h2 + h3i ∈ H are complex numbers λ = h0 +√
−1h1 and µ = h2 + h3

√
−1 ∈ C respectively. Hence by this representation the complexification C⊗R H is

isomorphic to the “algebra” of the whole 2× 2 complex matrix algebra C(2) (we put zi = xi +
√
−1yi ∈ C):

C⊗RH ∋ h = z01+ z1i+ z2j+ z3k 7−→

 z0 +
√
−1z1 z2 +

√
−1z3

−z2 +
√
−1z3 z0 −

√
−1z1

 ∈ C(2).(2.2)

We denote this map also by ρH and the inverse map is

(2.3) ρH
−1 : C(2) ∋ A =

(
z1 z2
z3 z4

)
7−→ ρH

−1(A) =
z1 + z4

2
1+

z1 − z4

2
√
−1

i+
z2 − z3

2
j+

z2 + z3

2
√
−1

k.

For h = h01+h1i+h2j+h3k ∈ H (or ∈ C⊗RH), we denote its conjugation by θ(h) = h01−h1i−h2j−h3k,

then for ρH(h) =

(
w1 w2

w3 w4

)
, ρH(θ(h)) =

(
w4 −w2

−w3 w1

)
and the product ρH(θ(h))ρH(h) = ρH(h)ρH(θ(h)) =

(w1w4 − w2w3) · Id = det ρH(h) · Id, where Id is 2× 2 identity matrix.
Let {ei}7i=0 be the standard basis of the octanion number field O such that e0 is the basis of the center.

We identify e0 = 1, e1 = i, e2 = j and e3 = k with the basis {1, i, j,k} of the quaternion number field. By
the multiplication law eie4 = ei+4 (i = 0, 1, 2, 3) we express an (complexified) octanion number x =

∑
xiei

as the sum of two quaternion numbers:

x =
3∑

i=0

xiei +
3∑

i=0

xi+4ei · e4 = a+ b · e4 ∈ H⊕He4 or ∈ C⊗RH⊕ C⊗RHe4.

The complexification C⊗RO is identified as

C⊗RO ∼= C(2)⊕ C(2)e4

through the map ρH ⊕ ρH =: ρO.
We define the conjugation operation in O (and also in C⊗RO) with the same notation θ for the quaternion

case as

θ : h =
∑

hiei 7−→ θ(h) = h01−
7∑

i=1

hiei.

The conjugation θ is interpreted in the matrix representation through the representation ρO as

θ : C(2)⊕ C(2)e4 ∋ Z +We4 =

(
z1 z2
z3 z4

)
+

(
w1 w2

w3 w4

)
e4(2.4)

7−→ θ(Z +We4) = θ(Z)−We4 =

(
z4 −z2
−z3 z1

)
−
(
w1 w2

w3 w4

)
e4.

Remark 1. The multiplication law of the octanions in the matrix form is given in (4.4).

Remark 2. We use the conjugation z = x−
√
−1y only for the complex number z = x+

√
−1y and do not

use the operation θ for the conjugate of complex numbers to avoid confusion. So, for a complex octanion
number z =

∑
{z}iei, {z}i ∈ C, we mean z =

∑
{z}iei and it holds θ(z) = θ(z). Also for an octanion

matrix A =
(
zij

)
we mean A :=

(
zij

)
and θ(A) :=

(
θ(zij)

)
.
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3. Cayley projective plane and its punctured cotangent bundle

In this section, we refer [SV], [M] and [Yo] for all the necessary facts on the exceptional group F4 and the
Cayley projective plane.

Let J (3) be a subspace of the 3× 3 octanion matrices:

J (3) =


 t1 z θ(y)
θ(z) t2 x
y θ(x) t3

 ∣∣∣∣∣ x, y, z ∈ O, ti ∈ R

 .

We introduce a product in J (3), called a “Jordan product”, by

J (3)× J (3) ∋ (A,B) 7−→ A ◦B :=
AB +BA

2
∈ J (3).

It is called an exceptional Jordan algebra and of 27-dimensional over R. Then the group of R-linear algebra
automorphisms is the exceptional Lie group F4:

(3.1) F4 := { g ∈ GL(J (3)) ∼= GL(27,R) | g(A ◦B) = g(A) ◦ g(B), g(Id) = Id, A,B ∈ J (3)} .

There are various characterizations for the group F4 (see for examples, [Yo], [SV]).
The complexification C⊗RJ (3) =: J (3)C consists of 3× 3 matrices with components of the complexified

octanions of the form:

J (3)C =


 ξ1 z θ(y)
θ(z) ξ2 x
y θ(x) ξ3

 ∣∣∣∣∣ x, y, z ∈ C⊗RO, ξi ∈ C


and is an exceptional Jordan algebra over C of the complex dimension 27. The complex linear automorphisms
α : J (3)C −→ J (3)C satisfying the conditions

α(A ◦B) = α(A) ◦ α(B), α(Id) = Id

is the complex Lie group F4
C. We may regard F4 ⊂ F4

C in a natural way.

Definition 3.1. The Cayley projective plane P 2O is defined as

P 2O =
{
X ∈ J (3) | X2 = X, tr (X) = ξ1 + ξ2 + ξ3 = 1

}
.

It is known that the group F4 acts on P 2O in two point homogeneous way.

Let X1 =

1 0 0
0 0 0
0 0 0

 ∈ P 2O, then it is known that the stationary subgroup of the point X1 in F4 is

isomorphic to Spin(9) and F4 ∋ g 7−→ g ·X1 gives an isomorphism:

(3.2) F4/Spin(9) ∼= P 2O.

For X =

 ξ1 x3 θ(x2)
θ(x3) ξ2 x1

x2 θ(x1) ξ3

, Y =

 η1 y3 θ(y2)
θ(y3) η2 y1
y2 θ(y1) η3

 ∈ J (3), we define their inner product by

(3.3) < X,Y >J (3):= tr(X ◦ Y ) =
3∑

i=1

ξiηi + 2 < xi, yi >
R8

,

where < ·, · >R8

denotes the standard Euclidean inner product of xi and yi ∈ O ∼= R8.
This inner product has a property

(3.4) < X ◦ Y, Z >J (3)=< X,Y ◦ Z >J (3), X, Y, Z ∈ J (3).

In particular, since the trace function J (3) ∋ A 7−→ tr (A) is invariant under the F4 action, that is

(3.5) tr (g ·A) = tr (A), g ∈ F4, A ∈ J (3),

this inner product is invariant under the action by F4 (hence F4 can be seen as F4 ⊂ SO(27)):

(3.6) < g ·A , g ·B >J (3)= tr( g ·A ◦ g ·B ) = tr
(
g · (A ◦B)

)
= tr (A ◦B) =< A,B >J (3) .
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The tangent bundle T (P 2O) is identified with a subspace in J (3)× J (3) such that

T (P 2O) =

{
(X,Y ) ∈ J (3)× J (3)

∣∣∣ X ∈ P 2O, X ◦ Y =
1

2
Y

}
.

We consider the Riemannian metric gP
2O on the manifold P 2O being induced from the inner product in

J (3) : gP
2O

X (Y1, Y2) :=< Y1, Y2 >J (3), Y1, Y2 ∈ TX(P 2O).
Using this metric, hereafter we identify the tangent bundle T (P 2O) and the cotangent bundle T ∗(P 2O).

Let Y1 =

 0 1√
2

0
1√
2

0 0

0 0 0

 ∈ TX1(P
2O). The stationary subgroup at the point (X1, Y1) ∈ T (P 2O) is known

as being isomorphic to Spin(7) and the two point homogeneity of the action by F4 gives us the isomorphism
F4/Spin(7) ∼= S(P 2O), the unit (co)tangent sphere bundle of P 2O.

The inner product on J (3), < · , · >J (3), is extended to the complexification J (3)C as a complex bi-linear

form in a natural way, which we denote by < · , · >J (3)C . Then the extension as the Hermitian inner product

on the complexification J (3)C is given by < A,B >J (3)C , A, B ∈ J (3)C (see Remark 2 for the matrix B).

We will denote the norm of a ∈ O by |a| =
√
< a, a >R8 and by ||X|| =

√
< X,X >J (3) the norm of

X ∈ J (3), respectively. Also with the same way for elements a ∈ C ⊗RO and A ∈ J (3)C, we denote their
norms.

The punctured cotangent bundle T ∗(P 2O)\{0} =: T ∗
0 (P

2O) is realized as a subspace in J (3)C with the
following form:

Theorem 3.2. ([Fu2]) Let XO be a subspace in J (3)C:

XO =

 A =

 ξ1 z θ(y)
θ(z) ξ2 x
y θ(x) ξ3

 ∣∣∣∣∣ x, y, z ∈ C⊗RO, ξi ∈ C, A2 = 0, A ̸= 0

 .(3.7)

Then the correspondence between T ∗
0 (P

2O) and XO is given by

(3.8) τO : T ∗
0 (P

2O) ∋ (X,Y ) 7−→ τO(X,Y ) = 1⊗
(
||Y ||2X − Y 2

)
+
√
−1⊗ ||Y ||Y√

2
.

Then

Theorem 3.3. ([Fu2])

(3.9) τO
∗
(√
−2 ∂∂ ||A||1/2

)
= ωP 2O,

where we denote by ωP 2O the natural symplectic form on the cotangent bundle T ∗(P 2O).

The inverse τO
−1 is given by

τO
−1 : XO ∋ A 7−→ (X,Y ) = (X(A), Y (A)) ∈ J (3)× J (3),

(3.10)


X(A) = 1

2||A|| ·
(
A+A

)
+ A◦A

||A||2 ,

Y (A) = −
√
−1√
2
· ||A||−1/2

(
A−A

)
.

4. Complex coordinate neighborhoods and Calabi-Yau structure

We denote the holomorphic part of the complexified cotangent bundle T ∗(XO)⊗C by T ∗′
(XO)

C (and likewise

T ∗′′
(XO)

C is the anti-holomorphic subbundle).

In this section we show that the canonical line bundle
16∧

T ∗ ′
(XO)

C is holomorphically trivial by explicitly
constructing a nowhere vanishing global holomorphic section (Theorem 4.7).

For this purpose we consider an open covering by explicit coordinates neighborhoods and show that the
Jacobians of the coordinates transformations is a coboundary form of C∗-valued zero form.

The condition in (3.7) is expressed in the following six equations in terms of octanions:

(ξ3 + ξ2)x+ θ(yz) = 0, (ξ1 + ξ3)y + θ(zx) = 0, (ξ2 + ξ1)z + θ(xy) = 0,(4.1)
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ξ1
2 + zθ(z) + θ(y)y = 0, ξ2

2 + θ(z)z + xθ(x) = 0, ξ3
2 + θ(x)x+ yθ(y) = 0.(4.2)

The condition 0 ̸= A ∈ XO is equivalent to one of the components x, y, or z being non zero. Then this
implies

Proposition 4.1.

XO ∋ A, then tr (A) = ξ1 + ξ2 + ξ3 = 0.

This property does not appear in an explicit form in (4.1) and (4.2) but plays an important role in §8.
Although it is proved in [Fu2], we give an elementary proof based on the permitted regulations in the octanion.

Proof. Since the associativity

a · θ(a)b = aθ(a) · b
holds, by multiplying z from the left to the equality (ξ3 + ξ2)x+ θ(yz) = 0 it holds the equality:

z · (ξ3 + ξ2)x+ z · θ(z)θ(y) = (ξ3 + ξ2)zx+ zθ(z) · θ(y) = −(ξ3 + ξ2)(ξ1 + ξ3)θ(y) + zθ(z) · θ(y) = 0.

Hence if we assume y ̸= 0

(ξ3 + ξ2)(ξ1 + ξ3) = zθ(z)

and by the same way

(ξ2 + ξ1)(ξ3 + ξ1) = θ(x)x.

These imply that

(ξ3 + ξ2)(ξ1 + ξ3) + (ξ2 + ξ1)(ξ3 + ξ1) + ξ2
2 = (ξ1 + ξ2 + ξ3)

2 = 0.

and we have

ξ1 + ξ2 + ξ3 = 0.

From the arguments above the same holds for other cases of x ̸= 0 or z ̸= 0. □

Remark 3. The property above can be seen easily, if we use the transitivity of the action of the group F4 on
the (co)tangent sphere bundle.

Also from the definition of the map τO, tr(A) = tr(τO(X,Y )) = 0 is equivalent to tr (Y ) = 0.

Here we mention the following fact, which is a special case described in Proposition 8.20.

Lemma 4.2. Assume that a linear function f : J (3)C → C

f(A) = 2

7∑
i=0

(ai{w}i + bi{v}i + ci{u}i) +
3∑

i=1

αiξi

vanishes on XO. Then f is a constant multiple of the trace function A 7→ tr (A), A ∈ J (3)C.

Proof. Put a =
∑

aiei, b =
∑

biei, c =
∑

ciei ∈ C⊗R O and B =

 α1 a θ(b)
θ(a) α2 c
b θ(c) α3

 ∈ J (3)C.
Then

f(A) = tr (A ◦B) := fB(A).

Let Y =

 0 z θ(y)
θ(z) 0 0
y 0 0

 ∈ TX1(P
2O), where z =

∑
ziei, y =

∑
yiei ∈ O, then

τO(X1, Y ) =

|z|2 + |y|2 0 0
0 −|z|2 −θ(yz)
0 −yz −|y|2

+
√
|z|2 + |y|2

 0
√
−1z

√
−1θ(y)√

−1θ(z) 0 0√
−1y 0 0

 ∈ XO.

Here we put y = 0, and we may assume for such A = τO(X1, Y )

fB(A) = tr (B ◦A) = (|z|2)(α1 − α2) + 2
∑√

−1|z|ziai = 0,

for any ±zi ∈ R. Then α1 = α2 and also ai = 0 for i = 0, · · · , 7. Likewise we have α1 = α3 and bi = 0 for
i = 0, · · · , 7.
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Then we may assume

fB(τO(X1, Y )) =<
∑

ciei, θ(yz) >
R8

= 0 for any y, z ∈ O.

Hence ci = 0 for i = 0, · · · , 7, which shows our assertion, that is a = b = c = 0, α := α1 = α2 = α3 and

fB(A) = α1ξ1 + α2ξ2 + α3ξ3 = α · tr (A).

□

Corollary 4.3. The space spanned by XO (:= [XO ]) is a 26-dimensional subspace in J (3)C.

Let z, y, x ∈ C⊗RO and put

(4.3)



ρO(z) = Z +We4 =

(
z1 z2
z3 z4

)
+

(
w1 w2

w3 w4

)
e4,

ρO(y) = Y + V e4 =

(
y1 y2
y3 y4

)
+

(
v1 v2
v3 v4

)
e4,

ρO(x) = X + Ue4 =

(
x1 x2

x3 x4

)
+

(
u1 u2

u3 u4

)
e4, where zi, wi, yi, vi, xi, ui ∈ C.

Then the conditions (4.1) and (4.2) are rewritten in terms of the matrices Z, W , Y , V , X, U as

(4.4)

 ξ1(θ(X)− Ue4) = (Y + V e4)(Z +We4) = Y Z − θ(W )V + (WY + V θ(Z))e4,
ξ2(θ(Y )− V e4) = (Z +We4)(X + Ue4) = ZX − θ(U)W + (UZ +Wθ(X))e4,
ξ3(θ(Z)−We4) = (X + Ue4)(Y + V e4) = XY − θ(V )U + (V X + Uθ(Y ))e4,

(4.5)


ξ1

2 + detZ + detW + detY + detV = 0,

ξ2
2 + detZ + detW + detX + detU = 0,

ξ3
3 + detY + detV + detX + detU = 0.

Hereafter (until §7), we denote the matrix A =

 ξ1 z θ(y)
θ(z) ξ2 x
y θ(x) ξ3

 ∈ J (3)C in the form of a vector

∈ C27:

A←→(ξ1, ξ2, ξ3, z1, . . . , z4, w1, . . . , w4, y1, . . . , y4, v1, . . . , v4, x1, . . . , x4, u1, . . . , u4)(4.6)

= (a1, a2, a3, a4, . . . , . . . , a27) ∈ C27,

using the components given in (4.3) by the map ρO.
The conditions for matrices in XO require that at least one of the off-diagonal components in the matrix

A is non-zero. Hence, for example, we assume that there is at least one component in the matrix ρO(z) =

Z +We4 =

(
z1, z2
z3 z4

)
+

(
w1 w2

w3 w4

)
e4, say z1 ̸= 0 and put Oz1 = {A ∈ XO | z1 ̸= 0}. Also we define other

open subsets {Ozi , Owi , Oyi , Ovi , Oxi , Oui}4i=1 in a same way like Oz1 . Then we have

Proposition 4.4. The 24 subsets

(4.7) {Ozi , Owi , Oyi , Ovi , Oxi , Oui}4i=1 =: U0

are all open coordinate neighborhoods and totally is an open covering of XO.

Proof. We show a coordinates for the case Oz1 . Other cases will be shown by the same way.
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From the equations in (4.4) we select 5 equations expressed in 2×2 complex matrices including the complex
variable z1 and from the equation (4.5) we select one equation also including the complex variable z1:

(4.8)



ξ1

(
x4 −x2

−x3 x1

)
=

(
y1 y2
y3 y4

)(
z1 z2
z3 z4

)
−
(

w4 −w2

−w3 w1

)(
v1 v2
v3 v4

)
,

−ξ1
(
u1 u2

u3 u4

)
=

(
w1 w2

w3 w4

)(
y1 y2
y3 y4

)
+

(
v1 v2
v3 v4

)(
z4 −z2
−z3 z1

)
,

ξ2

(
y4 −y2
−y3 y1

)
=

(
z1 z2
z3 z4

)(
x1 x2

x3 x4

)
−
(

u4 −u2

−u3 u1

)(
w1 w2

w3 w4

)
,

−ξ2
(
v1 v2
v3 v4

)
=

(
u1 u2

u3 u4

)(
z1 z2
z3 z4

)
+

(
w1 w2

w3 w4

)(
x4 −x2

−x3 x1

)
,

ξ3

(
z4 −z2
−z3 z1

)
=

(
x1 x2

x3 x4

)(
y1 y2
y3 y4

)
−
(

v4 −v2
−v3 v1

)(
u1 u2

u3 u4

)
,

ξ2
2 + z1z4 − z2z3 + w1w4 − w2w3 + x1x4 − x2x3 + u1u4 − u2u3 = 0.

From these we can select 10 equations including the variable z1:

(4.9)



f1 = −ξ2y4 + z1x1 + z2x3 − (u4w1 − u2w3) = 0,
f2 = ξ2y2 + z1x2 + z2x4 − (u4w2 − u2w4) = 0,
f3 = ξ2v1 + u1z1 + u2z3 + (w1x4 − w2x3) = 0,
f4 = ξ2v3 + u3z1 + u4z3 + (w3x4 − w4x3) = 0,
f5 = −ξ1x4 + y1z1 + y2z3 − (w4v1 − w2v3) = 0,
f6 = ξ1x3 + y3z1 + y4z3 − (−w3v1 + w1v3) = 0,
f7 = ξ1u2 − v1z2 + v2z1 + w1y2 + w2y4 = 0,
f8 = ξ1u4 − v3z2 + v4z1 + w3y2 + w4y4 = 0,
f9 = −ξ3z1 + x3y2 + x4y4 − (−v3u2 + v1u4) = 0,

f10 = ξ2
2 + z1z4 − z2z3 + w1w4 − w2w3 + x1x4 − x2x3 + u1u4 − u2u3 = 0.

The 10 variables

(4.10) x1, x2, u1, u3, y1, y3, v2, v4, ξ3, z4

are coefficients of the variable z1, and can be solved easily.
In fact, with one more additional equation

(4.11) f11 = ξ1 + ξ2 + ξ3 = 0,

we can solve the 11 variables

(4.12) {x1, x2, u1, u3, y1, y3, v2, v4, z4, ξ3, ξ1}

in terms of the remaining 16 variables

(4.13) {x3, x4, u2, u4, y2, y4, v1, v3, z1, z2, z3, w1, w2, w3, w4 , ξ2},

in which, except z1 ̸= 0 other variables can take any values in C.
Here, if we choose the equation

f10 = ξ1
2 + z1z4 − z2z3 + w1w4 − w2w3 + y1y4 − y2y3 + v1v4 − v2v3 = 0,

instead of the tenth equation f10 in (4.9)(= first equation in (4.5)), then the variable ξ1 should be chosen as
an independent variable.

In any choice(in Oz1 case, ξ1 or ξ2) once we fix them (here we choose as above), and denote by Pz1 the
projection map

Pz1 : Oz1 ∋(ξ1, ξ2, ξ3, z1, . . . , z4, w1, . . . , w4, y1, . . . , y4, v1, . . . , v4, x1, . . . , x4, u1, . . . , u4)

= (a1, . . . , a27) 7−→ (ξ2, z1, z2, z3, w1, w2, w3, w4, y2, y4, v1, v3, x3, x4, u2, u4)

= (a2, a4, a5, a6, a8, a9, a10, a11, a13, a15, a16, a18, a22, a23, a25, a27) ∈ C× C∗ × C14.

Then, the pair (Oz1 , Pz1) is a local coordinates neighborhood (note that dimC XO = 16). □

In any case in U0, once we fix independent variables, then we denote the dependent variables as x1(∗), x2(∗) · · · ,
(or a1(∗), a2(∗), . . . ,) etc., where ∗ means the independent variables.
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Corollary 4.5. Each coordinate neighborhood Oℓ in U0 is dense in XO. Hence any number of intersections
of open sets in U0 is also open dense.

Proof. It will be enough to show the case Oz1 . So, let A ∈ XO\Oz1 . Assume, say A ∈ Ox1 , then the subset

z1 = 0 is defined by an rational equation: z1 = ξ2y4−z2x3+u4w1−u2w3

x1
= 0. Hence the subset z1 = 0 must be

at most codimension 1 in XO. □

Proposition 4.6. Let Oai and Oaj be any of two open coordinate neighborhoods in U0 = {Oai}24i=1. Then

the Jacobian Jaj ,ai = det d
(
Paj ◦ Pai

−1
)
of the coordinate transformation Paj ◦ Pai

−1 is given by

(4.14) Jaj ,ai =

(
aj
ai

)5

on Pai
(Oaj ∩Oai).

Proof. Let σ =

(
0 1
1 0

)
and define a map

(4.15) σ̃ : C(2) ∋ S 7−→ σ̃(S) := σ · S · σ ∈ C(2),

then θ(σ̃(S)) = σ̃(θ(S)). This property of σ̃ naturally induces an automorphism of J (3)C, which we denote
by the same notation σ̃ : J (3)C → J (3)C.

By the Lemma 4.5, it will be enough to determine the Jacobian Jz1,ai for the cases of

Oz1 ∩Oai = Oa4 ∩Oai , for i ≥ 5.

Also by the symmetry of the components y and x it is enough for the cases of

Oz1 ∩Oai = Oa4 ∩Oai , for i = 17 ∼ 24.

Finally, by the automorphism σ̃ explained above and the symmetry between z and x we see that it is enough
to determine them for the 5 cases

Oz1 ∩Oz2 , Oz1 ∩Oz4 , Oz1 ∩Ow1 , Oz1 ∩Ow2 , Oz1 ∩Ox1 .

All the determinations can be done by the basic way of the calculation of the determinants. So we show
two cases Oz1 ∩Oz2 and Oz1 ∩Ow1

how they look like.
[ I ] Oz1 ∩Oz2 = Oa4 ∩Oa5 case: For this case we consider the coordinate transformation Pz2 ◦Pz1

−1, which
is given by the correspondence:

(ξ2, z1, z2, z3, w1, w2, w3, w4, y2, y4, v1, v3, x3, x4, u2, u4)

7−→ (ξ2, z1, z2, z4, w1, w2, w3, w4, y2, y4, v2, v4, x1, x2, u2, u4)

where the coordinates (ξ2, z1, z2, z4, w1, w2, w3, w4, y2, y4, v2, v4, x1, x2, u2, u4) are given by the rational func-
tions:

(4.16)


x1 = ξ2y4−z2x3+(u4w1−u2w3)

z1
, x2 = −ξ2y2−z2x4+(u4w2−u2w4)

z1
, u2 = u2, u4 = u4,

y2 = y2, , y4 = y4, v2 = −ξ1u2+v1z2−w1y2−w2y4

z1
, v4 = −ξ1u4+v3z2−w3y2−w4y4

z1
,

z1 = z1, z2 = z2, z4 = −ξ2
2+z2z3−w1w4+w2w3−x1x4+x2x3−u1u4+u2u3

z1
,

w1 = w1, w2 = w2, w3 = w3, w4 = w4, ξ2 = ξ2.

We change the orderings of the coordinates in Pz1(Oz1) with “even” permutations as

(ξ2, z1, z2, w1, w2, w3, w4, y2, y4, u2, u4, z3, v1, v3, x3, x4)

and Pz2(Oz2) as

(ξ2, z1, z2, w1, w2, w3, w4, y2, y4, u2, u4, z4, v2, v4, x1, x2).

Then the Jacobi matrix is of the form that

(4.17)

(
Id11 C

05,11 D

)
,
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where Id11 is 11× 11 identity matrix, 05,11 is 5× 11 zero matrix and D is given by

(4.18) D =


z2
z1

0 0 0 0

0 z2
z1

0 0 0

0 ∗ z2
z1

0 0

x2 ∗ ∗ − z2
z1

0

−x1 ∗ ∗ ∗ − z2
z1


(the 11× 5 matrix C and components ∗ are given by some functions). Hence the Jacobian Jz2,z1 is

Jz2,z1 = detD =

(
z2
z1

)5

.

[II] Ow1 ∩ Oz1 = Oa8 ∩ Oa4 case: For this case we consider the coordinate transformation Pw1 ◦ Pz1
−1,

which is given by the correspondence:

(ξ2, z1, z2, z3, w1, w2, w3, w4, y2, y4, v1, v3, x3, x4, u2, u4)

7−→ (ξ2, z1, z2, z3, z4, w1, w2, w3, y3, y4, v1, v2, x1, x3, u1, u2),

where the coordinates (x1, x3, u1, u2, y3, y4, v1, v2, z1, z2, z3, z4, w1, w2, w3, ξ2) are given by the rational func-
tions:

(4.19)


x1 = ξ2y4−z2x3+(u4w1−u2w3

z1
, x3 = x3, u1 = −ξ2v1−u2z3−(w1x4−w2x3

z1
, u2 = u2,

y3 = −ξ1x3−y4z3+(−w3v1+w1v3

z1
, y4 = y4, v1 = v1, v2 = −ξ1u2+v1z2−w1y2−w2y4

z1
,

z1 = z1, z2 = z2, z3 = z3, z4 = −ξ2
2+z2z3−w1w4+w2w3−x1x4+x2x3−u1u4+u2u3

z1
,

w1 = w1, w2 = w2, w3 = w3, ξ2 = ξ2.

We change the orderings of the coordinates in Pz1(Oz1) by the “odd” permutation as

(ξ2, z1, z2, z3, w1, w2, w3, w4, y2, y4, v1, v3, x3, x4, u2, u4)

7−→ (ξ2, z1, z2, z3, w1, w2, w3, y4, v1, x3, u2, w4, y2, v3, x4, u4)

and Pw1(Ow1) by the even permutation as

(ξ2, z1, z2, z3, z4, w1, w2, w3, y3, y4, v1, v2, x1, x3, u1, u2)

7−→ (ξ2, z1, z2, z3, w1, w2, w3, y4, v1, x3, u2, z4, y3, v2, x1, u1)

Then the Jacobi matrix is of the form that

(4.20)

(
Id11 C ′

05,11 D′

)
,

where the matrix D′ is given by

(4.21) D′ =


−w1

z1
0 0 0 0

∗ 0 −w1

z1
0 0

∗ w1

z1
0 0 0

∗ 0 0 0 −w1

z1
∗ 0 0 ww

z1
0

 .

(the matrix C ′ and components ∗ are given by some functions) Hence the Jacobian Jw1,z1 is

Jw1,z1 = detD′ = −
(
w1

z1

)5

.

□

From the above Proposition 4.6 we can see that the C∗-valued 1-cocycle defined by {Jaj ,ai}ai,aj∈{z1,··· ,··· ,u4}
is the coboundary of C∗-valued 0-cochain {hi =

1
a5
i
}, we have
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Theorem 4.7. The set of holomorphic sections{
hzi =

1

zi5
, hwi =

1

wi
5
, hyi =

1

yi5
, hvi =

1

vi5
, hxi =

1

xi
5
, hui =

1

ui
5

}
,

each function is defined on the open coordinate neighborhood Ozi , Owi and so on, together define a nowhere

vanishing global holomorphic section ΩO of the canonical line bundle
16∧

T ∗′
(XO)

C.
Here the above local sections, for example hz1 defined on Oz1 , should be understood as the coefficient of a

16-degree (= highest degree) holomorphic differential form:

hz1(ξ2, z1, z2, z3, w1, w2, w3, w4, y2, y4, v1, v3, x3, x4, u2, u4)

=
1

z15
dξ2∧dz1∧dz2∧dz3∧dw1∧dw2∧dw3∧dw4∧dy2∧dy4∧dv1∧dv3∧dx3∧dx4∧du2∧du4

=
1

a45
da2∧da4∧da5∧da6∧da8∧da9∧da10∧da13∧da15∧da16∧da18∧da22∧da23∧da25∧da27.

Remark 4. As in the case for the sphere, the nowhere vanishing global holomorphic 16-form ΩO coincides

with the restriction of a smooth 16-form Ω̃O defined on the whole space J (3)C and there is a smooth 11-form
n on J (3)C with the property that

Ω̃O ∧ n = da1∧a2∧a3 · · · · ∧a27.
For the description of these smooth forms we need a troublesome preparation for the coordinates choices and
we do not use the forms later so that we omit the construction.

We mention that since the transition function of the canonical line bundle on XO is invariant under the
multiplication by non-zero complex numbers, it is a pull-back of a complex line bundle on the quotient space
XO := C∗\XO. More precisely

Proposition 4.8. (1) Interpreting the calculations above in terms of the homogeneous coordinates we see

that the canonical line bundle KXO =
15∧

T ∗′
(XO)

C of the quotient space XO is isomorphic to
5
⊗ L∗∣∣XO

, where

L is the tautological line bundle on the projective space P 26C, L ⊂ P 26C× C27.
(2) Let V be the kernel of the projection map π : XO −→ XO,

V := ker dπ ⊂ T (XO),

which can be seen naturally as a complex line bundle trivialized by the holomorphic vector field corresponding
to the dilation action

XO ∋ A 7−→ t ·A ∈ XO.

In this sense we denote it by VC. Then by the exact sequence

{0} −→ π∗(T ∗′
(XO)

C) −→ T ∗′
(XO)

C −→ VC∗ −→ {0}

we know that the canonical line bundle KXO ∼= π∗(KXO) ⊗ VC∗ is holomorphically trivial, since π∗(L) is
holomorphically trivial.

5. Symplectic manifolds and polarizations

In this section we review an aspect of a geometric quantization theory in a restricted framework fitting
only to our purpose. In the subsections §5.3 and §5.4 and in section §6 we explain how the framework is
adapted to our case.

5.1. Integral symplectic manifold. Let (M,ωM ) be a symplectic manifold with the symplectic form ωM .
In this paper we assume that

[In1] the map H2(M,Z)→ H2
dR(M,R) is injective, or the group H2(M,Z) has no torsion and,

[In2] the de Rham cohomology class [ωM ] of the symplectic form ωM is in this image.

Then the complex line bundle LωM := L ∈ H1(M,C∗) ∼= H2(M,Z) corresponding to the cohomology class
[ωM ] is unique(of course, up to isomorphism). The first condition is satisfied, for example if M is simply
connected and our case M = XO satisfies both of these conditions trivially, since H2(XO,Z) = {0}.

Under these assumptions, the unique complex line bundle L has the canonically defined connection ∇,
which is defined as follows:
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Let {Ui} be an open covering of M with several “good” properties required in the arguments below
(it is always possible for manifolds). Then there are one-forms {fi}, each of which is defined on Ui and
dfi = ωM . Then the correction of smooth functions {cij} defined by dcij = fj − fi on Ui ∩ Uj satisfy that

cjk − cik + cij takes integers on Ui ∩ Uj ∩ Uk, and the transition functions {gij = e2π
√
−1cij} defines the line

bundle π : L→M .
The connection ∇ on L is defined as

∇X(si) = 2π
√
−1 < fi, X > si on Ui, (X is a vector field)

where si is a nowhere vanishing section on Ui identifying Ui × C and π−1(Ui) ⊂ L in such a way that

Ui × C ∋ (x, z) 7→ z · si(x) ∈ π−1(Ui).

Here < fi , X > denotes the pairing of a one-form fi and a tangent vector X.
If we choose all the functions cij being real valued, we may regard that the line bundle L is equipped with

an Hermitian inner product, which we denote by < · , · >L
x at x ∈ M . Hereafter we assume that the line

bundle L is equipped with such an Hermitian inner product.
We may regard that the space C∞(M) is a Lie algebra by the Poisson bracket {f, g} := ωM (Hf ,Hg),

where Hf denotes the Hamilton vector field with the Hamiltonian f defined by < df, • >= ωM (Hf , •). The
space Γ(L,M) is a central object in the quantization theory. There is a basic fact that the correspondence
from g ∈ C∞(M) to the operator Tg, assignment of a function to an operator,

Tg : Γ(L,M) ∋ s 7−→ ∇Hg (s) + 2π
√
−1g · s

is a Lie algebra homomorphism, [Tg , Th] = T{g , h}, and it is the main theme in the quantization theory how
to assign a function on a phase space to an operator on the configuration space.

5.2. Real and complex polarizations. Let (M,ωM ) be a symplectic manifold with the symplectic form
ωM (dimM = 2n). The skew-symmetric bi-linear form ωM

p at each point p ∈M is naturally extended to the

complexification T (M)⊗ C := T (M)C as the skew-symmetric complex bi-linear form which we denote with
the same notation.

Let F be a subbundle of the complex fiber dimension n in T (M)C satisfying the properties that

(1) F is maximal isotropic with respect to the skew-symmetric bi-linear form ωM ,

(2) F is integral, that is F ∩ F has constant rank and F, F + F is closed

under bracket operation of vector fields taking values in these subbundles.

In this paper we only treat two extreme cases,

(P1) F = F , and

(P2) F + F = T (M)C.

First one is the complexification of a Lagrangian foliation L ⊂ T (M), F = L ⊗ C and we call it a real
polarization. The second case is called a complex polarization.

If there is a polarization satisfying the second condition F + F = T (M)C, then M has a almost complex
structure J and the subbundle F is identified with (0, 1)-vectors in T (M)C (anti-complex subbundle). The
integrability condition implies that M becomes a complex manifold. When we put

g(α, β) := ωM (J(α), β), α, β vector fields on M,

then g is a non-singular symmetric bi-linear form on T (M) and moreover it defines an Hermitian form on
T (M)C. Under the condition that the form g is positive definite, then it is equivalent that M has a Kähler
structure. We call such a polarization a positive polarization.

Hence it is equivalent that if there is a positive complex polarization on the symplectic manifold M , then
M is a Kähler manifold and the symplectic form ωM is a Kähler form. Also real polarization is always
positive.

In this paper we consider two polarizations on the space XO, one is the real polarization F naturally defined
on the cotangent bundle and a Kähler polarization (= positive complex polarization) G described in (3.7) and
Theorem (3.3).
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5.3. Hilbert space structure on the spaces of polarized sections. Now let M be a symplectic manifold
satisfying the conditions [In1] and [In2] as in the subsection § 5.1 and fix a line bundle L corresponding to
the cohomology class [ωM ] with the connection ∇ and the Hermitian inner product explained in the above
subsections and assume that there is a polarization F on M .

Let U be an open subset in M . We introduce a space CF (U) ⊂ C∞(U) by

CF (U) = {h ∈ C∞(U) | X(h) = 0, ∀X ∈ Γ(F,U), vector fields taking values in F}

and a subspace ΓF (L, U) of smooth sections in Γ(L, U) by

ΓF (L, U) = {s ∈ Γ(L, U) | ∇X(s) = 0, ∀X ∈ Γ(F,U)}.

Let U be an open subset such that there is an one-form θ on U satisfying

dθ = ωM , and < θ,X >= 0 for vectors X ∈ F .

Although it is not canonical, we may locally identify the spaces CF (U) and ΓF (L, U) by fixing a nowhere
vanishing section s : U → L with the property that ∇X(s) = 0 for X ∈ F in such a way that

CF (U) ∋ φ 7→ φ · s ∈ ΓF (L, U).

Then under this identification, the connection ∇ is

∇X(φ · s) = X(φ) · s+ 2π
√
−1φ < θ,X > ·s = X(φ) · s,

for vector field X taking values in F .
If F is a real polarization, then the function space CF (U) consists of such functions that are constant

along each leaf ∩ U of the Lagrangian foliation, and if F is a complex polarization, then CF (U) consists of
holomorphic functions on U .

We call these sections ∈ ΓF (L, U) “polarized sections” (with respect to a polarization F ) and are the
main objects in the geometric quantization theory. We may regard, according to the polarization, that they
express quantum states in the real polarization case and that they express good classical observables in the
complex polarization. The above identification indicates the local nature of the polarized sections according
to the polarization.

One basic problem is to introduce an inner product on the space ΓF (L,M) of L-valued polarized sections
and a related space (which will be explained later) in a reasonable way (or without additional assumptions) to
make it a (pre-)Hilbert space and the most interesting problem is to see a transformation from one space of
polarized sections ΓG(L,M) (by a polarization G) to another space ΓF (L,M) of polarized sections by another
polarization F .

We discuss two cases according to the polarizations (real and positive complex) how we introduce an inner
product below in [RP] (real polarization) and in [CP] (complex polarization).

Under our assumptions we work only on density, (partial) half density, or (partial)1/4-density spaces. The
meaning of “partial” will be explained in Remark 5.

[RP] Let F be a real polarization. In this paper, for avoiding unnecessary generality, we assume more
strongly that

(RP1) there is a submersion to an orientable manifold N ,

Φ : M −→ N

whose fibers are connected Lagrangian submanifolds.
So, the real polarization F is defined as the kernel F = Ker dΦ of a surjective submersion Φ : M −→ N

and the functions in CF (M) are naturally descended to the base space N , that is Φ∗(C∞(N)) = CF (M).
Let α, β ∈ ΓF (L,M), then by the equality

0 =< ∇X(α), β >L + < α,∇X(β) >L= X(< α, β >L), for X ∈ F,

the function < α , β >L is constant on each fiber. Hence it can be naturally identified with a function on
the base manifold N . For such functions we need not integrate along the leaves and it will be enough to
consider the integration to the transversal direction of the leaves. This is realized by the integration on the
base space to make the space ΓF (L,M) into a (pre) Hilbert space. There are many way to choose a measure
on N , say a Riemann volume form to integrate it.
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Instead of the space ΓF (L,M), we consider L-valued polarized (or exactly to say, we call horizontal and

partial) half-densities φ ∈ ΓF

(
L ⊗

∣∣ max∧
F 0
∣∣,M) and/or horizontal and partial 1

4 -densities φ ∈ ΓF

(
L ⊗√∣∣ max∧

F 0
∣∣,M), where F 0 is the annihilator of F ,

F 0 = {ξ ∈ T ∗(M) | < ξ,X >= 0, ∀X ∈ F }.

We can introduce a (partial) connection ∇/X(ξ) := iX(dξ) on
max∧

F 0 =
max∧

(dΦ)∗(Φ∗(T ∗(N))), where ξ

is a differential form ∈ Γ
( max∧

F 0,M
)
, X ∈ F and iX denotes the interior product with a tangent vector

X ∈ F .
Note that

iX(dξ) = iX ◦ dξ ∈ Γ
( max∧

F 0,M
)
, for X ∈ F and ξ ∈ Γ

( max∧
F 0,M

)
.

Since iX(ξ) = 0 for ξ ∈ Γ
( max∧

F 0,M
)
by X ∈ F

∇/X(f · ξ) = iX ◦ d(f · ξ) = iX ◦ (df ∧ ξ + f · dξ) = X(f) · ξ − df ∧ iX(ξ) + f · iX(dξ)

= X(f)ξ + f · ∇/X(f · ξ), for X ∈ F and f ∈ C∞(M),

the vector fields taking values in F work as a differentiation on the space of the differential forms Γ
( max∧

F 0,M
)
. Hence we can consider the differentiation ∇/X along the polarization F for the sections ∈ Γ

( max∧
F 0,M

)
and also sections ∈ Γ

(∣∣ max∧
F 0
∣∣,M) too.

Then under our assumption (RP1) and according to the definition of the partial connection, the sections

ξ ∈ ΓF

( max∧
F 0,M

)
can be descended to the sections ∈ Γ(

max∧
T ∗(N), N), hence it holds

(5.1) Φ∗

(
Γ
( max∧

T ∗(N), N
))
∼= ΓF

( max∧
F 0,M

)
.

We may regard a differential form in ΓF

( max∧
F 0,M

)
a polarized (or horizontal) “partial” half density (or

half degree form) on M .

Remark 5. By our assumption (RP1), there is an exact sequence

(5.2) {0} −→ F 0 −→ T ∗(M) −→ F ∗ −→ {0},
and the injective bundle map on M , (dΦ)∗ : Φ∗(T ∗(N)) → T ∗(M), which is the dual of the differential
dΦ. Since the polarization F coincides with the vertical subbundle of the projection map Φ, the image
(dΦ)∗(Φ∗(T ∗(N))) = F 0.

By the assumption (RP1) we regard that
max∧

T ∗(N) ∼= |
max∧

T ∗(N)| (line bundles of the highest degree

differential form and density (volume form) line bundle) and we consider the square root bundle

√
max∧

F 0.

Sections in ΓF (
max∧

F 0,M) or ΓF (

√
max∧

F 0,M) are not the half densities or 1/4-densities, since
max∧

T ∗(M) ∼=
max∧

F ∗⊗
max∧

F 0 = trivial bundle given by the Liouville volume form. So we should call the sections in

ΓF (
max∧

F 0,M) or in ΓF (

√
max∧

F 0,M) polarized “partial” half density or “partial” 1/4-density.

Differential forms µ ∈ ΓF

( max∧
F 0,M

)
is descended to densities µ∗ ∈ Γ(

max∧
T ∗(N), N) (highest degree

differential form) on the base manifold N , that is there is a unique highest degree differential form µ∗ ∈
Γ(

max∧
T ∗(N), N) such that Φ∗(µ∗) = µ by the isomorphism (5.1), and then we can integrate µ∗ on N . Hence

we have a natural linear form

IN : ΓF

( max∧
F 0,M

)
∋ µ 7−→ IN (µ) :=

∫
N

µ∗ ∈ C.
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If we denote the inverse map of Φ∗ of (5.1) by Φ∗, then∫
N

µ∗ =

∫
N

Φ∗(µ).

In turn, we consider the square root bundle

√
max∧

F 0, which can be seen as a partial 1/4-density bundle

on M . Then we can also introduce a partial connection ∇/X1/2
on the line bundle

√
max∧

F 0 and as well it is

defined also on the line bundle L ⊗
√

max∧
F 0. Hence we consider “L-valued polarized (or horizontal) partial

1
4 -densities ” α ⊗ η ∈ ΓF

(
L ⊗

√
max∧

F 0,M
)
and define their product by making use of the Hermitian inner

product on L with the formula

ΓF

(
L⊗

√
max∧

F 0,M
)
× ΓF

(
L⊗

√
max∧

F 0,M
)
−→ ΓF

( max∧
F 0,M

)
∈ ∈

(α⊗ µ, β ⊗ ν) 7−→ < α , β >L ·µ⊗ ν ∈ ΓF

( max∧
F 0,M

)
.(5.3)

The resulting horizontal partial half density < α , β >L ·µ⊗ ν ∈ ΓF (
max∧

F 0,M), is identified with a density

on N . Hence we can define a pairing (or an inner product) for the sections in ΓF

(
L⊗

√
max∧

F 0,M
)
by the

integration of the corresponding density on N in a natural way,

ΓF

(
L⊗

√
max∧

F 0,M
)
× ΓF

(
L⊗

√
max∧

F 0,M
)
−→ C,

∈

(a⊗ µ, b⊗ ν) 7−→ IN (Φ∗(< a, b >L ·µ⊗ ν)) =

∫
N

Φ∗(< a, b >L ·µ⊗ ν).

For the real polarization F on our space XO, first we trivialize the line bundle L by a nowhere vanishing
polarized section s0 ∈ ΓF (L,XO) with < s0, s0 >L≡ 1. We call this trivialization of the line bundle L a
”unitary trivialization”.

Next, let dvP 2O be the Riemann volume form on P 2O. We consider the square root√
{q ◦ (τO)−1}∗(dvP 2O) = {q ◦ (τO)−1}∗(

√
dvP 2O) ∈ ΓF

(√max∧
F0,XO

)
,

and identify a L-valued polarized partial 1/4-density ξ⊗µ ∈ ΓF

(
L⊗
√

max∧
F0,XO

)
with f ·s0⊗

√
{q ◦ (τO)−1}∗(dvP 2O),

where the function f can been as a pull-back of a function g ∈ C∞(P 2O), f = q∗(g). Then we may identify
it with a half density on N of the form g ·

√
dvP 2O. Hence we identify the L2-space with respect to the

Riemann volume form dvP 2O (we denote it by L2(P
2O, dvP 2O)) and the space of L-valued polarized partial

1/4-densities ΓF

(
L⊗

√
max∧
F0, XO

)
(after taking completion).

[CP] Let G be a positive complex polarization on M whose symplectic form ωM is expressed as a Kähler
form: √

−1 ∂ ∂ϕ = ωM .

The line bundle L corresponding to the cohomology class [ωM ] is equipped with an Hermitian inner product
< ·, · >L as was explained in 5.1.

The inner product < a, b >L of two sections a, b ∈ ΓG(L,M) is a function on M and can be integrated with

respect to the Liouville volume form dVM := (−1)n(n−1)/2

n!

{
ωM
}n

(dimM = 2n). Hence we can introduce
an inner product on the space ΓG(L,M) intrinsically, since we do not depend on any other additional
assumptions.

We can also introduce an inner product on the space of L-valued “polarized” sections of the canonical line
bundle KG for the complex polarization G.
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The canonical line bundle KG =
max∧

T ∗′
(M)C is the line bundle of the highest degree exterior product of

the holomorphic part T ∗′
(M)C of the complexified cotangent bundle T ∗(M)C ( (1, 0) type cotangent vectors ),

which is the annihilator of the complex polarization G ( (0,1) tangent vectors), like F 0 for the real polarization
F . The sections of the canonical line bundle can be thought as half densities (or complex valued half density)

by the isomorphism KG ⊗ KG =
max∧

T ∗(M)C. We can introduce a partial connection ∇/XG
(X ∈ G) along

the complex polarization G in the similar way as for the real polarization. Then we consider the space
ΓG(L⊗KG,M) of “L-valued polarized sections of the canonical line bundle” and using the Hermitian inner
product on L we have a highest degree differential form

< a⊗ µ, b⊗ ν >=< a, b >L ·µ ∧ ν ∈ Γ
( max∧

T ∗(M)C,M
)
,

where a, b ∈ ΓG(L,M) and µ, ν ∈ ΓG(K
G,M). The quantity µ∧ ν can be seen as a (complex valued) density

on M . Hence we have an intrinsic (pre-)Hilbert space structure on the space ΓG(L⊗KG,M).
For the complex polarization G on our space XO, we use a structure so called Calabi-Yau structure on

XO to identify the space ΓG(L ⊗ KG ,XO) and the space CG(XO) of holomorphic functions on XO by the
correspondence

(5.4) γ : CG(XO) ∋ h 7−→ γ(h) = h · t0 ⊗ ΩO ∈ ΓG(L⊗KG ,XO).

The existence of the nowhere vanishing holomorphic 16-form ΩO on XO was proved in Proposition (4.7) and

t0 is taken for trivializing the line bundle L satisfying the property ∇/XG
(t0) = 0.

We call a trivialization of the line bundle L by the section t0 a ”holomorphic trivialization”. We will
determine the relation of the sections s0 and t0, t0 = g0s0 in the subsection § 6.1.

5.4. Pairing of polarizations and a Bargmann type transformation. First, we recall the fiber inte-
gration. Let ϕ : M → N be a differentiable map between two manifolds.

Let σ ∈ Γ
( p∧

T ∗(M),M
)
be a differential form with the degree p ≥ dimM − dimN := d. For g ∈ Γ

( q∧
T ∗(N), N

)
with compact support satisfying q = m − p = dimM − p ≥ 0 (we denote the space of sections

with compact support by Γ0( ∗ , ∗ )). We assume∫
M

|σ ∧ ϕ∗(g)| < +∞

for any g ∈ Γ0

( q∧
T ∗(N)

)
and define a linear functional

g 7−→
∫
M

σ ∧ ϕ∗(g),

which is understood as a distribution on the space Γ0

( q∧
T ∗(N)

)
. We denote this distribution by ϕ∗(σ) and

express as

(5.5) ϕ∗(σ)(g) :=

∫
N

ϕ∗(σ) ∧ g =

∫
M

σ ∧ ϕ∗(g).

If ϕ is a submersion, then ϕ∗(σ) is a smooth differential form of degree p− d.

In the last subsection we introduced inner products on the spaces ΓF

(
L⊗

√
max∧

F 0,M

)
and ΓG

(
L⊗

max∧
T ∗′

(M)C,M

)
=

ΓG

(
L⊗KG,M

)
for a real polarization F satisfying the condition (RP1) and a positive complex polarization

G on an integral symplectic manifold M . Our main purpose is to construct a transformation

(5.6) B : ΓG

(
L⊗KG,M

)
−→ ΓF

(
L⊗

√
max∧

F 0,M
)

or it may be understood as a sesqui-linear form on

ΓF

(
L⊗

√
max∧

F 0,M
)
× ΓG

(
L⊗KG,M

)
Id×B−→(5.7)
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ΓF

(
L⊗

√
max∧

F 0,M
)
× ΓF

(
L⊗

√
max∧

F 0,M
)
−→ C.

For the sections (α⊗ µ , β ⊗ ν) ∈ ΓF

(
L⊗

√
max∧

F 0,M
)
× ΓG

(
L⊗KG, M

)
their product

< α, β >L · |µ⊗ ν|

(| ∗ | means a section of
∣∣KG ⊗

√
max∧

F 0
∣∣) is understood as a partial 3/4-density on M and so we need some

modification to integrate it, since there are no manifold of the dimension 3/4× dimM .

Since we identify the half density space Γ
(√max∧

T ∗(N), N
)
with a L2-space by fixing a Riemann volume

form dvN , we define a sequi-linear form

ΓF

(
L⊗

√
max∧

F 0,M
)
× ΓG

(
L⊗KG,M

)
−→ C

by

ΓF

(
L⊗

√
max∧

F 0,M
)
× ΓG

(
L⊗KG,M

)
∋ (α⊗ µ , β ⊗ ν)(5.8)

7−→
∫
M

< α, β >L ·Φ∗(fµdvN ) ∧ ν,

where we can put µ = Φ∗(fµ)
√

Φ∗(dvN ) with a function fµ ∈ C∞(N), that is we multiply the partial 1/4-

density
√
Φ∗(dvN ) to the partial 1/4-density ν = Φ∗(fν)

√
Φ∗(dvN ), then

√
Φ∗(dvN ) ⊗

√
Φ∗(dvN ) ⊗ µ is a

(complex valued) highest degree differential form (or can be thought as a density) on M and we can define
a sesqui-linear form.

Once we have a sesqui-linear form

P : ΓF

(
L⊗

√
max∧

F 0,M
)
× ΓG

(
L⊗KG,M

)
−→ C

it is rewritten as

P (α⊗ µ, β ⊗ ν) =
∑

IN (Φ∗ < α,αi >
L ·µ⊗ µi),

where we put B(β ⊗ ν) =
∑

αi ⊗ µi.

In our space T ∗
0 (P

2O)
τO∼= XO we have two polarizations F (real) and G (Kähler) and we identify the spaces

CG(XO) and ΓG(L⊗KG ,XO) by (5.4). The inner product on the space CG(XO) induced by the map γ will be
explicitly described in (6.9) at the end of § 6.2 in terms of the Liouville volume form. There we will introduce
a parameter family of inner products on the space ΓG(L⊗KG ,XO).

We recall the sections s0 and t0 and describe our Bargmann type transformation including the quantity
< s0, t0 >L.

Let θP
2O be the canonical one-form on the cotangent bundle T ∗(P 2O), then dθP

2O = ωP 2O and for any

X ∈ F , < θP
2O, X >= 0. So let s0 be a nowhere vanishing polarized (with respect to the real polarization F)

global section of L defining a trivialization XO × C ∼= L by the correspondence

(5.9) XO × C ∋ (A, z)←→ z · s0(A) ∈ L,

with < s0 , s0 >L≡ 1.
Also by the relation

τO
∗
(√
−2 ∂∂ ||A||1/2

)
= ωP 2O,

given in Theorem (3.3), we take a (complex)one-form

θG =
√
−2 ∂ ||A||1/2,

then dτO
∗(θG) = ωP 2O and θG(X) = 0 for X ∈ G, since X is a (0, 1) tangent vector.

Then we can trivialize the line bundle L by making use of a nowhere vanishing global section t0 in a similar
way to (5.9).
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Using the identifications (5.4) and the correspondence

C∞(P 2O) ∋ g 7−→{q ◦ τO−1}∗(g) · s0 ⊗
√
{q ◦ τO−1}∗(dvP 2O)

7−→ {q ◦ τO−1}∗(g) · s0 ⊗ {q ◦ τO−1}∗(dvP 2O)

the integral (5.8) is rewritten as

(5.10)

∫
XO

{q ◦ τO−1}∗(g) · h· < s0, t0 >L ·{q ◦ τO−1}∗(dvP 2O) ∧ ΩO,

and it is also expressed in terms of the fiber integration as follows:∫
XO

{q ◦ τO−1}∗(g) · h· < s0, t0 >L ·{q ◦ τO−1}∗(dvP 2O) ∧ ΩO

=

∫
P 2O

g · {q ◦ τO−1}∗(< s0, t0 >L ·h · ΩO) dvP 2O.(5.11)

Then the Bargmann type transformation

B : CG(XO)→ C∞(P 2O), CG ∋ h 7−→ B(h),

is defined as

B(h) = {q ◦ τO−1}∗(h· < t0, s0 >L ΩO).(5.12)

Hence we can express the integral (5.11) as ∫
P 2O

g ·B(h) dvP 2O.

Remark 6. The section s0 is free of U(1)-multiple and t0 is of free from a constant ∈ C∗.

6. Bargmann type transformation

For expressing the Bargmann type transformation explicitly and to determine its L2 continuity, we need to
know the function < s0, t0 >L= g0, and relations of ΩO ∧ΩO and {q ◦ τO−1}∗(dvP 2O)∧ΩO with the Liouville
volume form dVT∗(P 2O) explicitly. In this section we determine them.

6.1. Holomorphic trivialization and unitary trivialization. The relation of the sections s0 and t0 is
given by a function g0 =< s0, t0 >L, that is

(6.1) t0 = g0 · s0.
The function g0 satisfies an equation

∇X(t0) = 2π
√
−1 <

√
−2 ∂ ||A||1/2, X > g0 · s0

= ∇X(g0s0) = X(g0)s0 + 2π
√
−1g0· < θP

2O, X > s0,

and we have an equation for the function g0:

(6.2) 2π
√
−1 ·

(
τO

∗
(√
−1
√
2 ∂||A||1/2

)
− θP

2O
)
g0 = dg0.

Put g0 = e2π
√
−1λ, then the equation (6.2) reduces to the equation

(6.3) dλ = τO
∗
(√

2
√
−1∂ ||A||1/2

)
− θP

2O.

To get a solution λ we need to consider the real and imaginary parts in the formula
√
2
√
−1∂ ||A||1/2

separately. So, put

τO
∗(√2√−1∂ ||A||1/2) := a+

√
−1b

with real and imaginary parts of the one-form τO
∗(√2√−1∂ ||A||1/2) on J (3)× J (3). Then

d (dλ) = d
(
τO

∗(√2√−1∂ ||A||1/2)− θP
2O) = 0
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implies that there are real valued functions λRe and λIm such that

a− θP
2O = dλRe, and

dλIm = b.

The problem to solve the equation (6.3) reduces to find explicitly the functions λRe and λIm.
Let (X,Y ) ∈ T ∗

0 (P
2O) ⊂ J (3)×J (3). Here again we remark that we are identifying the cotangent space

T ∗
X(P 2O) and the tangent space TX(P 2O) by the Riemannian metric defined by (Y1, Y2)

P 2O
X := tr (Y1 ◦ Y2)

for Yi ∈ TX(P 2O) ∼= J (3), that is for Yi ∈ TX(P 2O) ⊂ J (3), i = 1, 2,

Y1 =

 ϵ1 u3 θ(u2)
θ(u3) ϵ2 u1

u2 θ(u1) ϵ3

 , Y2 =

 η1 v3 θ(v2)
θ(v3) η2 v1
v2 θ(v1) η3

 , ϵi, ηi ∈ R, ui, vi ∈ O ∼= R8,

(6.4) (Y1, Y2)
P 2O
X := tr (Y1 ◦ Y2) =

∑
ϵiηi + 2

∑
(ui, vi)

R8

.

Based on this expression, by the notation (Y, dX) for

X =

 ξ1 x3 θ(x2)
θ(x3) ξ2 x1

x2 θ(x1) ξ3

 ∈ J (3), Y =

 ϵ1 u3 θ(u2)
θ(u3) ϵ2 u1

u2 θ(u1) ϵ3

 ∈ J (3),
we mean the canonical one-form

(Y, dX) :=
∑

ϵidξi + 2
∑
{u1}id{x1}i + {u2}id{x2}i + {u3}id{x3}i

on T ∗(J (3)) ∼= J (3)× (J (3))∗ ∼= J (3)× (J (3)), or its restriction to T ∗(P 2O), that is, in the inner product
expression (6.4) we understand as ηi and {vk}i (k = 1, 2, 3, i = 0, · · · , 7) are replaced by the differentials dξi
and d{xk}i of the corresponding components in X ∈ J (3), respectively.

Also for A ∈ J (3)C and an one form B on J (3)C we express the complex one form (A, dB) in the same
way.

Let (X,Y ) ∈ T (P 2O) ∼= T ∗(P 2O) and put A = τO(X,Y ) = 1⊗
(
||Y ||2X − Y 2

)
+
√
−1⊗ ||Y ||Y√

2
, then

Proposition 6.1. (see [Fu2])

1

2
||Y ||4 = ||a||2 = ||b||2, ||A||2 = ||a||2 + ||b||2 = ||Y ||4, and (da, a) = ||Y ||2(Y, dY ) = (db, b).

In the expression

τ∗(dA,A) = (τ∗(dA), τ∗(A) = (a−
√
−1b, da+

√
−1db) = d||A||2

= (a, da) + (b, db) +
√
−1
(
(a, db)− (b, da)

)
, and

(a, db)− (b, da) = 2(db, a) =
2√
2
·
{
||Y ||3(dY,X)− ||Y ||(dY, Y ◦ Y )

}
and it is proved in [Fu2] (page 179) that

(dY, Y ◦ Y ) = 0.

Hence

τ∗O(
√
2
√
−1∂ ||A||1/2)− θP

2O =
√
2
√
−1 1

4||Y ||3
{
√
−2 · (dY,X)− 2||Y ||2(Y, dY )− θP

2O

= −(dY,X)− (Y, dX) +

√
−1√

2||Y ||
(Y, dY ) =

√
−1√
2

d||Y ||,

since d(X,Y ) = (dX, Y ) + (Y, dX) = d tr(X ◦ Y ) = 0 for (X,Y ) ∈ T ∗(P 2O). Hence finally we may choose
the solutions λRe and λIm with

λRe ≡ 0 and λIm =
1√
2
||Y ||.

Hence

Proposition 6.2.

g0 = e−
√
2π ||Y ||, or it is expressed on XO as g0 = e−

√
2π ||A||1/2 .
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Now we have

B : CG(XO)→ C∞(P 2O),

B(h) = {q ◦ (τO)−1}∗(h· < t0, s0 >L ΩO) = {q ◦ (τO)−1}∗(h · e−
√
2π||A||1/2ΩO).(6.5)

Remark 7. The solution λRe can be an arbitrary real constant. However the absolute value |g0| does not
depend on the chosen constant λRe.

6.2. Fock-like space. We show

Proposition 6.3. The nowhere vanishing global holomorphic section ΩO of the canonical line bundle KG is
F4-invariant.

Proof. Let α ∈ F4. The action of α on XO is naturally defined from the action on P 2O and the action is
holomorphic. We denote it with the same notation α : XO → XO.

We can put α∗(ΩO) = Kα · ΩO with a nowhere vanishing holomorphic function Kα = Kα(A).
Then

α∗(ΩO)
∧

α∗(ΩO) = α∗(ΩO
∧

ΩO
)
= |Kα|2 · ΩO

∧
ΩO.

We can express

ΩO
∧

ΩO = D · 1

16!
{τO−1}∗

(
(ωP 2O)16

)
by the Liouville volume form

1

16!
(ωP 2O)16 and a function D = D(A) on XO. Hence

α∗(ΩO
∧

ΩO
)
= α∗(D) · 1

16!
{τO−1}∗

(
(ωP 2O)16

)
,

since the action by α on XO is symplectic. Hence

α∗(D) = |Kα|2 ·D.

By comparing the behaviours of ΩO and the Liouville volume form dVP 2O under the dilation action by positive
numbers:

Tt : XO → XO, A→ t ·A,

we can see on the coordinate neighborhood Oz1

T ∗
t

(
ΩO
∧

ΩO
)
=

1

(tz1)5
d(tz1) ∧ · · · ∧ d(tξ2)

∧ 1

(tz1)5
d(tz1) ∧ · · · ∧ d(tξ2)

= t22
1

z15
dz1 ∧ · · · ∧ dξ2

∧ 1

z1
5 dz1 ∧ · · · ∧ dξ2

= t22 ·D(A) · 1

16!
{τO−1}∗

(
(ωP 2O)16

)
= D(t ·A) · t8 1

16!
{τO−1}∗

(
(ωP 2O)16

)
.

Hence
D(t ·A) = t14 ·D(A).

Note that the action Tt on T ∗
0 (P

2O) defined via the map τO is

(6.6) τO
−1 ◦ Tt ◦ τO : T ∗

0 (P
2O) ∋ (X,Y ) 7−→ (X,

√
tY ) ∈ T ∗

0 (P
2O).

Then since ||α(A)|| = ||A||

α∗(D)(A) = D (α(A)) = D

(
||α(A)|| · α(A)

||α(A)||

)
= ||A||14 ·D

(
α(A)

||α(A)||

)
= ||A||14 · |Kα(A)|2D

(
A

||A||

)
,

hence

(6.7) D

(
α(A)

||α(A)||

)
= |Kα(A)|2 D

(
A

||A||

)
.

This equality implies that the function Kα is bounded on XO. Especially, if we consider it on the coordinate
open subset Oz1

∼= C∗ × C15 (z1 ̸= 0), then it can be extended to a holomorphic function on C× C15 ⊃ Oz1

and is bounded there. Hence the function Kα is a constant function on the whole space XO.



BARGMANN TYPE TRANSFORMATION 21

Then by the property

Kα·β = Kα ·Kβ , α, β ∈ F4,

F4 ∋ α 7−→ Kα is a one-dimensional representation of the compact simply connected group F4, so that
we have not only |Kα| ≡ 1 for any α ∈ F4, but also it must hold always Kα ≡ 1. This implies ΩO is
F4-invariant. □

Corollary 6.4. Since the action of F4 on S(XO) = {A ∈ X | ||A|| = 1 } is transitive, the function is of the
form D(A) = C1 × ||A||14 with the constant C1 = 226. Especially we have

(6.8) τO
∗ (ΩO ∧ ΩO

)
(X,Y ) = 226||Y ||28 1

16!

(
ωP 2O

)16
.

Proof. It is enough to determine the constant C1.
Following the expression (4.6) of the matrix A ∈ J (3)C we denote

A =

 ξ1 c′ + c′′e4 θ(b′ + b′′e4)
θ(c′ + c′′e4) ξ2 a′ + a′′e4
b′ + b′′e4 θ(a′ + a′′e4) ξ3

 ∈ J (3)C
by

(ξ1, ξ2, ξ3, z1, z2, z3, z4, w1, w2, w3, w4, y1, y2, y3, y4, x1, x2, x3, x4, u1, u2, u3, u4),

where

ρH(c
′) + ρH(c

′′)e4 =

(
z1 z2
z3 z4

)
+

(
w1 w2

w3 w4

)
e4,

ρH(b
′) + ρH(b

′′)e4 =

(
y1 y2
y3 y4

)
+

(
v1 v2
v3 v4

)
e4,

ρH(a
′) + ρH(a

′′)e4 =

(
x1 x2

x3 x4

)
+

(
u1 u2

u3 u4

)
e4

The correspondence between c = c′ + c′′e4 =
∑
{c}iei (and also b = b′ + b′′e4 =

∑
{b}iei, a = a′ + a′′e4 =∑

{a}iei), and the components {zi, wi} is given in (2.2) and (2.3).
By a simple calculation we have

||A||2 =
∑
|ξi|2 + 2

∑
|a′|2 + |a′′|2 + |b′|2 + |b′′|2 + |c′|2 + |c′′|2

=

3∑
i=1

|ξi|2 +
4∑

i=1

|zi|2 + |wi|2 + |yi|2 + |vi|2 + |xi|2 + |ui|2.

Then we rewrite for A ∈ Oz1

A←→ (ξ1, ξ2, ξ3, z1, z2, z3, z4, w1, w2, w3, w4, y1, y2, y3, y4, x1, x2, x3, x4, u1, u2, u3, u4))

as

(x3, x4, u2, u4, y2, y4, v1, v3, z1, z2, z3, w1, w2, w3, w4, ξ2 ; x1, x2, u1, u3, y1, y3, v2, v4, z4, ξ1, ξ3)

= (s1, · · · · · · , s16 ; s17, · · · , s27),

that is, the first 16 coordinates give local coordinates on Oz1 and the remaining coordinates (s17, · · · , s27)
are rational functions of the coordinates (s1, · · · , s16), that is sj = sj(s1, · · · , s16), j ≥ 17 (especially s9 = z1
and the explicit form of each sj for j > 16 is given in (4.16)).

In particular, we see from the explicit form of these functions at the pointA = A(z1) = A(0, · · · , z1, · · · , 0, ; 0, · · · , 0)
sj(A(z1)) = sj(0, · · · , 0, z1, 0, · · · , 0) = sj(0, · · · , 0, s9, 0, · · · , 0) = 0, 17 ≤ j ≤ 27,

and for i ≤ 16, j ≥ 17

∂sj
∂si

(A(z1)) = 0.

On Oz1 it holds

ΩO
∧

ΩO =
1

|z1|10
dx3 ∧ dx4 ∧ · · · ∧ dw4 ∧ dξ2

∧
dx3 ∧ dx4 ∧ · · · ∧ dw4 ∧ dξ2
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=
1

|s9|10
ds1 ∧ · · · ∧ ds16

∧
ds1 ∧ · · · ∧ ds16 = D(A) · 1

16!
{τO−1}∗

(
(ωP 2O)16

)
.

We calculate the right hand side at the point A(z1) = (0, · · · , 0, z1, 0, . . . ; 0, · · · , 0) ∈ Oz1 using the expression

of ωP 2O (see Theorem 3.2):

ωP 2O = {τO}∗
(√
−2∂∂||A||1/2

)
.

Then

∂∂||A||1/2 =
1

4
· ∂

( 27∑
i=1

|si|2
)−3/4

·
∑

sidsi


=
−3
16

(
27∑
i=1

|si|2
)−7/4 27∑

j=1

sjdsj
∧ 27∑

i=1

sidsi +
1

4

(
27∑
i=1

|si|2
)−3/4 27∑

i=1

dsi ∧ dsi.

Here we evaluate it at the point A(z1), then it is given by

−3
16
|s9|−7/2 · |s9|2 ds9∧ds9 +

1

4
|s9|−3/2

16∑
i=1

dsi∧dsi

=
1

16
|s9|−3/2ds9∧ds9 +

1

4
|s9|−3/2

∑
1≤i≤8 and 10≤i≤16

dsi∧ds1.

Hence

(ωP 2O)16 =
(√
−2 ∂∂||A||1/2

)16
= 16! · 1

16
· 1

415
(
√
−2)16 · 1

|s9|3/2×16
ds1∧ds1∧ · · ·· · · ∧ ds16∧ds16

= 16! · 1

226 · |s9|24
ds1 ∧ ds1 ∧ · · · · · · ∧ ds16 ∧ ds16

at the point A(z1) = A(0, · · · , 0, s9, 0, · · · , 0; 0, · · · , 0) (s9 = z1). Consequently we have

ΩO ∧ ΩO
∣∣A(z1)

= ΩO ∧ ΩO
∣∣A(z1)

= D

(
s9
|s9|

)
· |s9|14 ·

1

226
|s9|−24ds1 ∧ ds1 ∧ · · · · · · ∧ ds16 ∧ ds16

and the constant C1 is

C1 = 226, D(A) = 226||A||14, ΩO
∧

ΩO = 226||A||14 1

16!
{τO−1}∗

(
(ωP 2O)16

)
.

□
Let C[J (3)C =

∑
Pk[J (3)C] be the algebra of polynomials (and of polynomial functions) on J (3)C

with the 27 complex variables (ξ1, ξ2, ξ3, zi, wi, yi, vi, xi, ui) (i = 1,· · · ,4 and Pk is a subspace of degree k
homogeneous polynomials) and denote their restrictions to XO by C[XO] =

∑
Pk[XO].

Recall the correspondence

γ : C[XO] =
∑
Pk[XO] ∋ p 7−→ γ(p) = p · t0 ⊗ ΩO ∈ ΓG(L⊗KG,XO).

We define a parameter family of inner products {(∗ , ∗)ε}ε∈R on the space ΓG(L⊗KG ,XO) by the following
way that

ΓG(L⊗KG ,XO)× ΓG(L⊗KG ,XO) ∋ (h · t0 ⊗ ΩO , g · t0 ⊗ ΩO)

7−→
∫
XO

h · g < t0, t0 >L ·||A||ε · ΩO
∧

ΩO

= 226
∫
XO

h · g · e−2
√
2π||A||1/2 · ||A||14+ε · {τO−1}∗(dVP 2O) = (h , g)ε,(6.9)

then through the map γ we also consider a parameter family of inner products on the space C[XO].

Remark 8. According to the value of ε, the integral (6.9) for functions f, g ∈ Pk[XO] need not be fi-
nite. In fact, for k > −11 − ε/2 the integral (6.9) converges. We denote by Fε the completion of the
space

∑
k>−11−ε/2 Pk[XO] with respect to the integral (6.9) and the the remaining finite dimensional space∑

k≤−11−ε/2 P[XO] with a suitable inner product.
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7. Pairing with the Riemann volume form

Let dvP 2O be the Riemann volume form on P 2O. The purpose in this section is to show

Proposition 7.1.

{q ◦ τO−1}∗(dvP 2O)(A)
∧

ΩO (A)

= CRC(A) · {τO−1}∗
(

1

16!

(
ωP 2O

)16)
(A) = 226||A||3{τO−1}∗

(
1

16!

(
ωP 2O

)16)
(A),(7.1)

A = τO(X,Y ) ∈ τO(T
∗
0 (P

2O)) = XO.(7.2)

The homogeneity order is determined by comparing their orders in the both sides (see the relation (6.6)).

7.1. A local coordinates. For the determination of the constant CRC(A/||A||) we choose a local coordinates

around the point X1 =

1 0 0
0 0 0
0 0 0

 ∈ P 2O.

The condition X2 = X =

 t1 c θ(b)
θ(b) t2 a
b θ(a) t3

 for X ∈ P 2O ⊂ J (3) is expressed as

(7.3)

 (t3 + t2)a+ θ(bc) = a, (t1 + t3)b+ θ(ca) = b, (t2 + t1)c+ θ(ab) = c,
t1

2 + cθ(c) + θ(b)b = t1, t2
2 + θ(c)c+ aθ(a) = t2, t3

2 + θ(a)a+ bθ(b) = t3 and
trX = t1 + t2 + t3 = 1.

where a, b, c ∈ O, ti ∈ R. Using the last equation in (7.3), first 6 conditions are rewritten in the forms of

(7.4)


t1a = θ(bc), t2b = θ(ca), t3c = θ(ab),
(t1 − 1/2)2 + cθ(c) + θ(b)b = (t1 − 1/2)2 + |c|2 + |b|2 = 1/4,
(t2 − 1/2)2 + θ(c)c+ aθ(a) = (t2 − 1/2)2 + |c|2 + |a|2 = 1/4,
(t3 − 1/2)2 + θ(x)x+ bθ(b) = (t3 − 1/2)2 + |a|2 + |b|2 = 1/4.

Let

(7.5) W1 =
{
(b, c) ∈ O2

∣∣∣ |c|2 + |b|2 <
1

8

}
.

Then we can solve the equations (7.4) in the following order:
First, we solve the fourth equation in (7.4) with respect to t1 under the condition |c|2 + |b|2 < 1

8 with the
solution

t1 =
1

2
+

√
1

4
− |b|2 − |c|2 >

1

2
.

Then the component a is given by (b, c) by the first equation in (7.4) as

a =
θ(bc)

t1
.

This solution a satisfies the inequality:

|a| = |bc|
t1

< 2 · |b|
2 + |c|2

2
<

1

8
.

With these we can solve the variable t2 in the fifth equation in (7.4) with the solution

t2 =
1

2
−
√

1

4
− |c|2 − |a|2,

where |c|2 + |a|2 < 1
8 + 1

64 < 1
4 implies that t2 < 1

2 .
Now, with these solutions expressed in terms of the variables (b, c) ∈ W1 we define a map

(7.6) M :W1 ∋ (b, c) 7−→ X =

 t1 c θ(b)
θ(c) t2 a
b θ(a) 1− t1 − t2

 ∈ P 2O.

Then the matrixM(b, c) satisfies the condition (7.4), so that we can choose components (b, c) as a local

coordinates around the point X1. We denote by W̃1 =M(W1). The point X1 corresponds to (0, 0) ∈ W1.
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Lemma 7.2. In terms of the local coordinates

(b, c) =

(
7∑

i=0

{b}iei,
7∑

i=0

{c}iei

)
introduced above around the point X1, the Riemann volume form dvP 2O at the point X1 is

(7.7) dvP 2O(0, 0) = d{b}0 ∧ · · · ∧ d{b}7 ∧ d{c}0 ∧ · · · ∧ d{c}7.

Proof. We can see this by

dM(0,0)

(
∂

∂{b}0

)
=

(
∂

∂{b}0

)
X1

+
3∑

i=1

∂ti(0, 0)

∂{b}0

(
∂

∂ti

)
X1

+
7∑

i=0

∂{a}i(0, 0)
∂{b}0

(
∂

∂{a}i

)
X1

=

(
∂

∂{b}0

)
X1

,

where we know

∂t1(0, 0)

∂{b}0
=

−{b}0√
1/4− |b|2 − |c|2 ∣∣b=0,c=0

= 0,
∂t2(0, 0)

∂{b}0
=
−2b0 − 2

∑7
i=0{a}i

∂{a}i

∂{b}0

2
√
1/4− |b|2 − |a|2 ∣∣b=0,c=0

= 0, etc.,

since a(0, 0) =
∑
{a}iei = 0. Other derivatives are also

∂ti
∂{b}j ∣∣(0,0) = 0,

∂ti
∂{c}j ∣∣(0,0) = 0,

∂{a}j{a}k
∂{b}i

∣∣(0,0) = 0,
∂{a}j{a}k

∂{c}i
∣∣(0,0) = 0.

Hence

dM(0,0)

(
∂

∂{b}i

)
=

(
∂

∂{b}i

)
X1

, dM(0,0)

(
∂

∂{c}i

)
=

(
∂

∂{c}i

)
X1

.

Then the metric tensor gij with respect to the coordinates (b, c) at the point (b, c) = (0, 0) is gij = δij . □

7.2. Explicit determination of the pairing with the Riemann volume form. Let

A =

 ξ1 z θ(y)
θ(z) ξ2 x
y θ(x) ξ3

 ∈ XO,where ξi ∈ C, z, y, x ∈ C⊗R O.

Put τO
−1(A) = (X(A), Y (A)), then

X(A) =
A+A

2||A||
+

A ◦A
||A||2

(see (3.10))

=


ξ1+ξ1
2||A|| +

|ξ1|2+|z|2+|y|2
||A||2

z+z
2||A|| +

−ξ3z−ξ3z+θ(xy+xy)
2||A||2

θ(y+y)
2||A|| + −θ(ξ2y+ξ2y)+zx+zx

2||A||2
θ(z+z)
2||A|| + −θ(ξ3z+ξ3z)+xy+xy

2||A||2
ξ2+ξ2
2||A|| +

|ξ2|2+|z|2+|x|2
||A||2

x+x
2||A|| +

−ξ1x−ξ1x+θ(yz+yz)
2||A||2

y+y
2||A|| +

−ξ2y−ξ2y+θ(zx+zx)
2||A||2

θ(x+x)
2||A|| + −θ(ξ1x+ξ1x)+yz+yz

2||A||2
ξ3+ξ3
2||A|| +

|ξ3|2+|x|2+|y|2
||A||2

 .

From the above expression of τO
−1(A) = (X(A), Y (A)) we consider two components of the matrix X(A) ∈

P 2O for A ∈ Uz1 :

c =
z + z

2||A||
+
−ξ3z − ξ3z + θ(xy + xy)

2||A||2
, b =

y + y

2||A||
+
−(ξ2y + ξ2y) + θ(zx+ zx)

2||A||2
.

Take a point A1 =

 1
√
−1e0 0√

−1e0 −1 0
0 0 0

 ∈ Oz1 , then q ◦ τO−1(A1) = X1. On the other hand the point

A1 ∈ XO corresponds to the matrices

A1 ←→ (ξ1, ξ2, ξ3, Z,W, Y, V,X,U) =

(
1,−1, 0,

(√
−1 0
0

√
−1

)
,

(
0 0
0 0

)
,

(
0 0
0 0

)
,

(
0 0
0 0

)
,

(
0 0
0 0

)
,

(
0 0
0 0

))
.

(see the matrix representation (4.3) of the octanions and and vector representation (4.6) of elements in
J (3)C).

So we consider points A ∈ Uz1 around a point

Pz1(A) = (ξ2, z1, z2, z3, w1, w2, w3, w4, y2, y4, v1, v3, x3, x4, u2, u4)
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= (−1,
√
−1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0).

By the explicit expression (4.16) of the other dependent variables (ξ1, ξ3, z4, y1, y3, v2, v4, x1, x2, u1, u2) in the
matrix representation (ξ1, ξ2, ξ3, Z,W, Y, V,X,U) of A1 is (0, 0, 0, 0, 0, 0, 0, 0,

√
−1, 1, 0).

For avoiding the confusion of the expression of octanion and its matrix expression by the mp ρO, recall
the correspondence (2.2) and (2.3)).

Now we determine the differentials modulo anti-holomorphic differentials

{q ◦ τ−1
O }

∗(dc) =

7∑
i=0

{q ◦ τ−1
O }

∗(d{c}i)⊗ ei =

7∑
i=0

d
(
{q ◦ τ−1

O }
∗({c}i)

)
⊗ ei, and

{q ◦ τ−1
O }

∗(db) =

7∑
i=0

{q ◦ τ−1
O }

∗(d{b}i)⊗ ei =

7∑
i=0

d
(
{q ◦ τ−1

O }
∗({b}i)

)
⊗ ei,

at the point A1.
Each component of b and c is given by

{c}i =
{z}i + {z}i

2||A||
+
−ξ3{z}i − ξ3{z}i + {θ(xy + xy)}i

2||A||2
, and

{b}i =
{y}i + {y}i

2||A||
+
−ξ2{y}i − ξ2{y}i + {θ(zx+ zx)}i

2||A||2
.

The pull-back {q ◦ τO−1}∗(dvP 2O) is expressed as

{q ◦ τO−1}∗(dvP 2O) =

16∑
i=0

Σi, with Σi ∈ Γ

(
16−i∧

T ∗′
(XO)

C⊗
i∧
T ∗′′

(XO)
C

)
.

In particular,

Σi ∧ Ω = 0 for i ≥ 1, and Σj = Σ16−j .

Hence for the determination of the constant CRC(Y/||Y ||), it is enough to consider the terms consisting of
holomorphic differentials

dξ2, dz1, dz2, dz3, dw1, dw2, dw3, dw4, dy2, dy4, dv1, dv3, dx3, dx4, du2, du4

and may ignore the anti-holomorphic differentials dx3, dx4, etc, so that in the expression of equalities below
we denote them as ∗ ≡ ∗, which means both sides coincide modulo anti-holomorphic differentials.

Here we gather up relations of the holomorphic differentials of dependent variables by independent variables
at the point A1. See (4.16) for the explicit expression of each variable ξ1, ξ3, · · · · · · , x1, x2, u1, u2 in terms of
independent variables ξ2, z1, · · · , x3, x4, u2, u4.

All the equalities in the Lemmas blow hold at the point A1.

Lemma 7.3.

||A1|| = 2, d||A||2|A1
≡ {z1dz1 + z4dz4 + ξ1dξ1 + ξ2dξ2}|A1

= −2dξ2,

z4(A1) =
√
−1, dz4|A1

= −dz1 − 2
√
−1dξ2, ξ3(A1) = 0, dξ3|A1

= 0, dξ1|A1
= −dξ2,

dx1|A1
=
√
−1dy4, dy1|A1

= −
√
−1dx4, dy3|A1

=
√
−1dx3, dx2|A1

= −
√
−1dy2,

dv2|A1
=
√
−1du2, dv4|A1

=
√
−1du4, du1|A1

= −
√
−1dv1, du3|A1

= −
√
−1dv3.

Lemma 7.4.

d{c}i|A1
≡ d{z}i

2||A1||
− {z}i + {zi}

||A1||3
· dξ2,

and for each i = 0, · · · , 7

d{c}0|A1
≡ −
√
−1dξ2
22

, d{c}1|A1
≡ dξ2 −

√
−1dz1

22
, d{c}2|A1

≡ dz2 − dz3
23

, d{c}3|A1
≡ dz2 + dz3

23
√
−1

,

d{c}4|A1
≡ dw1 + dw4

23
, d{c}5|A1

≡ dw1 − dw4

23
√
−1

, d{c}6|A1
≡ dw2 − dw3

23
, d{c}7|A1

≡ dw2 + dw3

23
√
−1

,
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d{b}0|A1
≡ dy4 −

√
−1dx4

22
, d{b}i|A1

≡ d{y}i
23

+
√
−1d{x}i

23
,

where we can ignore the term {zx}, since {x}i|A1
= 0 and d{zx}i|A1

≡
∑

eαeβ=ei

{z}αd{x}β = {z}0d{x}i|A1
=

−
√
−1d{x}i and for i = 1, · · · , 7,

d{b}1|A1
≡ dx4 −

√
−1dy4

22
, d{b}2|A1

≡ dy2 −
√
−1dx3

22
, d{b}3|A1

≡ dx3 −
√
−1dy2

22
,

d{b}4|A1
≡ dv1 +

√
−1du4

22
, d{b}5|A1

≡ −du4 +
√
−1dv1

22
,

d{b}6|A1
≡ −dv3 +

√
−1du2

22
, d{b}7|A1

≡ du2 −
√
−1dv3

22
.

Based on these data

Proposition 7.5. At the point A1, the holomorphic component of the pull-back {q ◦ τO−1}∗(dvP 2O) is equal
to

{q ◦ τO−1}∗(dvP 2O)|A1
= {q ◦ τO−1}∗(d{c}0 ∧ · · · ∧ d{c}7 ∧ d{b}0 ∧ · · · ∧ d{b}7)|A1

≡ −
√
−1dξ2
22

∧ dξ2 −
√
−1dz1

22
∧ dz2 − dz3

23
∧ dz2 + dz3

23
√
−1

∧ dw1 + dw4

23
∧ dw1 − dw4

23
√
−1

∧ dw2 − dw3

23
∧ dw2 + dw3

23
√
−1

∧ dy4 −
√
−1dx4

22
∧ dx4 −

√
−1dy4

22

∧ dy2 −
√
−1dx3

22
∧ dx3 −

√
−1dy2

22
∧ dv1 +

√
−1du4

22
∧ −du4 +

√
−1dv1

22

∧ −dv3 +
√
−1du2

22
∧ du2 −

√
−1dv3

22

=
1

231
√
−1
· dx3 ∧ dx4 ∧ du2 ∧ du4 ∧ dy2 ∧ dy4 ∧ dv1 ∧ dv3 ∧ dz1 ∧ dz2 ∧ dz3

∧ dw1 ∧ dw2 ∧ dw3 ∧ dw4 ∧ dξ2.

Hence

Corollary 7.6.

{q ◦ τO−1}∗(dvP 2O)
∧

Ω(A) = CRC
1

16!
{τO−1}∗

((
ωP 2O

)16)
(A)

= 26 · ||A||3 · 1

16!
{τO−1}∗

((
ωP 2O

)16)
(A).(7.8)

By this formula (7.8) we have an expression of the Bargmann type transformation (5.12).

Corollary 7.7.

B(h)(X) · dvP 2O(X) = {q ◦ τO−1}∗
(
h · g0 · {q ◦ τO−1}∗(dvP 2O)

∧
ΩO

)
= {q ◦ τO−1}∗

(
h · g0 · 26 · ||A||3 ·

1

16!
{τO−1}∗

((
ωP 2O)16))

= 26 · q∗

(
h(τO(X, ∗)) · e−

√
2π||∗|||| ∗ ||6 · dVT∗(P 2O)(X, ∗)

)
.(7.9)

8. Invariant polynomials and harmonic polynomials on the Jordan algebra J (3)

In this section we describe invariant polynomials on J (3) and commuting differential operators with
constant coefficients under the action by the automorphism group F4 of the Jordan algebra J (3) (see [He]
and [HL] for the framework here and [Yo] for necessary properties of F4 in relation with P 2O).
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8.1. Correspondence between polynomials and differential operators with constant coefficients.
Let

RN × RN ∋ (x, ξ) = (x1, . . . , xN , ξ1 . . . , ξN ) 7−→< x, ξ >=
∑

xiξi ∈ R,
be the standard non-degenerate symmetric bi-linear form. We also use the same notation for its extension to
the complex bi-linear form defined on CN × CN .

Differential operators Dx with constant (complex) coefficients are expressed in the form

D = Dx =
∑
|α|≤k

aα
∂|α|

∂xα
=
∑

aα D α
x ,

where aα ∈ C and D α
x :=

∂ |α|

∂xα
=

∂ α1+···+αN

∂x1
α1 · · · ∂xN

αN
.

Let D =
∑

aα D α
x be a constant coefficient partial differential operator defined on RN , then by the relation

(8.1) e−<x,ξ>Dx(e
<•,ξ>)(x) =

∑
aα ξα := QD(ξ),

where ξα = ξ1
α1 · · · ξNαN , the correspondence D ←→ QD(ξ) is bijective, that is, the algebra C[RN ] =

C[x1, . . . , xN ] =
∞∑
k=0

Pk[x1, . . . , xN ] of (complex coefficient) polynomials on RN and the algebraD[x1, . . . , xN ] =

∞∑
k=0

Dk[x1, . . . , xN ] of linear differential operators with constant (complex) coefficients are isomorphic. Here

we denote by Pk[x1, . . . , xN ] the subspace of homogeneous polynomials of degree k and byDk = Dk[x1, . . . , xN ]
the subspace consisting of homogeneous differential operators with constant coefficients of order k.

We will denote the differential operator corresponding to a polynomial Q ∈ C[x1, . . . , xN ] by DQ.
Let g ∈ GL(N,R) and define Pg : C[x1, . . . , xN ] −→ C[x1, . . . , xN ] an algebra isomorphism in the natural

way:

Q = Q(x) =
∑

aα · xα 7−→ Pg(Q)(x) = Q(g−1(x)) =
∑

aα · (g−1(x))α, where

g−1 =
(
{g−1}i,j

)
, and (g−1(x))α =

(∑
i

{g−1}1,i xi

)α1

· · ·

(∑
i

{g−1}N,i xi

)αN

.

The following relation will be seen easily.

Lemma 8.1. Let g ∈ GL(N,R) and D a linear differential operator with constant coefficients. Then,

Pg ◦D = D ◦ Pg on the space of the whole polynomial functions, if and only if QD(ξ) = QD(tg
−1

(ξ)).

Next, we introduce an Hermitian inner product ≪ · , · ≫ on the space of polynomials C[x1, . . . , xN ] by
the following way:

we fix the coordinates (x1, · · · , xN ) ∈ RN and define the inner product between monomials xα and xβ by

(8.2) ≪ xα , xβ ≫:= α1! · · ·αN ! · δα1,β1 · · · δαN ,βN
:= α! · δα,β .

The inner product on the space C[x1, . . . , xN ] introduced above is used only in this section.

Then the following properties will be seen easily too.

Lemma 8.2. Let D =
∑

aαD
α
x be a differential operator with constant coefficients and P the polynomial

corresponding to D according to the correspondence (8.1), that is

e−<x, ξ>DP (e<•, ξ>)(x) = P (ξ) =
∑

aα ξα.

Then for any polynomial Q =
∑

Cβx
β

≪ P, Q ≫=≪
∑

aα xα ,
∑

Cβ x
β ≫=

∑
α

α! · δα,β · aα · Cβ(8.3)

= DP (Q)(0) =: ((DP , Q)) = ((DQ , P )),(8.4)

where we replace the variables ξi to xi. In particular, if the order of the differential operator D and the degree
of a polynomial Q coincides, then

D(Q)(x) ≡ D(Q)(0),

and the spaces Pk and Pℓ are always orthogonal, if k ̸= ℓ.
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It holds a kind of associativity:

((D1 ◦D2, Q)) = D1 ◦D2(Q)(0) =≪ P1 · P2, Q≫=≪ P1, D2(Q) ≫= ((D1, D2(Q))).(8.5)

The equation (8.3) can be understood that the Hermitian inner product we introduced is a pairing between
the space D[x1, . . . , xN ] of differential operators with constant coefficients and the space of polynomials,
especially by this pairing the space D(RN ) is identified with the (restricted) dual space D[x1, . . . , xN ] ∼=
∞∑
k=0

Pk[x1, . . . , xN ]
∗
of C[x1, . . . , xN ]. With respect to the action of g ∈ GL(N,R) on C[x1, . . . , xN ] the dual

action of g on D(RN ) is
D(RN ) ∋ D 7−→ Pg

−1 ◦D ◦ Pg =: P∗
g (D)

and satisfies the relation

(8.6) ((P∗
g (D), f )) = ((D, Pg(f))), D ∈ D[x1, . . . , xN ], f ∈ C[x1, . . . , xN ].

8.2. Trace function and invariant polynomials. We recall two important properties Theorems 8.3 and
8.4 on the action of the group F4 on J (3). Also the properties (3.5), (3.6) should be reminded in this section
(see [SV] and [Yo]).

Theorem 8.3. For any A ∈ J (3), there exists an element α ∈ F4 such that

(8.7) α(A) =

ξ1 0 0
0 ξ2 0
0 0 ξ3

 ,

where the triple of quantities {ξi} depends only on A and does not depend on such an element α ∈ F4 which
send A to a diagonal matrix in J (3).

Theorem 8.4. The representation of F4 to J (3) is decomposed into two mutually orthogonal irreducible
subspaces, that is

J (3) = J0(3)⊕ R · Id,
where J0(3) = { A ∈ J (3) | tr (A) = 0 } and Id is the 3× 3 identity matrix which is the fixed point in J (3)
under the action of F4.

It holds the same decomposition in the complexified Jordan algebra J (3)C by the action of the complex

group F4
C.

In this section we express

J (3) ∋ A =

 ξ1 z θ(y)
θ(z) ξ2 x
y θ(x) ξ3

←→ (z0, · · · , z7, y0, · · · , y7, x0, · · · , x7, ξ1, ξ2, ξ3)

with the coefficients of

z =
∑
{z}iei =

∑
ziei, y =

∑
{y}iei =

∑
yiei, x =

∑
{x}iei =

∑
xiei

and do not use the notation {z}i, {y}i, {x}i (see (4.6)). We also denote these coordinates as

(z0, · · · , z7, y0, · · · , y7, x0, · · · , x7, ξ1, ξ2, ξ3) = (s1, · · · · · · , s24, s25, s26, s27)(8.8)

or

(z0, · · · , z7, y0, · · · , y7, x0, · · · , x7, ξ1, ξ2, ξ3) = (s1, · · · · · · , s24, ξ1, ξ2, ξ3).(8.9)

We denote the (complex valued) polynomial algebra over J (3) by C[J (3) ] with the independent variables
{zi, . . . , xi, ξ1, ξ2, ξ3} and also regard it as the the algebra of polynomial functions. It is equipped with an
Hermitian inner product explained in the preceding subsection § 8.1.

Then, we can identify by the isometric way the space P1[J (3)] ∼=
(
J (3)C

)∗
with the space J (3)C through

the correspondence

(8.10) J (3)C ∋ A←→ hA ∈ P1[J (3)], hA(X) = tr (X ◦A) =< X ,A >J (3)C .

The action of the group F4 is extended to the space C[J (3)] as denoted in §8.1 :

C[J (3)] ∋ Q 7−→ (Pg(Q)(X) := Q(g−1(X))
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and the extended action leaves the degree of the polynomials and the inner product.

Definition 8.5. We denote a subspace in each Pk[J (3)] by Ik consisting of invariant polynomials under the
extended action of the group F4 and put I = IF4 =

∑
k≥0 Ik, the algebra of invariant polynomials under the

action of the Lie group F4 on J (3).

By the property (3.4), the functions J (3) ∋ A 7−→ tr (Ak) := Tk(A) is well-defined and are invariant
polynomials (off course, these are also well defined on J (3)C). Then,

Proposition 8.6. All the invariant polynomials in Pk[J (3)] are given by the linear sums of polynomials of
the products

T1
i1 · T2

i2 · T3
i3

under the condition that i1 + 2i2 + 3i3 = k (0 ≤ i1, i2, i3 ≤ k) and

dimC Ik = {number of the solutions (i1, i2, i3) under the condition i1 + 2i2 + 3i3 = k}

=

[k/3]∑
ℓ=0

([
k − 3ℓ

2

]
+ 1

)
.(8.11)

Proof. Let f ∈ Ik be an invariant polynomial. Then by the property (8.7) in Theorem 8.3 and the invariance

of the trace function (3.5), f(A) = f(α(A)) = f

ξ1 0 0
0 ξ2 0
0 0 ξ3

 depend only on the triple {ξi}3i=1 which

appears when it is expressed as a diagonal matrix given in the above Theorem 8.3.
Let σ1 : J (3)→ J (3) be a permutation defined by

(8.12) σ1 : J (3) ∋ A 7−→

0 1 0
1 0 0
0 0 1

A

0 1 0
1 0 0
0 0 1

 ∈ J (3).
Likewise we can define other two permutations σ2 and σ3 among the quantities {ξi} by the matrices0 0 1
0 1 0
1 0 0

 and

1 0 0
0 0 1
0 1 0

, respectively. These are elements in F4 and satisfy f(σi(A)) = f(A).

Hence the invariant polynomial ring I = IF4 =
∑
k≥0

Ik in C[J (3)] is generated by three elementary

symmetric polynomials

ξ1 + ξ2 + ξ3, ξ1ξ2 + ξ2ξ3 + ξ3ξ1 and ξ1ξ2ξ3.

This is equivalent to say that the subalgebra of invariant polynomials of positive degree I+ :=
∑

k≥1 Ik (i.e.,

without constant terms) is generated by three invariant polynomials

T1(A) = tr (A) =
3∑

i=1

ξi, T2(A) = tr (A2) = 2
7∑

i=0

(
zi

2 + yi
2 + xi

2
)
+

3∑
i=1

ξi
2 = ||A||2,

T3(A) = tr (A ◦ (A ◦A)) =< A,A ◦A >J (3)=< A ◦A ,A >J (3)

=

3∑
i=1

ξi
3 + 3

(
|z|2(ξ1 + ξ2) + |y|2(ξ3 + ξ1) + |x|2(ξ2 + ξ3)

)
+

zx · y + θ(zx · y) + xy · z + θ(xy · z) + yz · x+ θ(yz · x)
2

+
x · yz + θ(x · yz) + y · zx+ θ(y · zx) + z · xy + θ(z · xy)

2

=
3∑

i=1

ξi
3 + 3

(
|z|2(ξ1 + ξ2) + |y|2(ξ3 + ξ1) + |x|2(ξ2 + ξ3)

)
+ 6 ·Re(x · yz),

(Re(x · yz) = {x · yz}0 is the real part of the octanion x · yz).

The last formula (8.11) is given by solving the equation i1 + 2 · i2 + 3 · i3 = k (see Appendix). □
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In the proof above we used a property of the multiplication low in the octanion O:

Re(x · yz) = Re(y · zx) = Re(z · xy), Re(zx · y) = Re(θ(y) · θ(zx)) = Re(y · zx) and similar identities.

Next, we mention (see Lemma 8.1 and Theorem 8.3 )

Proposition 8.7. The invariant polynomial ring I =
∑

Ik and differential operators with constant coeffi-
cients commuting with the F4 action are isomorphic. Especially, the differential operators corresponding to
the generators T1, T2 and T3 of the invariant polynomial ring are

T1 = e−<x, ξ>L(e<•, ξ>)(x)←→ L = L(z, y, x, ξ1, ξ2, ξ3) :=
∂

∂ξ1
+

∂

∂ξ2
+

∂

∂ξ3
,

T2 ←→ −∆ := 2
7∑

i=0

(
∂2

∂zi2
++

∂2

∂yi2
+

∂2

∂xi
2

)
+

3∑
j=1

∂2

∂ξj
2 ,

T3 ←→ Γ :=
∑ ∂3

∂ξj
3 + 3

(
∂

∂ξ1
+

∂

∂ξ2

)
◦

7∑
i=0

∂2

∂zi2
+ 3

(
∂

∂ξ3
+

∂

∂ξ1

)
◦

7∑
i=0

∂2

∂yi2

+ 3

(
∂

∂ξ2
+

∂

∂ξ3

)
◦

7∑
i=0

∂2

∂xi
2
+ 6

7∑
i,j,k=0

± ∂3

∂xi∂yj∂zk
.

The second operator is the Laplacian on the Euclidean space R27 ∼= J (3).

The last term of the operator Γ consists of 83 partial differential operators of the form
∂3

∂xi∂yj∂zk
with

suitable signs.

We define an F4-invariant subspace Hk in Pk[J (3)] inductively and call polynomials therein “Cayley
harmonic polynomial ”.

Definition 8.8.

(0) H0 is the space of the constant functions = P0,

(1) H1 = {the linear functions:
7∑

i=0

(aizi + biyi + cixi) +
3∑

i=1

diξi with
∑

di = 0},

this space is isomorphic to
{
B ∈ J (3)C | tr (B) = 0

}
,

and we have an orthogonal decomposition P1 = H1 ⊕⊥ H0I1,
...

(k) Hk is the orthogonal complement of the space
(∑k−1

i=0 Hi · Ik−i

)
taken in Pk,

(8.13) Pk[J (3)] = Hk ⊕⊥

k∑
i=1

Hk−i · Ii.

The subspace Hk can be seen as the space corresponding to the space of harmonic polynomials for the
case of SO(n) acting on Rn. In fact

Proposition 8.9. Let Hk be

Hk := {Q ∈ Pk[J (3)] | L(Q) = 0,∆(Q) = 0,Γ(Q) = 0}.

Then Hk = Hk.

Before proving this Proposition we show a

Lemma 8.10. For each k the space

(8.14) Ik +H1 · Ik−1 + · · ·+Hk−1 · I1 = Ik + P1 · Ik−1 + · · ·+ Pk−1 · I1.

The right hand side need not be a direct sum, while the left hand side is a direct sum which will be proved
later after several preparations.
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Proof. It is apparent
k−1∑
i=0

Hi · Ik−i ⊂
∑
Pi · Ik−i.

Since I2 ⊃ I1 · I1,
H1 · I1 + I2 ⊃ (H1 · I1 + I1 · I1) + I2 = P1 · I1 + I2.

Hence, H1 · I1 + I2 = P1 · I1 + I2.
Assume

j−1∑
i=0

Hi · Ij−i =

j−1∑
i=0

Pi · Ij−i, for j ≤ k.

Then using the property Ij ⊃ Ia · Ib for a+ b = j, we can show inductively

j−1∑
i=0

Hi · Ij−i ⊃
j−1∑
i=0

Pi · Ij−i, for j ≤ k.

□

Proof of the Proposition 8.9.
At this stage, it will be apparent that the conditions

Γ(Q) = 0, ∆(Q) = 0, and L(Q) = 0

are together equivalent to the condition that a polynomial Q ∈ Pk is orthogonal to the subspace

Ik +H1 · Ik−1 + · · ·+Hk−1 · I1.
2

Lemma 8.11.

L(T1) = 3, L(T2) = 2T1, L(T3) = 3T2,

∆(T2) = 198, ∆(T3) = 198T1, Γ(T3) = 562.

Remark 9. Invariant polynomials above need not be orthogonal. For example

≪ T2 , T1
2 ≫= L2(T2)(0) = L(L(T2))(0) = 2L(T1)(0) = 6.

Next we show that the sum (8.14) is a direct sum as mentioned in the above Lemma 8.10(summed up in
Proposition 8.17).

By definition it is enough to show the sum

Hk−1 · I1 + · · ·+H1 · Ik−1 + Ik

is a direct sum. For this purpose we prepare several lemmas.

Lemma 8.12. The map L : Ik −→ Ik−1 is surjective for all k = 1, 2, · · · ,

Proof. Let t : Ik −→ Ik+1 be a map defined by

t(T ) = T1 · T,
then t is injective. In fact, if there is an element T ∈ Ik satisfying

L ◦ t(T ) = L(T1 · T ) = 3T + T1 · L(T ) = 0,

then again we have

3L(T ) + 3L(T ) + T1 · L2(T ) = 0 and 3T − 1

6
T 2
1 · L2(T ) = 0.

By iterating this procedure we have
T = 0.

Hence the map L ◦ t is injective, which means that the map L : Ik+1 → Ik is already surjective (in fact
isomorphic) on t(Ik). □

Based on the equality (8.14) and the Lemma below (8.14), we can construct an orthogonal basis of the

space Ik inductively {φk(i)}dim Ik
i=1 in the following way:
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Definition 8.13.

I1 =[{φ1(1) = T1}],
I2 =[{φ2(1) = T 2

1 = T1 · φ1(1), φ2(2) = T2 − 1/3T 2
1 }],

where φ2(2) is taken to be orthogonal to φ2(1) and equivalently L(φ2(2)) = 0,

I3 =[{φ3(1) = T 3
1 = T1φ2(1), φ3(2) = T1φ2(2), φ3(3) = T3 − T2T1 + 2/9T 3

1 }],
where φ3(3) is taken to be orthogonal to φ3(1) and φ3(2), which is also taken

to satisfy L(φ3(3)) = 0 and is determined uniquely up to constant multiples.

Likewise we can continue the construction in such a way that if {φk(i)}dim Ik
i=1 is constructed as above for

k = 1, 2, 3, 4, then we define for k ≥ 5

φk+1(i) = T1φk(i) for i = 1 · · · , dim Ik and for j = 1, · · · ,dim Ik+1 − dim Ik,

φk+1(dim Ik + j) is chosen as being orthogonal to all φk+1(i), i = 1, · · · , dim Ik + j − 1.

The orthogonality condition ≪ φk+1(dim Ik + j) , T1φk(i)≫= 0 implies that L(φk+1(dim Ik + j)) = 0.

Lemma 8.14. The construction is guaranteed by the property that if f and g ∈ Ik is orthogonal and L(g) = 0,
then T1 · f and T1 · g is orthogonal, since

≪ T1f, T1g ≫=≪ f, L(T1g)≫= 3≪ f , g ≫= 0.

Lemma 8.15. Put Nk = {T ∈ Ik | L(T ) = 0}, then

dim Nk+1 = dim Ik+1 − dim Ik,

and is equal to the number of the non-negative integer solutions (a, b) of the equation

(8.15) 2a+ 3b = k + 1.

Proof. Put φ2(2) = T2 − 1/3T 2
1 := φ2 and φ3(3) = T3 − T2T1 + 2/9T 3

1 := φ3. Then both of these are
irreducible polynomials, since they are not decomposed into lower degree polynomials even on the subspace
z = y = x = 0.

By L(φ2 · φ3) = 0, products of any powers of these two polynomials are in the kernel of the map L. So
corresponding to the non-negative integer solutions (a, b) of (8.15) we have a basis of the kernel Nk+1. □

Lemma 8.16. For any j and ℓ

dimHj · Iℓ = dimHj · dim Iℓ.

Proof. It will be apparent if dim Iℓ = 1.
We prove the property by induction and we show that the natural map Hj⊗Nℓ −→ Hj ·Nℓ is isomorphic.

So we assume for ∀ℓ ≤ k and any j ≥ 0 it holds the isomorphism

(8.16) Hj ⊗Nℓ
∼= Hj · Nℓ.

Let

(8.17)
∑

(a,b) run through the solutions of (8.15)

ha,b · φ2
a · φ3

b = 0, ha,b ∈ Hj .

Let (a1, b1), (a2, b2), · · · , (an, bn) be all the solutions of (8.15):

2ai + 3bi = k + 1,

Assume a1 > a2 > · · · > an, then b1 < b2 < · · · < bn. Then the we can assume the expression (8.17) has one
of the following two forms:

[1] : if an > 0, φ2
an · p+ φ3

bn · han,bn = 0, or(8.18)

[2] : if an = 0, φ2
an−1 · p+ φ3

bn · han,bn = 0.(8.19)

In any case the polynomial φ2 does not divide the polynomial φ3, so that we may put han,bn = φ2 ·Q with
a polynomial Q ∈ Pj−2. Then by the equality (8.14) the polynomial Q · φ2 ∈ Hj−1 · I1 +Hj−2 · I2 + · · · +
H1 · Ij−1 + Ij . On the other hand Q · φ2 = han,bn ∈ Hj . Hence by the definition of the space Hj which is
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orthogonal complement of the space Hj−1 · I1 +Hj−2 · I2 + · · · +H1 · Ij−1 + Ij , hence han,bn = 0 and also
p = 0. By iterating the arguments we see that in the expression∑

(ai,bi) run through the solutions of (8.15)

hai,bi · φ2
ai · φ3

bi

all the coefficient polynomials hai,bi must be zero.
Finally we see from the sequences

{0} −−−−→ Hj ⊗Nk+1 −−−−→ Hj ⊗ Ik+1
Id⊗L−−−−→ Hj ⊗ Ik −−−−→ {0}y y y

{0} −−−−→ Hj · Nk+1
inclusion−−−−−−→ Hj · Ik+1 −−−−→ Hj · Ik −−−−→ {0}

two spaces
Hj ⊗ Ik+1

∼= Hj · Ik+1

are isomorphic. □
Proposition 8.17. For each k, the sum Hk +Hk−1 · I1 + · · ·H1 · Ik−1 + Ik is a direct sum.

Proof. First we remark that the sums P1 = H1 + I1 and P2 = H2 +H1 · I1 + I2 are orthogonal sums. The
first one is included in the definition and the second one is shown as

≪ h1T1 , T2 ≫=≪ h1 , L(T2) ≫=≪ h1 , 2T1 ≫=≪ L(h1), 2T1 ≫= 0, where h1 ∈ H1.

Then we assume that the sum
Hj +Hj−1 · I1 + · · ·H1 · Ij−1 + Ij

are direct sums for j ≤ k.
We express

T ∈ Hk · I1 +Hk−1 · I2 + · · ·+H1 · Ik + Ik+1 as

T = hk · T1 +
2∑

i=1

hk−1(i) · φ2(i) + · · ·+
dim Ik∑
i=1

h1(i)φk(i) +

dim Ik+1∑
i=1

h0(i)φk+1(i) = 0,

where hj(i) ∈ Hj and φj(i) are the basis polynomials of Ij constructed in the Definition 8.13. Then by the
induction hypothesis, L(T ) = 0 implies

hk = 0, hk−1(1)φ2 = 0, hk−2(1)φ3(1) + hk−2(2)φ3(2) = 0, · · · ,
dim Ik∑
i=1

λiφk(i) = 0,

that is, the coefficient polynomials hj(i) of the basis included in the orthogonal complement of Nj are zero.
Hence it will be enough to show

(8.20) hk−1(2)φ2 + hk−2(3)φ3 + · · ·+
dim Ik∑

i=dim Ik−1+1

h1(i)φk(i) +

dim Ik+1∑
i=dim Ik+1

λiφk+1(i) = 0

implies all the coefficient polynomials hj(i) = 0 and constants λi = 0. As in the proof of the Lemma 8.16,
the equation (8.20) can be rewritten as

(8.21) φ2 · P = −φ3 ·Q
where the polynomial P = hk−1(2) + · · · is the sum of all the terms including some power (≥ 0) of φ2

and Q = g1 + g2φ3 + · · · (especially g1 = hk−2(3) ∈ Hk−2) is a polynomials of the polynomial φ3 with the
coefficient polynomials gi ∈ Hj with the degree of gi = k + 1 − 3i. Since φ2 does not divide φ3, Q must be
divided by φ2, that is we have

φ2 ·Q1 = Q = g1 + g2φ3 + · · · ,
where Q1 ∈ Pk−4. Hence by Lemma 8.10

Q = g1 + g2φ3 + · · · ∈ Hk−3I1 +Hk−4I2 + · · ·+ Ik−2,

which implies that g1 = 0. Hence we can rewrite (8.21) as

φ2 · P = −φ3
2 ·Q2.
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By iterating the same arguments as above we see that Q = 0. Hence P = 0.
Then we can apply the same argument to the polynomial P by expressing P as

P = φ2P1 +R = 0,

where P1 is the sum of terms in P of the form ha,b · φa
2φ3

b, a > 0, b ≥ 0, ha,b ∈ Hk−1−2a−3b and R is a
polynomial of φ3,

R = h′
0 + h′

1φ3 + h2φ
2
3 + · · ·

with coefficients h′
a ∈ Hk−1−3a.

Again by the same argument as above we see that P = 0, which proves our assertion. □

We put H :=
∑

k≥0 Hk, and denote by I+(J (3)C) =
∑
k>0

Ik(J (3)C) invariant polynomial functions

extended to the complexification J (3)C in the natural way.
Since the function taking the trace A 7→ tr (A) is linear and A 7→ Ak is an operation inside the Jordan

algebra J (3) (according to the definition of products) and also its complexification J (3)C, the extensions of
the invariant polynomials Ti to J (3)C coincide with the trace functions on the complexification J (3)C:

J (3)C ∋ A 7−→ tr (A), A2 7−→ tr (A2) and A3 7−→ tr (A3).

Let NJ (3)C be the common null set (other than zero) of the invariant polynomial functions (with respect

to F4 action) considered on the complexified space J (3)C:

NJ (3)C :=

 A =

 ξ1 z θ(y)
θ(z) ξ2 x
y θ(x) ξ3

 ∈ J (3)C ∣∣∣ A ̸= 0, T1(A) = T2(A) = T3(A) = 0

 .

Remark 10. Let A ∈ NJ (3)C . Then at least one of the three components z, y, x does not vanish. Since if

A ∈ NJ (3)C and assume z = y = x = 0, then T1(A) =
∑

ξi = 0, T2(A) =
∑

ξi
2 = 0 and T3(A) =

∑
ξi

3 = 0.
Hence these imply that ξi = 0 too.

By the Proposition 4.1

Proposition 8.18. XO = τO(T
∗
0 (P

2O)) ⊂ NJ (3)C and the non-singular part of the space NJ (3)C has
dimNJ (3)C = 24.

Proof. Let A ∈ XO. Then T1(A) = η1 + η2 + η3 = 0 (Proposition 4.1), and A2 = 0 implies T2(A) = 0 and
T3(A) = 0 trivially. Hence XO = τO(T

∗
0 (P

2O)) ⊂ NJ (3)C .
The second assertion is seen by noting that at the points z = y = x = 0 the three differentials

dT1, dT2, dT3

are linearly independent. □

Let A ∈ J (3)C and consider the functions of the form

(8.22) J (3) ∋ X 7−→ tr (X ◦A) = hA(X).

Since XO is F4 invariant, the nontrivial subspace in H1 linearly spanned by the functions

J (3) ∋ X 7−→ tr (X ◦A) := hA(X), A ∈ J (3)C, tr (A) = 0,

is an invariant subspace in H1. Here note that tr (g(X) ◦ A) = tr (X ◦ tg(A)) for g ∈ F4 and tr (tg(A)) =
tr (A) = 0.

However the representation of the group F4 to H1 is irreducible (Theorem 8.4), the space H1 must be
spanned by these functions. Also the same holds that the subspace in H1 linearly spanned by the functions{

tr (X ◦A) = hA(X) | A ∈ NJ (3)C
}

coincides with H1 (see Proposition 4.2 and Corollary 4.3). These facts imply

Proposition 8.19. All the point in NJ (3)C can be expressed as a linear sum of points in XO and this fact
implies that the space NJ (3)C is path-wise-connected.
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Proof. Since any linear function J (3) ∋ X 7−→ tr (X ◦ A) = hA(X) with A ∈ NJ (3)C is a linear sum of
functions of the form tr (X ◦Bi) = hBi(X) with Bi ∈ XO,

tr (X ◦A) =
∑

citr (X ◦Bi) on J (3), where Bi ∈ XO,

A =
∑

ciBi with these Bi ∈ XO.
Let A and A′ ∈ NJ (3)C . Assume A =

∑
ciBi and A′ =

∑
c′iB

′
i where Bi, B

′
i ∈ NJ (3)C . Then the second

assertion is proved by connecting points Bi and B′
i suitably in XO. □

In general, the space Hk of “Cayley-harmonic polynomials” is an orthogonal sum of two subspaces H
(1)
k

and H
(2)
k , H

(1)
k is the subspace linearly spanned by the powers tr(X ◦A)k with A ∈ NJ (3)C and H

(2)
k is the

orthogonal complement of H
(1)
k in Hk. The orthogonality is equivalent to the property that Cayley-harmonic

functions in H
(2)
k are vanishing on the subset NJ (3)C (see [He]).

In our case the second subspace H
(2)
k is always {0}, that is,

Proposition 8.20.

H
(2)
k = Hk

∩√
I+(J (3)C) = Hk

∩
I+(J (3)C) = {0}.

Proof. The first equality is a consequence of Hilbert Nullstellensatz and the irreducibility of NJ (3)C implies
the second equality.

We see the latter one by the following observation that the equation T1(A) = 0 is linear so that if
we replace the variable ξ3 by ξ3 = −ξ1 − ξ2, then the space NJ (3)C can be seen as a subset defined by

T3(A) = 0 in the quadrics Q2 = {A ∈ C26\{0} | T2(A) = 0} and the polynomial T3 restricted on the
space z = y = x = 0 is irreducible even modulo T2, i.e., there are no decomposition such that T3(A) =
ξ1

2ξ2 + ξ1ξ2
2 = (aξ1 + bξ2)(αξ1

2 + βξ1ξ2 + γξ2
2) on ξ1

2 + ξ2
2 + ξ1ξ2 = 0. Hence the space NJ (3)C must be

irreducible and we have √
I+(J (3)C) = I+(J (3)C).

□

In fact, our space NJ (3)C is an irreducible algebraic manifold and a complete intersection. In particular,
there are points in NJ (3)C at which the differentials dT1, dT2, dT3 are linearly independent (see the Lemma
4 on page 345 [Ko] for these aspects).

Especially, as a corollary of Proposition 8.19 we have

Proposition 8.21. The representation of F4 to the space Hk = H
(1)
k is irreducible for each k.

Proof. Since XO is connected, if the space Hk is decomposed into two invariant subspaces, Hk = G1 ⊕ G2,
then they are orthogonal.Consequently, according to this decomposition the space XO must be separated into
two non intersecting closed subsets and this is a contradiction.

Hence each Hk must be irreducible under the action by the group F4. □

Now we sum up a conclusion as

Theorem 8.22. Since the functions in the invariant polynomials Ik are constant on the manifold P 2O, by
restricting polynomial functions in Pk[J (3)] to P 2O the decompositions Pk[J (3)] = Hk + I1Hk−1 + · · ·+ Ik
for each k give totally a decomposition of a subspace in C∞(P 2O) as

∞∑
k=0

Hk|P 2O,

which is dense in C∞(P 2O).

Proof. Based on the preceding arguments it will be enough to remark the last assertion, which is a standard
argument.

Since any smooth function on P 2O can be extended to a smooth function on an open neighborhood of
P 2O and the Weierstrass approximation theorem guarantees that any smooth function can be approximated
in the C∞−topology by polynomials. Hence the space

∑
Hk|P 2O is dense in C∞(P 2O). □
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Before interpreting the decomposition stated in Theorem 8.22 in the framework of the Peter-Weyl theorem
for a symmetric space of our case P 2O we remark about the Riemannian metric on P 2O.

Proposition 8.23. The Cayley projective plane P 2(O) ∼= F4/Spin(9) is an irreducible Riemannian sym-
metric space, that is, the stationary subgroup Spin(9) acts irreducibly on the tangent space TX1P

2(O). By
Schur’s lemma this implies that P 2(O) has an essentially unique F4-invariant Riemannian metric. Thus,

( · , · )P 2O coincides with the metric on P 2(O) induced from the Killing form of the Lie algebra of F4 up to a
constant factor.

Let Φk : Hk ⊗Hk
∗ −→ C∞(F4) be a map defined by

Hk ⊗Hk
∗ ∋ h⊗ φ 7−→ Φk(h⊗ φ)(g) = φ(Pg−1(h)), g ∈ F4,

then the Peter-Weyl theorem says that the image of the map Φk is a subspace consisting of the dimHk

number of the spaces, all of which are isomorphic to Hk.
Recall we explained the identification (3.2) of the quotient space F4/Spin(9) with P 2O through the corre-

spondence F4 ∋ g 7−→ g(X1) ∈ P 2O.
If we consider a subspace Hk

∗
|Spin(9) consisting of linear forms in Hk

∗ which are invariant under the action
by Spin(9), then the functions in

Φk(Hk ⊗Hk
∗
|Spin(9))

are Spin(9) invariant, so that it can be descended naturally to functions on F4/Spin(9) ∼= P 2O ⊂ J (3).
For X ∈ J (3) we denote the linear form JX ∈ Hk

∗

Hk ∋ h 7−→ JX(h) = h(X),

that is, this is an evaluation at X ∈ J (3). In particular, we take a linear form JX1 ∈ Hk
∗
|Spin(9), then it can

be written as

JX1(Pg−1(h)) = Pg−1(h)(X1) = h(g(X1)).

Hence through the identification F4/Spin(9) ∼= P 2O the function JX1(Pg−1(h)) is the restriction of the original
polynomial function h ∈ Hk to P 2O. Then we have

∞∑
k=0

Φk(Hk ⊗ {JX1}) =
∞∑
k=0

Hk|P 2O.

Since dimHk+1 > dimHk (see Appendix) and the space
∞∑
k=0

Hk|P 2O is already dense in C∞(P 2O), a

fundamental theorem on compact symmetric spaces gives us

Proposition 8.24. Each irreducible representation of the group F4 appears in C∞(P 2O) with multiplicity
one as in the above way and incidentally dimHk

∗
|Spin(9) = 1. Moreover by the Proposition 8.23 we can see

that this decomposition is the eigenspace decomposition of the Laplacian on P 2O.
The dimension of the space Hk

∗
|Spin(9) is always one and the linear form JX1 can be seen as a base vector

of the space Hk
∗
|Spin(9) for any k.

9. Inverse of Bargmann type transformation

In this section, based on the data obtained until §8 we consider our Bargmann type transformation

B :
∑
Pk[XO] −→ C∞(P 2O)

with respect to the parameter family of the inner products {(∗ , ∗)ε}−22<ε on the space
∑
Pk[XO] on its

boundedness and invertibility. It has a dense image from
∑
Pk[XO] always for a possible value of the

parameter ε, but unlike the cases of spheres and other projective spaces (see [Ra2],[Fu1], [FY]), it need not
be an isomorphism when ε = 0. This means in cases of the values of the parameter ε > −47/2 there are
quantum states in L2(P

2O) which can not be seen by classical observables.
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9.1. Inverse transformation. Let Ak be a transformation defined by

Ak : Hk ∋ φ 7−→
∫
P 2O

φ(X) ·
(
tr (X ◦A)

)k
dvP 2O(X) ∈ Pk[XO].(9.1)

and

Ak : Hk ∋ φ −→ Ak(φ) = γ ◦ A(φ) = Ak(φ) · t0 ⊗ ΩO ∈ ΓG
(
L⊗KG ,XO

)
.(9.2)

The correspondence by γ is defined in (5.4).

Proposition 9.1. For any inner product defined on the space Pk[XO] according to the value of the parameter
ε, the operator Ak is a constant times a unitary operator.

Proof. For φ ∈ Hk the inner product

(9.3) (Ak(φ),Ak(φ))ε

is expressed as

(Ak(φ),Ak(φ))ε

=

∫
XO

∣∣∣∣∫
P 2O

φ(X)( tr (X ◦A) )kdvP 2O(X)

∣∣∣∣2 · e−2
√
2π||A||1/2 ||A||εΩO ∧ ΩO

=

∫
P 2O

∫
P 2O

(∫
XO

(
tr (X̃ ◦A)

)k(
tr (X ◦A)

)k · e−2
√
2π||A||1/2 · ||A||ε · ΩO ∧ ΩO

)
×

× φ(X̃)φ(X)dvP 2O(X)dvP 2O(X̃).

Here we consider the operator Bk

Pk[XO] ∋ h 7−→ Bk(h) :=
∫
XO

h(A) ·
(
tr (X ◦A)

)k
e−2

√
2π||A||1/2 · ||A||ε · ΩO(A) ∧ ΩO(A) ∈ Hk.

Since Hk consists of linear sums of functions of the form
(
tr (X ◦A)

)k
by arbitrary A ∈ XO (see Proposition

8.20), we see that Bk(h) ∈ Hk. Then the inner product (9.3) is understood as

(Ak(φ),Ak(φ))ε = (Bk ◦ Ak(φ), φ)
P 2O.

Then the operator Bk ◦ Ak commutes with the F4 action on Hk. Hence it must be a constant times identity
operator (which constant we put bk) so that the kernel function defined by the integral

Lk(X, X̃) :=

(∫
XO

(
tr (X̃ ◦A)

)k(
tr (X ◦A)

)k · e−2
√
2π||A||1/2 · ||A||ε · ΩO ∧ ΩO

)
must satisfies the invariance:

(9.4) Lk(g(X), X̃) = Lk(X, g−1(X̃)), for g ∈ F4, X, X̃ ∈ P 2O.

Then the constant bk is given by

(9.5) Trace of the operator Bk ◦ Ak =

∫
P 2O

Lk(X,X)dvP 2O = bk dimHk.

and the integral

∫
P 2O

Lk(X,X)dvP 2O is given by∫
P 2O

Lk(X,X)dvP 2O ≡ Lk(X,X) · Vol(P 2O),

since by the invariance (9.4) the function Lk(X,X) is a constant function and apparently is non-zero.
Now we know Bk is injective and so

dimHk ≤ dimPk[XO].
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On the other hand, degree k polynomials generated by the invariant polynomials which are naturally extended
to the complexification J (3)C, that is, the polynomials

k∑
i=0

Pk−i[J (3)C] · Ik−i =
k∑

i=0

Hk−i · Ii

(see Lemma 8.10) are all vanishing on the manifold XO so that

dimP[XO] ≤ dimP[J (3)C]−
k∑

i=0

dimHk · dim Ik,

(see Proposition 8.17).
Hence the operator Bk is also surjective to the space Pk[XO]. Consequently, the operator Bk is a constant

times a unitary operator. □

Next, we determine the concrete value of the constant bk:

Proposition 9.2.

Lk(X,X) = bk · dimHk = 226 · Vol(S(P 2O)) · Γ(4k + 44 + 2ε)

28k+66+3επ4k+44+2ε
,

where the constant Vol(S(P 2O)) is the volume of the unit cotangent sphere bundle S(P 2O) of P 2O with
respect to the volume form

dσS(P 2O) :=
1

16!
· θP

2O ∧
(
ωP 2O)15∣∣S(P 2O)

.

Proof. Since Lk(X,X) =

∫
XO

∣∣∣ tr (X ◦A) ∣∣∣2k · e−2
√
2π||A||1/2 ||A||ε · ΩO(A) ∧ ΩO(A) does not depend on the

point X ∈ P 2O, we have

Lk(X,X) =

∫
XO

∣∣∣ tr (X ◦A) ∣∣∣2k · e−2
√
2π||A||1/2 · ||A||ε · ΩO(A) ∧ ΩO(A)

=

∫
F4

(∫
XO

∣∣∣ tr (g−1(X) ◦A)
∣∣∣2k · e−2

√
2π||A||1/2 · ||A||ε · ΩO(A) ∧ ΩO(A)

)
dvF4(g)

=

∫
XO

(∫
F4

∣∣∣∣ tr (X ◦ g( A

||A||

))∣∣∣∣2k dvF4(g)

)
· ||A||2k+ε · e−2

√
2π||A||1/2ΩO(A) ∧ ΩO(A),(9.6)

where dvF4 is the normalized Haar measure on F4.
The function

(9.7)

∫
F4

∣∣∣∣ tr (X ◦ g( A

||A||

))∣∣∣∣2k dvF4(g)

does not depend neither on X ∈ P 2O nor on A ∈ XO, since the trace function A 7−→ tr (A) is F4-invariant,

the group F4 acts both on the spaces P 2O and the cotangent sphere bundle S(P 2O)
τO∼= S(XO) transitively

and the Haar measure dvF4 is bi-invariant.
Let (X,Y ) ∈ T ∗

0 (P
2O). Put Ag(X,Y ) := g(τO(X,Y )), then

g(τO(X,Y )) = g

(
||Y ||2X − Y 2 +

√
−1⊗ ||Y ||√

2
Y

)
= g(||Y ||)2g(X)− g(Y )2 +

√
−1⊗ ||g(Y )||√

2
g(Y ).

Hence
τO

−1(Ag(X,Y )) = (X(Ag(X,Y )), Y (Ag(X,Y ) ) = ( g(X), g(Y ) ) ∈ T ∗
0 (P

2O).

The integral (9.7) is expressed as

1

||Ag(X,Y )||2k

∫
F4

∣∣trX(Ag(X,Y )) ◦Ag(X,Y )
∣∣2kdvF4(g)

=
1

||Y ||4k

∫
F4

∣∣∣∣ tr g(X) ◦
(
||g(Y )||2g(X)− g(Y )2 +

√
−1⊗ ||g(Y )||√

2
g(Y )

) ∣∣∣∣2k dvF4(g)
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=
1

||Y ||4k

∫
F4

(
1

2
||g(Y )||2

)2k

dvF4 =
1

22k
,

since

g(X)2 = g(X), tr g(X) = 1 , g(X) ◦ g(Y ) =
1

2
g(Y )

and we used the property

tr (X ◦ Y ) ◦ Z = trX ◦ (Y ◦ Z).

Now the integral (9.6) is∫
XO

∫
F4

∣∣∣trX ◦ g(A)
∣∣∣2kdvF4(g) · e−2

√
2π||A||1/2 ||A||ε · ΩO(A) ∧ ΩO(A)

=

∫
XO

1

22k
||A||2k+ε · e−2

√
2π||A||1/2 · ΩO(A) ∧ ΩO(A)

=
226

22k

∫
T∗
0 (P 2O)

||Y ||4k+28+2ε · e−2
√
2π||Y || · dVT∗(P 2O).(9.8)

where we used the relation (6.8). Then according to the decomposition of the space T ∗
0 (P

2O) ∼= R+×S(P 2O),
we can decompose the Liouville volume form dVT∗(P 2O) as

dVT∗(P 2O) = t15dt ∧ dσS(P 2O),

where dσS(P 2O) is the volume form on the unit cotangent sphere bundle S(P 2O). Finally we have the integral
(9.8) as

226

22k
·
∫
T∗
0 (P 2O)

||Y ||4k+28+2ε · e−2
√
2π||Y ||dVP 2O =

226

22k
·
∫
S(P 2O)

dσS(P 2O)

∫ ∞

0

t4k+28+2εe−2
√
2πt · t15dt

=
226

22k
· Vol(S(P 2O)) · Γ(4k + 44 + 2ε)

(2
√
2π)4k+44+2ε

=
1

240π44
· Vol(S(P 2O)) · Γ(4k + 44 + 2ε)

28k+3επ4k+2ε
,

and

(9.9) bk =
1

240+3επ44+2ε
· Vol(S(P 2O)) · Γ(4k + 44 + 2ε)

28kπ4k dimHk
.

□

Proposition 9.3. Since both of the transformations Ak and the restriction of the transformation B to the
space P[XO] (for short we denote it by Tk := B|P[XO]) commute with F4 action and the representation of
F4 on Hk is irreducible (see (8.24)), the composition Tk ◦ Ak on Hk|P 2O is a constant multiple operator
Tk ◦ Ak = akId and the constant ak is given by

ak = 26 · Vol(S15) · Vol(P 2O) · Γ(2k + 22)

2k+11 · π2k+22 dimHk

=
1

25π22
·Vol(S15) · Vol(P 2O) · Γ(2k + 22)

22k · π2k dimHk
.(9.10)

Proof. Let f ∈ Hk then by Corollary 7.9

Tk

(
Ak(f)

)
(X) · dvP 2O(X)

= 26q∗

(∫
P 2O

f(X̃) · {tr (X̃ ◦ τO(X, ∗) )}k · dvP 2(X̃) · e−
√
2π·||∗|| · || ∗ ||6 · dVT∗(P 2O)(X, ∗)

)
= 26

∫
P 2O

f(X̃)q∗

(
{tr (X̃ ◦ τO(X, ∗) )}k · e−

√
2π·||∗|| · || ∗ ||6dVT∗(P 2O)(X, ∗)

)
dvP 2O(X̃)

= 26
∫
P 2O

f(X̃)Kk(X̃,X)dvP 2O(X̃) · dvP 2O(X),

where we put the fiber integral as

Kk(X̃,X) · dvP 2O(X) := q∗

(
{tr X̃ ◦ τO(X, ∗)}k · e−

√
2π·||∗|| · || ∗ ||6dVT∗(P 2O)(X, ∗)

)
.
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The kernel function Kk(X̃,X) satisfies the property similar to the kernel function Lk(X̃,X):

(9.11) Kk(g · X̃, X) = Kk(X̃, g−1(X)).

Then by this property (9.11) that Kk(X,X) is constant and we have

tr (Tk ◦ Ak) = ak · dimHk = 26 ·
∫
P 2O

Kk(X,X)dvP 2O(X) = 26 ·Kk(X,X) · Vol(P 2O).

Since tr
(
X ◦ τO(X,Y )

)
= 1/2||Y ||2,

q∗

(
{tr (X ◦ τO(X, ∗) )}k · e−

√
2π·||∗|| · || ∗ ||6 · dVT∗(P 2O)(X,Y )

)
= (1/2)k · q∗

(
|| ∗ ||2k+6e−

√
2π·||∗|| · dVT∗(P 2O)(X, ∗)

)
.

If we choose a point X = X1, then the above fiber integral is expressed as

(1/2)k · q∗

(
|| ∗ ||2k+6e−

√
2π·||∗|| · dVP 2O(X1, ∗)

)
= (1/2)k ·

∫
q−1(X1)

||Y ||2k+6e−
√
2π||Y ||dβ0∧ · · ·∧dβ7∧dγ0∧ · · ·∧dγ7∧

∧db0∧ · · ·∧db7∧dc0∧ · · ·∧dc7,

= (1/2)k ·
∫
q−1(X1)

||Y ||2k+6e−
√
2π||Y ||dβ0∧ · · ·∧dβ7∧dγ0∧ · · ·∧dγ7∧dvP 2O(X1),(9.12)

where we express the integral using the local coordinates on W̃1 (see (7.5)) around the point X1 and the dual

coordinates (X,Y ) = (b, c, β, γ)←→
∑

i βidbi + γidci ∈ T ∗
X(W̃1). Then the integral (9.12) over the point X1

is

(1/2)k ·
∫
q−1(X1)

||Y ||2k+6e−
√
2π||Y ||dβ0 ∧ · · · ∧ dβ7 ∧ dγ0 ∧ · · · ∧ dγ7

= (1/2)k ·
∫
R16

(∑
βi

2 + γi
2
)k+3

e−
√
2π
√∑

(βi
2+γi

2)dβ0 · · · dβ7dγ0 · · · dγ7 =
Γ(2k + 22)

22k+11 · π2k+22
· Vol(S15).

Here Vol(S15) is the volume of the standard 15-sphere. □

Now we have

ak dimHk = 26 · Γ(2k + 22)

22k+11 · π2k+22
· Vol(S15) · Vol(P 2O) =

1

25π22
·Vol(S15)·Vol(P 2O) · Γ(2k + 22)

22k · π2k
.

Proposition 9.4.

B|Pk[XO] ◦ Ak =
1

25π22

Γ(2k + 22)

22kπ2k · dimHk
· Vol(S15) · Vol(P 2O) Id.

Corollary 9.5. The operator norm ||B−1
|Pk[XO]|| is given by

||B−1
|Pk[XO]|| =

√
bk
ak

=

√
V ol(S(P 2O)Γ(4k+44+2ε))

240+3επ44+2ε·28kπ4k dimHk

V ol(S15)·V ol(P 2O)·Γ(2k+22)
22kπ2k·dimHk

:= C(ε) ·N(k),(9.13)

where C(ε) includes only ε and N(k) is a function of k and

(9.14) N(k)2 =
24k · dimHk · Γ(4k + 44 + 2ε)

28kΓ(2k + 22)2
.

It is enough to see (9.14) for the behavior of the norm (9.13) when k −→ ∞ and for this purpose we
mention two properties of the Gamma function.

Lemma 9.6.

lim
k→∞

Γ(k + α1) · · ·Γ(k + αℓ)

Γ(k + β1) · · ·Γ(k + βℓ)
=

 +∞, if
∑

αi >
∑

βi,
1, if

∑
αi =

∑
βi,

0, if
∑

αi <
∑

βi.
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Lemma 9.7.

Γ(nz) =
nnz−1/2

(2π)(n−1)/2
·
n−1∏
j=0

Γ

(
z +

j

n

)
.

Then by Lemma 9.7

(9.15) N(k)2 =
244+4ε

√
2π
· dimHk ·

∏3
j=0 Γ(k + 11 + ε/2 + j/4)

Γ(k + 11)2 · Γ(k + 11 + 1/2)2
.

By the relation of the Poincaré polynomials PP (t) = PH(t) ·PI(t) (see (A.2)), the dimension of Hk is given
as

(9.16) dimHk = 24+k−1Ck + 2·24+k−2Ck−1 + 2·24+k−3Ck−2 + 24+k−4Ck−3.

Hence (9.15) is

N(k)2 =
244+4ε

√
2π
·
(
Γ(24 + k)

Γ(k + 1)
+ 2

Γ(23 + k)

Γ(k)
+ 2

Γ(22 + k)

Γ(k − 1)
+

Γ(21 + k)

Γ(k − 2)

)
×

×
∏3

j=0 Γ(k + 11 + ε/2 + j/4)

Γ(k + 11)2 · Γ(k + 11 + 1/2)2
.

Hence finally by Lemma 9.6 have

Theorem 9.8. (1) Let ε = −47
4 , then the Bargmann type transformation

B : F−47/4 −→ L2(P
2O, dvP 2O)

is an isomorphism, although it is not unitary.
(2) If −22 < ε < −47

4 , then the inverse of the Bargmann type transformation

B−1 : L2(P
2, dvP 2O) −→ Fε

is bounded, but and the Bargmann type transformation can not be extended to the whole Fock-like space Fε.
(3) If ε > − 47

4 , then the Bargmann type transformation is bounded with the dense image, but not an

isomorphism between the spaces Fε and L2(P
2, dvP 2O).

(4) Let ε ≤ −22. Then, for such a k that 4k + 44 + 2ε ≤ 0, the integral (6.9) does not converge, although
the Bargmann type transformation is defined for such polynomials. Hence by defining an inner product on the
finite dimensional space

∑
4k+44+2ε≤0 Pk[XO] in a suitable way, the Bargmann type transformation behave in

the same way as the case of (2) (see Remark 8).

Remark 11. The result in the above theorem differs from the original Bargmann transformation and other
cases of the spheres, complex projective spaces and quaternion projective spaces for which the Bargmann type
transformations are always isomorphisms ([Ba], [Ra2], [Fu1], [FY]) without a modification factor in the weight
for defining an inner product in the Fock-like space.

10. Some additional results

10.1. Reproducing kernel of the Fock-like space Fε. As an application of the explicit determination of
the constant bk we show our Fock-like space Fε has the reproducing kernel.

Since the operator Ak is an isomorphism fromHk to Pk[XO] and the operator Bk◦Ak ≡ bk, the composition
Ak ◦ Bk ≡ bk too. The kernel function (we put it as Rk(A,B), (A,B) ∈ XO × XO) of the composition

Ak ◦ Bk
bk

,

which is the identity operator on Pk[XO], is expressed as

Rk(A,B)

=

∫
P 2O (trX ◦A)k(trX ◦B)kdvP 2O · e−2

√
2π(||A||1/2+||B||1/2)(||A|| · ||B||)14+ε

bk

=

∫
P 2O (tr (X ◦A/||A||))k(tr (X ◦B/||B||))k · dvP 2O · e−2

√
2π(||A||1/2+||B||1/2)(||A|| · ||B||)k+14+ε

bk
.



42 KURANDO BABA AND KENRO FURUTANI

Hence the sum

R(A,B)) :=
∞∑
k=0

Rk(A,B)

∞∑
k=0

∫
P 2O (trX ◦A/||A||)k(trX ◦B/||B||)kdvP 2O · e−2

√
2π(||A||1/2+||B||1/2)(||A|| · ||B||)k+14+ε

bk
.

is estimated as∣∣∣∣∣
∞∑
k=0

∫
P 2O (trX ◦A/||A||)k(trX ◦B/||B||)k · dvP 2O · e−2

√
2π(||A||1/2+||B||1/2)(||A|| · ||B||)k+14+ε

bk

∣∣∣∣∣
≤ Vol(P 2O)240+3επ44+2ε

Vol(S(P 2O))
· e−2

√
2π(||A||1/2+||B||1/2)(||A|| · ||B||)14+ε ·

∑ 28kπ4k · (||A||||B||)k

Γ(4k + 44 + 2ε)
×

×
(
Γ(24 + k)

Γ(k + 1)
+ 2

Γ(23 + k)

Γ(k)
+ 2

Γ(22 + k)

Γ(k − 1)
+

Γ(21 + k)

Γ(k − 2)

)
This inequality implies that the series converges locally uniformly on the space XO ×XO and the function

R(A,B) is holomorphic there. So R(A,B) is the reproducing kernel of the Hilbert space Fε (ε > −22).

10.2. Geodesic flow and eigenspaces of Laplacian on P 2O. Let ϕt (t ∈ R) be an action on XO defined
by

XO ∋ A 7−→ ϕt(A) = e2
√
−1t ·A.

Then this is an interpretation of the geodesic flow action onto the space XO through the map τO.
Let p ∈ Pk[XO]. Then

(10.1) ϕt
∗(p · t0 ⊗ ΩO)(A) = e2

√
−1t(11+k) · p(A) · t0(A)⊗ ΩO(A).

Let p ∈ Pk[XO] and q ∈ Pℓ[XO] with k ̸= ℓ, then

Lemma 10.1.

(p, , q)ε =

∫
XO

p · q · g02 · ||A||ε · ΩO ∧ ΩO = 0.

Proof. The transformation ϕt
∗ on ΓG(L⊗KG ,XO) is unitary, hence

(ϕt
∗(p), ϕt

∗(q))ε ≡ (p, q)ε for any t ∈ R.

On the other hand

ϕt
∗(p · q· < t0, t0 >L ΩO ∧ ΩO

)
= e2

√
−1(k−ℓ)t ·

(
p · q· < t0, t0 >L ΩO ∧ ΩO

)
.

Hence (p, q)ε = 0. □

Let ∆P 2O be the Laplacian on P 2O. Then

Proposition 10.2. The geodesic flow action on XO and the action given by the one parameter group

{e2
√
−1 t
√

∆P2O+11} of unitary transformations consisting of the Fourier integral operators commute through
the Bargmann type transformation.

Proof. This is shown based on the data that the eigenvalues of the Laplacian ∆P 2O is given by k2 + 11k
and the Bargmann type transformation on each subspace Pk[XO] maps to Hk which coincides with the k-th
eigenspace of the Laplacian (Propositions 8.23, 8.24). □

Remark 12. Finally we mention that in a forthcoming paper the reproducing kernel above will be made clear
to relate with a differential equation satisfied by some hypergeometric functions and also a Töplits operator
theory on P 2O will be discussed.
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Appendix A. Appendix:Generating functions of Poincaré series

In this Appendix we consider the generating functions of the Poincaré series of

(1) the polynomial algebra : PP (t) =
∑

dimPk t
k,

(2) the algebra of invariant polynomials : PI(t) =
∑

dim Ik t
k and

(3) the space of the Cayley harmonic polynomials : PH(t) =
∑

dimHk t
k,

and prove the inequality :

(A.1) dim Hk+1 > dim Hk.

In fact, these formal power series converge for |t| < 1, which will be seen by explicitly determining their
generating functions.

The generating function PI(t) of the Poincaré series of the dimensions of invariant polynomials I =
∑

Ik
is determined as

PI(t) =
∞∑
k=0

dim Ik t
k =

∞∑
k=0

[k/3]∑
ℓ=0

([
k − 3ℓ

2

]
+ 1

)
tk =

∞∑
k=0

∑
i1+2i2+3i3=k, i1,i2,i3∈N0

tk

=
∑

(i1,i2,i3)∈N0×N0×N0

ti1+2i2+3i3 =
1

1− t
· 1

1− t2
· 1

1− t3
.

The generating function PP (t) of the polynomial algebra C[s1, · · · , sN ] =
∑

Pk is given by

PP (t) =
∑

dimPk t
k =

∞∑
k=0

N+k−1Ck t
k

=
∑

(r1,r2,...,rN )∈N0
N

tr1+r2+···+rN =

(
1

1− t

)N

, in which N = 27 for our case.

Let PH(t) be the generating function of the Poincaré series of the dimensions of Cayley harmonic polynomials,
then by Lemma 8.16 and Proposition 8.17

(A.2) PP (t) = PH(t) · PI(t)

and we have

PH(t) =

(
1

1− t

)24

· (1 + t)(1 + t+ t2)

=
∞∑
k=0

24+k−1Ck t
k · (1 + 2t+ 2t2 + t3) =

∞∑
k=0

dimHk t
k.(A.3)

Then

Proposition A.1. dimHk < dimHk+1.

This can be proved by the following elementary fact:

Lemma A.2. Let f(t) =
∑

akt
k and g(t) =

∑
bkt

k be formal power series with positive coefficients and
satisfies the condition that

for all n, bn ≤ bn+1.

Then the coefficients of the product formal power series f · g is increasing.

Proof. Since the n-th coefficient cn of the product fg is

cn =
n∑

i=0

an−ibi

cn+1 − cn = an+1b0 + an(b1 − b0) + · · ·+ a0(bn+1 − bn).

In the above expression, each term is non-negative by assumption so that cn+1 − cn ≥ 0. In addition if {bn}
is strictly increasing, then {cn} is also strictly increasing at least one of the coefficient being ak > 0. □
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Proof of Proposition A.1.

In our case, all the coefficients of the polynomial (1+ t)(1+ t+ t2) = 1+ 2t+2t2 + t3 are positive and the

coefficients of the power series expansion of the factor

(
1

1− t

)24

are positive and strictly increasing. In fact,

the k-th coefficient of the power series expansion of the function

(
1

1− t

)24

is 24+k−1Ck and strictly increasing,

since it is a generating function of the Poincaré power series of the polynomial algebra C[s1, · · · , s24] of 24

variables. Hence the assertion for our power series PH(t) = (1 + 2t+ 2t2 + t3) ·
(

1

1− t

)24

is proved. 2
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