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Fig. 1. Schematic figure for rich phenomena in nuclear systems.
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For more than half a century, the structure of '>C, such as the ground band, has been understood
to be well described by the three o cluster model based on a geometrical crystalline picture. On
the contrary, recently it has been claimed that the ground state of '2C is also well described by a
nonlocalized cluster model without any of the geometrical configurations originally proposed to
explain the dilute gas-like Hoyle state, which is now considered to be a Bose—Einstein condensate
of « clusters. The challenging unsolved problem is how we can reconcile the two exclusive
o cluster pictures of '>C, crystalline vs. nonlocalized structure. We show that the crystalline
cluster picture and the nonlocalized cluster picture can be reconciled by noticing that they are
a manifestation of supersolidity with properties of both crystallinity and superfluidity. This is
achieved through a superfluid « cluster model based on effective field theory, which treats the
Nambu-Goldstone zero mode rigorously. For several decades, scientists have been searching for
a supersolid in nature. Nuclear « cluster structure is considered to be the first confirmed example
of a stable supersolid.

Subject Index D11, D13



Field theoretical superfluid cluster model (SCM)

2
H= f d*x i) (—V— + Vex(x) — u) ¥ (x)
2m
| ~ ~ A "
+3 f Bx 3 YT T YU (| — XD g (), (1)

with Vex and U (Jx — x’|) being a mean field potential in which the « clusters are trapped and the
residual o—« interaction, respectively. We set h = ¢ = 1.

J(x) = £() + $(x), where the c-number £() = (0] (x)[0)

V2
{—2—+Vex(r)_.u*+ VH(F)}E(r):O: (2)
m

where Vi (r) = [ d*x’ U(]x —x')€%(r"). & is normalized with the superfluid particle number Ny as
[d3x |&()|> = No. The superfluid density is given by ps=|&(r)|*/No.
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The BdG equations describe the collective oscillations of the superfluid and are given by

[ (

where

L M Up Up
)

M(x,x") = U(]x —x"DEMEG), 4)

L(x,x") =8(x—

2
x') {—j—m + Vex(r) =+ VH(r)} + M, X)), %)
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Fig. 3. (a) The calculated eigenfunction (order parameter) & (') (dashed line) and its adjoint eigenfunction r(r)
(solid line) for the ground state of '2C. (b) The calculated superfluid density distribution p, of the SCM (dashed
line) and the matter density distribution p of the RGM cluster model adapted from Rels. [43,44] (solid line)
for the ground state.

The present study finds that the superfiuid ground state is stable with a condensation rate that is 5%,
giving similar energy levels to the GCM, RGM, and experiment, as shown in Fig. 2. This strongly
supports the view of a geometrical & cluster structure for the ground state with superfiuid density that
is sufficient to form a coherent wave. We note that the emergence of the coherent wave function due
to condensation in nature is possible even if the condensation rate is not large. In fact, it was shown
through systematic calculations [25] that BEC of « clusters like the Hoyle state occurs stably even
under a small condensation rate such as 20%. We also note that the superfluidity of heavy nuclei
occurs due to the Cooper pairs generated by a small number of nucleons near the Fermi surface
[54], as well the BEC of He Il with a condensation rate of approximately 10% [58]. It is useful to
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Fig. 5. Energy levels of '?C calculated in the nonlocalized cluster model (NCM) [59,60] with (a) Volkov force
no. 1 and (b) Volkov force no. 2 are compared with (c) the experimental energy levels [53], (d) the superfluid
cluster model (SCM) calculations, and the three boson model calculations using (e) the OCM [45] and (1) the
Faddeev model [46].
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number fluctuations of the « clusters are not taken into account. It may be called a pseudo-condensed
model because it involves the condensate component, which can be dominant in the Hoyle state. The
overlap of the GCM wave function WM of Refs. [41,42] with WNM is about 0.93 for the ground
state [48]. The ground state GCM (RGM) wave function, W9M (WRGMy of Refs [41-44], can be
represented well by a single WNCM(8) with a large overlap of almost 100% [51]. This means that
the GCM (RGM) wave functions based on the geometrical picture, Fig. 1(a), almost equivalently

involve the nonlocalized cluster of Fig. 1(b). In other words, W©“M has duality involving both the

crystalline, Fig. 1(a), and nonlocalized cluster, Fig. 1(b), nature simultaneously. Similar to pSM,

pNM may be decomposed as pNM = pECM + pEICM. Physically, pECM in Fig. 1(b) corresponds
to pS™ in Fig. 1(c). It is now clear that WM should not be regarded simply as a crystalline wave
function as it appears in Brink’s wave function since it involves the dual nature of crystallinity and
nonlocalized coherent wave structure via ps. A crystalline « cluster structure with superfluidity is

called a supersolid.



