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1. Intro. <

Goal & Direction : Classification of projective varieties
ofAG

·= 1 C : smooth proj curve (= Cp+ Riemann surface)
8(C):s of C

:= dicH(c
, (c)= di H'(c,

a)



↳

&
8=0

.

G = 1 82-C ellipte curre

= Qiart
. Po

ET

Mg : moduli of smoth prot ,

curves of genus f.
isom.

Class=

1geom.

Str. uttzEn

connected
.
dim =38-3 . quasi-projective-

-> invariat (genua) LI. In

modrli L513.

X : smooth projective var of dim.

H.

k(X) : Kodaira dimension -[ -0 ,
0
, %-- 1]
& u

Famo CetC Severae
etC
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·2 S : smouth projective surface.

Enriques - Kodaira classification

k = - * 8

oneliicthere
surface surface type

F(senon
End---

· (Noether inequality (
S : minimal prot, surface of general type

Then K** 2x(0s) - 6
(Noether - Horkawa surfaces)

(1976)
· Horikama classified S with K= 2x(0s) - 6

and describe their moduli spaces .
It



#

- Almostall such surfaces

admits genus & fibrations -

· (Castelnuovo inequality (
S : minimal proj, surface of gen . type

sit
.
canonical map is birational onto image

Then K*** 3 x(0s)-10.

(1990)
· Ashikaga - Konno classified such S

with Ks = 3 x(Ps) - 18
195

-> Almost all admits non-hyevelleic

genus 3 fibrations ·

-> study fibered surfaces of higher genus .



St
Lef./

1

let fis + B :=red surface of genus 8
Sasme curve

suj. morphism sit genera fidera

connected & genus 8.

Assume f is relatively minimal & g22.

We = Os (Kf) : relative canonical sheef.

(kf = ks-f*kB)

D
B.

Invariants- kI = g(wf)
2

S
=k - 8(g -1)(f(B) - 1)



↳

(
seem. Xf : = deff* lif

= x(0s) - (8- 1) (f(B) -1)

· ef : = X+p(s) - 418-1) (f(B) -1)

topolotyI =>(f(p) -X(F) (localization)
· 5 (s) : = signature of H(s,D) xHs

, D) + D.
/

· Woether) 12xx = KI + If

· CHinzebruch) a(s) = K - 8 Xf

: KE
,
Xf to ef, els)

· KE,
Xt

, ef -> Ze0.

KE , X+ = 0 # All fibers are smoth&som.

each other.

ef = 0 =) All fibers are smooth .



⑰)

off
Ihm (Horikawa 1977)

=> invariat Ind(f+(P) - Xzo (Horikawa index)
for genus 2 fiber germs f

+ (p)

st
. KE-2x1= Ind (f+(P))

for Ff : S + B : genus 2 fibered surface.

K-2X+ K*2x(0-

# Xiao
,
Cornalba-Harris 1987)

424) Xf for any fib,
surf f of genus f



↳

Im (Reid 1990)

=> invariant IndH(f+ (p) E Tzo

st
. KE-3Xf= IndH(f+ (p

for Y f = non-herelleic genus 3 fib ,
surf.

blem establish more sharper slope (ineq.

for "general" fibered surfaces.

Itwo method :

D use theory of algebraic surfaces.

(g=2
,

3
,4,5, hyerelic, --- (

good : can treat bad sing - fibers
bad : ad-hoc



&

② use theory of moduli of curves.

MgC Its : Deligne-Mumford CpEm .

moduli of stable curves.

fis -> B:stable fibered surf. of genus 8.
*F : velcano, model

-> Pe : B + Mg : moduli mai.

Pr [F+ (p)]
· =X

,
1 : live ball on Ag

st KE = de P
*K

,
Xf = defX

.

· If
I deor Hon Ag six.

H = -aix in Rc(t)
& His posite writ Pf. Lie,H)
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then OdeH = KE-aXf

: KE-aXf.

*↳ It In idea & EoYEn moduli steck

It Ug
*

n z+h
.

Let DEMs
fig + B isgeneral

:F (severa Fiber FTD.id
d

#Mainthm (E .
2023) DaMg : eff

. dir. with SDX4

There = Invariat Indd(f+ (p) -> D
823

.

s KE-112-spXf = IndD (f+ (+).
for FD-general seaue fib, surf .

f.



#

(ERE. get or f(p) reduce)
Moreover

, if f+ (p) satisfies Morsification conjecture
,

their Indd(f+ (p) - 0.
Y

· 8.2 ,
D =S th

Sp= 18. - Horikana's slokeeg .

· g = 3
,
D = [hxevel] &Ms

SD = 9 - Reid's slope eg.
/
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# Moduli stacks
.

tot (1) moduli stack E*23 a is ?

· FAD moduli of curves Mg
*

15

coarse moduli space I th.

· moduli stackIt universal family - FX :

U
*
-> Mr

*

family of curvesI moduli map

SEB 1 : B + Mg
*

back
of unifam-

· scheme C 112
,
moduli stack toEt

linebell
,
divisor , cycle etcSta.

A Aut
.

family of geom. obj .
to L15AE

.
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glueing offsch

in the zartop .
Schemes

1
intet.#p alg ,

spaces
as sheeves

Il Gifinite * X

[] +- X
in theET

.
top-

as fib-grapid,
DM stocks -> coarse moduli speces

1 t 1-g

inthe smoothtop
Artin stacks -> good moduli spaces

as fib, grospoid,
G : reductive - X

[X) + X
MFan1- MIFano

* Assor
, Alg Spaces & stacks .

· stacks project
· Alper

,
stacks & Moduli

· Khart
, Lectures on alg ,

stacks



#

&et C : category
.

#otherdreck topology on C consists of

a set Cor(C) of families of morphisms

with fixed target in C

(Cor(D-[Xi-XJie ig ofX (
satisfying the following :

(i) Y EX In => [Y = XT - Cor(C)

(ii) [Xi - XTift eCoV(C)I & Xij -> XiJeTiE Cor(D Fi

=> [xij - X: - XTize -> CovLC)
JEJ2

(iii) [Xr+ X YreI -Cor(C)
= Xixy = C

=>I+X : maph in C sit. [xixY +Y]i+ Cor(C)
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(C
,
Cor(C):

Example (1) X : top space-

Op(X) : category of open sets ofX :

obj : UXen

morih : UV inclusion

[U- UT : eCor(op() #U = U

(= ED .
(Op(X)

,
Cor(Op(x) It site .

Isall Zariski site of X (

(2) Si scheme.

Schols : category of schemes over 5.

[fi : X: -XYriskin covera



#

·E
fi:times-
&Xi -> X say ,

(sch/szon := Sch/s with Zar, covering
E T

(iski)siteoto (
# (1)

,
(2) in site toil TEAKE .

#
12 &

.

Lef C : site.

Iresheet ona functor- Set



↳

Psh(C) = Fun(C set)

F :C -> Set is a sheet

For
F covering EXitiXT of D.

natural map

F() -> EIF(xF(X
Il

[Cal eTTF(X)/ Prittan = Pra
*
ag

a + (fia) :
in F(x+ xx))

is bijective-

Sh(C) 1 Psh(C) : full subest of sheaves.

· This inclusion has left adjoint
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H : Psh(D)- + Sh(C)ifification

# +- FS

# IN CE (IT-EAALtin Prof itHtb)
↓em . Psh(C) has all limits & colimits

since so does Set :

(mF)(X) = em((x) - T (x)

(colmF)(X) = colm (F()) = H(X)
· Sh(C) has all limitsa colimits :

emFi = limit of Fi as presheaves.

colim Fi = (colimit of Fi as presheves)"
u

· Yoneda emb
.

h = 2- PSh(D) 1 limitY
X1- hx =Hom(-X)
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· morth of preshves E - F isrepresentable bya

:VXC .

*morthUx-
=>
Ye C st. Ex hY

.

Example X- Sch/s
.

ux : (Sch/s)* -> Set is a sheet on (Senslif

Y HomseM,
X)

(tor3* sheet in figc topology twid .)

e.8: Zariski covering V = UY:*ALZI.

HomGY, X) -> THomG , X) Hom (Ying, X)I EX +

Hi I
- Sch/shlsch/slad)
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Lef X : Isch/"- Set isanbraespent
:

(i) X : sheet in thetale topology,

(ii) diegond 0 : X-XXX is (XLXY
representable by sch/s,

& (iii) It : U + X : etale sur morphism
from a scheme O.

Rem . (ii) F morph
. 1/EX from seh.

is representable.

(E) YXzYXx8I (5)y/X- XXX X + XxX

·(iii) # Fmaph Y - X from sch
.
11FEh

.

UXY -> X is etche & sn of schemes
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· R : = uyu
in

Let
↓
it

: et
scheme

X

↑Inte UXU defines etale equivalence relation

S Tesch/s 1:Fr

R(T) = UC)
,XU(T)I = /(a,
b) = ULsxU(t)a +(a) = +m))inX(t)

equiv relation on UCT)

& R-UUU is etch

UK : sheet associated to a presheet
T- says" 1- UGYRLT)



↳2

-UKEX as sheaves.

Conversely, U
, R : schemes/s

R - UXU : Etche equir relation

Then sheet UK is an algebraic space.

# X : scheme/S
.

G : discrete group

Go X free actio.

X/G : sheet on Isch/glet ass,to a present

TH XG/G

It R : = GxX -> XXX Etche equn- vel.

(g, x) 1- (c
, g .x)

Itr). XG = X/R algebraic spece/s
Y

XFZMMscht
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· stack 1 - " t.

C : site.

sheet = functor F : C& -> Set
on C

with glueing condition

[Xi+ XT = (ov(C)

=> F(X) E, F([Xi- XY) in Set
u

Eg)[F(x)=[F(xXx)
steek on C =sendo - functor All-Cat.

Xy5z
- F : C& -> Groupoid

F(z)d F()) with glueing condition

1 F(XFEXXY)

equir. in Groupoid
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Iz: groupod : = category sit.

↑
maph. is isom .

set S It Fa
.
be &12th

Homs (a , 7) : =&PAa
groupsid :HE·

· Grothended construction · 2257 NE .

(right fibration (
Pseudo-functor Un

=
category fibredit

↑: Cop -> Groupad groupods
#G

Legui of (2. 1) - cat
.

)

# : = ((x ,x))Y
(X

,
x)[ (

,
1)

fiX +Y
,
8 : ch+f* in F(x)
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I
F : X 1+ P(X)

3
2 F

&- ()M(X)
dof)pubgof)*

Let P : # + C : functor of cat.

· morphism C : x+ - in Fr inCartesiall
84
: ↑z Fdef

I I I bP

P
=> FzeF -Fr .

Homp(z ,
x) -> Homplz, 2) x Home (P(z), Play)

is bijective .

Home(P(z), PLA))
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· P isared category over C

(orrtesian fibration (

: mark
. f : X-Y in C

def .

- Y FC with P(y) =Y

12th. p-cart .
morph

.

4 : x+ Y

S
.
t

. P(4) =f *Y

↑ (X) = = P'(X) : subcot

↑ T
(morph.

15 Q:CL+C six. P(e) = idx)
X =

~ functor f:() + F(X)

latback alongf) y #- x = fxy (x)

y + y 1 fxy + f
*Y

(t-y, (



Lis

·Pisa categoryfibred in genpoids over C

lotightfibration (

Pisa fib
, cat & #x - &

LI*Fr · E(X) it groupoid .

Example F : DP -> Set : functor

↑: cat s Obli = ((X,x))x]
=>
(f, ida)

(X,x) E (4,
2)

fix -Y in & with fNY = N

- F + Gi (X ,x) + X
f +f

is a cat
.

file in graupods.
# IEE



↳

↳ C : site .
P : T + & : fib

,
cat

.

· [xi + XT : = Cor(C).

descentdata wr .
t

.
P & [Xi -X]

is a Pair (Cli ,
Eistis)

,

die (Xi)
, Wij : Pre*C Es Pre*ap

in F(XiXXra
*

sor in F(xixXy *Xk), tre
↑(Xi) far cy-Y(Xy)

Priscik Prosprichie Pripra*Chr Pressf

Pr
*
Pre*&K & I* Pre*F (cocycle condition)
SI SI

PraPre*Ok Presi



↳

-photdescendatum(i),
Y:: Mi-C5 in F(Xi)

withPrice i, Prett
dis I It
Pratch- > Preox

Pre* 45

↑ (EXi+X3) : cat of descent datum .

natural functor F(X) -> F(EXIX])
is def. by + (fi, Gian (

eno : Prifi on Pre* fitor
Lano .

Nom



↳o

· P : -C is dent

: VEX-X] - Cor(D,

F(X) - F([Xi-X]) is cat· equi

· P : T - C isa

:E cat· fib in grapods a descent

Example (1) F-Sh(C) can be regarded as a stack
.

(2) C = (schys)fof

& loh : cat of pairs (X,
F)

X- sons
·
F : g-whishf on X.

(f
, 4) : (X,F) -> (Y

,
G)

fix+Y
,
6 : Fe f*G



4

& Con- > (sch/s/fepf is descent.
(X,
F) ↳- X (13) figc descent)

(quasi-coh a Gint - col
,

loc free
,
sheet of sets,

alg , space ,
etc + fipf descent (

#Grpd)
F:product is det . by

Obj : (X
,
<
,
4, 6) ,

Xe C
de F(x)

,
y - g(x)

4 : f(x) Es f(y)

(t, B)
in H(X)

morph : (X
,
x

.
%, 4) -> (Xi2, y: 4)
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2= x + x
, B = y + y

with fls) fl, fla)

Y =
G = /4

g(y) g(y)

-FG & a satisfies

univ Property.

InS (2-cartesiant)

Similarly , we can define a product Ex&.

· E, G
.
H : stock -> EQG : stack.

(m x2)
·

E steification of cat fib, in groupoids .

# S
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↓ It - schlsiseckona

stepente
by algebraic spaces

ie, V +Cyt : morth ,
from an alg . sp/s·( Ho -Zalfs .

(
(iii) =it : U -> E : smooth sury .

morphism

from a scheme U.

&em · (ii) #)
F mash

.
Y -> of from als.

Sp.

is neeble by alg. spaces.

· (iii)) Emph
.

Y + Et IKE . (UY algsp)



↳

*
Etche say . Vo USY from a scheme

sit
. VeUY - Y is smooth sury.

4 ↑ et
Letcel

schVie
·Vesch/s 1*V

-[S) = En (V
,
Ct) "2-Yoredalemma"

Y + (y +-)
Il

schXg
+

(TEY)- f&&

Glide - (v) Ect(

Y -> EXE) + (x,y) = x()) xx())
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present Tom (2,
4) : (sche - Set 1

# (,
1) (T) : =&HEY , DifPEfl

EASY
.

X Y Em (1)
* t ,(

i) objof ,

Y
(GB)

(T
,

z
, TEY

,
(2,z) Es (f*, fxy) (

(t)
- (TEY

,
BOTfEfXY)
- Esm(x, b) (t)

(T
,
f,f , (ide)) =- (f. C) it quasi- inverse

K
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It .
(ii) # Fyesch/s

Va
,
y - zt(X)) 12

# (6, 7) is an alg ,
space

/S
.

·It
,
I, Z : Artin stacks/s
Fz, Z : morh

=> At is also an Artin stack/s .

) (sketch) (i) Ok
.

(ii) (T
,

2
,
2, 4 : f(x) = g(41) == W

(T
,
x , 4@ = flail = g(5))=w

in t (T) L=*F ·



↳is

#om (w , w) = Em(s) X Isom (5 .
5)

#som (f(x,f(x)

ktaY . RHS It alg . sp/s n fib prod,

As alg .se

(iii) U + et
,
V + & : smoth surg.

from alg . sp/s

=> UV = als .SP/ ii).

UV- : Smooth surj
"

+
Example algebraic space X over $ It

Deligne-Mumford stack/s :

# = sch/x - sch/si N + X)+ ( + X + f)
() =Fast .

V
Ye soh/s



↳S

Conversely
,
any Arth stack /s

with Ct(Y) = Fa set Wesch's
is an algebraic space/g.

) functor X : Sch/s* -> Set EXEY

Y 1- f())/z

BEED natural functor ot -X is equir .

EitLh2rT
.

(ii) itA mono . by Verhysch
.

det of Arth stacks (ii)
.
Livi) As ( (iii) it Oh form unram.

byI
DM steek it

X 15 alg speee/s Y

# maph
.

It I A of Antistocks/s is representable
b cy . p

= fit farful as functors EEt.

1

Let C : site. G : sheet of groups on C.

Int
. G : C* -> Group sheef
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On G : sheet of sets on C

Iwith m : GXG -> G : multiplicationII : G + G : inverse

e : * -> G : unit

satisfying group axioms .

P
Il

· (P,P) isaforsor on C

· P : shet of sets onC

· P : GXP - P : action

st .* XeC
.

E

covering [Xi +X]
sir

.

P(X) = ↑ An .

· (P
,
1) : GXP = PXP isom

.

(g,x) 1> (g, x)
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· G-forsor P is

PEG : G-equitison

# Homshe (+, P) * *.

)
E1. * &PKD . G - P&

G(x) = P(X)igtex(x)KI
inverse &
right&acto G Elh · g)= (g . (l) (yu)- 1-

left action
=>4 : g! (x(x)

2 ExcE
= h-19)

4

· Morphismof G-torsors f : P - Pl

is a G-equi math of sheeves on C.

- TSOM
.
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Example G : smooth grap scheme/S.

: P - SincipaG-bundle (-*

GOP ,
it : Ginvariant fipf covering

& GXPEPXP isom.
&

(g ,0+ (g .C
,
s)

Then P is a G-torsor as Seale) sheaves.
is

Dim, isnetcl(
Princ

.G-bdl/g -> G-tosor/(S0/s)
) Pict alg.sp. E5c equir ( 4

#12 . G : affine arz. equiv



#

Lef G : smooth group scheme/s *

X : scheme/s
Low alg . Sp (

-natietsteckSideleda b
Tesch/a
P : Gi-torsor on (sch/et
&T as grupsch/l

# : GT-equi . morphe .

morph : (T
,
P
,
i) He (TP,
)

f :T-T :morth/s
4 : PE PXT =Non of G--torsers
! & ↓xide

XXT = XXT*T



⑬

[] + Sch/si (T,PH) +T
(f, e) +f

&op (X/] is an Artih stack/9 .

i) (Cat. fib,
in graupids to =()

Hind(

(U,PU,
x + (T

,
P
,
/) it cartesian morph.

↓ I

= T
Y

(stack to =k) [Ti -TJ : Etche covering

[X](T) - (X)([Ti-TY) equi. ED
·

((ti
,
Pr

,
ii)

,
2) - (Xa] ([TieTY)

8 : Pr & KiTE) E PENiXTj) GegUN .



#

sheet n etcle descent ED.

=

P : sheet on (sch/et

sit Pati = Pr.

l GTXP -> P action E

descert 12ds EED , ↑It GT-torsor YtB .

Gi-equirmorple .

It : P - X*T #

EXE

(STic Pi ,
Th)

,
rij) #-> (Pt) It quasi-inverse

Eib.

quotient morphism 8 : X + (X/G] &
.

(X
,
GX

,
GX +XYX) - (Xa](X) Int
(8 .x21- (gCLx) En 4 t5.



#

#ain (T, i) -> [*] 1*FV

P +T
ie, PeX
↓

<
XT(U) - (UU-X,

U-T
,
4)

4 : GUEPXU : Genui.

etbe/exide
Xu

↳ Yule) e P(U) .

Conversely, ne P(U) with . PET
(V, 96v , bla) , 4 : ge goul any
EXT(U) %



#

- 8 : X -> [X] it smooth swing .

- Civil

(ii) : T - [X/G]
,

T+ (XG) : morph
from sch.

l* Y : =TT also5
sm

sm

TPVI
↑P

-> Z : alg .
sp/s

.

1. R : =zz : alg .
sp. /S zE

R Zetcle sun

-Y ZR algspace/s (a descent



#

Rem .E a Claim ED-

GX, X

as

: GYX = XXX
[X]

GvX free act . [*] = X/G : als .
sp.

· I : stock in (Sch/slet

EX -> I : G-
invariat moth ./S

.

ine
, GXX Xb
X H



#

Then morph
.

E : [NG] -e

sit X Est

&
Moreover

,
ifY mosh

. T -et from sch,

X IT is a Gi-torsion
,

=> [Xc] = E :equir



⑭

· moduli problem

M : (sch/gi" - Set : moduli functor

M(T) = [ family of geom, objects over+ Y
(TE 0) + (M(U) & MHT) (

& Mesch/ s
.

Mehm ?

ELENECMI modelispace ofM

Int
.

55%

M(M) = hm(M) = Hom (M
,
M)

↑

-
>

UNIV .

mesaltar Hom(TM)
I T-Mulimap



↳0

unv
& -> TdM
M(M) = Hom(M

,
M)

! I ↓* !MIT) = Hom(T,M)

f
t

-- "Of

f = ** Univ . <E-

In fam of gam obj. 15 Uni- fam · a moduli map

1216 pullback EEE
·

#mple S = speck
.

Pe D(t] poly
.

Hilb : sch* - Set

THIZ @R
*
xT : closed sub 3#: flat

its to Hild, polyofP
fibers ofn



E

is representable by a projective scheme Hilbit

Ailbert scheme (

Living fine moduli space IFFEEL

Example* fine modeli space Mg of
smooth proj . curves of genus 8 ,"E ·

O

fi : Ci-+ ↑ (i= 1
.
2)

locally trival fidered bell with Fiber C-Mg.

fi : CXT +T trid

fa : non-trie +5

modulimaps:T -> Mg (12) It

L55E const
. map with value C .

↳
Y



↳2

52
.
modeli stock M+ Isch/glet

LiftLI22
.
It Artin on DM stack

&5 =4T finemoduliatt .

univ family in stack ICIT EE :

UIM : smooth covering from sehr.

- "fam of sear, obj" over U -> M(U)
H

Unive

R : = UU : als space U - M
re

Prunivu = Preunio in M(R)
4

universe fam. over" M(M)



↳3

# S = Spect (EveSpec)
condition of curves=* * 1.

*:Smootable Govenstein genus & curves

with very ample U-canonical linear system

(n>4 fix)kt3
·

1 + 2 = open condition

Us
* - Sch : moduli stock of X-curves

E
.

obj : (T
,
f : CATomfib.is * -Curve

f : C-T : flat fam of X-curves

morph : (T
,
f=<+)*f : c ->+)

GiT -+T : mapt .

p : C E CX,
T ison/t.

43
.



↳

#p Ma
*
is an Artic stack of fine -

) H*: schop-Set E.

H
* (T) : = ((f : c+T , w: 1

MT ison/ ↳

=IE
. N : = (2n - 1) (9-1) - 1

(f : C ++, 2) = If: C'+T
,
6)

# C EC compatible with 0 &0·
+bP/f
T

Pgn(t) : = (ant-1)(q-1)

=> x(curve) : Hilb
,
poly



↳

1
->
* -conditionatenness t))

Hilb
* [Hilbin : theexter subsche-parametrizing

*- curves embedded in IJN.

H
*
-> Hilb

*
to functorCLT.

(f : cet
,d)R↳

'EKEY,Hit relble by closel emb.

<E
.
FT - Hilb*: moth from sch.

L*t H*eT ->T : closed emb.

+
#* -> Hilb* +

7 - W * O z7



↳6

HT & T It .
local on T z

fw O = fxPe(1) EYEYE

↑W f*fxPc()I 64 (E) ken6 - oc)O-mop

want Bell closedbe a

↓T H* it quasi-proj scheme.

natural morph. H
*
- Ma

*
15

(CFT
,
2) H fiC +T

PGLN-Invenient ERY -

[H*/PGLN) = M& wid.

Y



#

# Intersection theory on Artin stacks
.

- : Artin steck ,
reduced

,

equidim'l

& of finite type/a field K.

i.e, EU - + E : smooth surf, from

a reduced ,
equidit & of finite type/.

(M*/n Mg *- reduce & ined comp.)
Lef
&me divisor on Et : = irred ,

a reduced closed substeck

of codim.
1.

(D-) LD-

~

Neil divisor on et: = finite R-linear combination

of prime divisors on Et.

D = ZaiDi weil dir. on It.



48

U- Ct : smooth morth. from a sche
.

1*FV

Du = FaiDir Weil dinsor on U.

E
.

U&, V :f *

sm.

X
**
/sm
C

Du = @*Dr Est5. 12 Intyt

family [DuJust It Weil drisor D on it
Si

S .

-rationalfunction f on et :=
E
dense open substack

(vegularfunction) I -

(de
sit f = it -># : morph.

(f = x+ ()
rational functionf on Et list-

trincipaldivisor dive (f) E
.

Weil drisor ILI



49

die(f) : Tumord)-
= [diru(flu)Juna

smooth

· sheet ont Tn?

Hetestet
atLis-Etlet) # a : 0-et smoot.

&GiaT - Cov(Lis-EtCet))
= ai : Vi +AtH · [U. FUT It

a = u+ 7 Etche covering of U.

( fipf site -IEE . (
Cf . stocks project.



↳

Example · 0 : (U-ct) 1 I regularfunctions on UY

Mu
, Ou)

Re : (U + Ct)+ rational functions on U3

It lisse- Etche sheet of rings .

it KER(Q : UHAvO(U) asheff .( Av = [ae0(U) i Xa : Or- Or in (
· CDN(E) : = Plot,** )

:=em
smoth

=Derdivisor on it Yup.

IE
.

D = [(Vi,fi)J ,

where



⑯

Un- et : shorte stUn Ex.

I fi : retrnd function on U:

with FvU : investible regular

+h
.

DW : = [divu(fiti:associated Weil divisor
· UHWDir(U) = [Weil divisor on US
It lisse - etch sheet of abelian groups.

WDiN IEE.

WDin(t) = T(et, WDNA) is

the group of Weil divisors on ot.



⑫

· CDN(e) -> WDit) : D -DW hom
.

# A normalNYE. injective-

4

Let W : i retible O2-module

orthebundle on At

= Lis-Etcle sheet of Re-modules
def
st f = U -V 1: LIWlu

isom
.

·

E smooth covering [U : - ETi

sit
. Wlu = Our

(W
,
z

, 8):sendo - divisor on t /Fion)
·Sit W : invectible Ro-module

& Eet : closed sub .
(z=zenJ)

S : Cze WeR : Yom



↳

Carter divisor D =T/Ui
,
filTo 1= **U

·

Pseudo-divisor (C(D)
,
SupDW

,
Sp)Ed :

where CLD) : live ball on et

det by RLDIU:
= Or:fil Fr.

SD : Urtid : PilsuD Es Walsund fit
↳its Es isom .

investible

Rem Pict) = H'(stizet, O
: the group of isom classes of line balls on t.

#cardgroup oft (

CDibt) -> Pic(E) : Dre CLD)

is induced by 0- - K - R +0

Lexact)



#

tem (2 , , s) : Pseudo-divisor.

Assume ZEA nowhere dense or

- contains a dense open subscheme of ECt

Then Carter divisor D s .t.

SuppDEZ & OLD) = W
S 8

.

Y

:/ It : meducible-

smooth covering [U2 ->JieI sit
.

E : O E Gluea.

Voi=z
,

Yo : = 3 : Que E Wo.

ItiC
.

EakE
.
We usual 1

.

b. Zar. loc. N.

1)
. Vo Get dense open st. QoklioI
ItuB

(



#

Gij :=Glu : Our E Wit : trans funct

I Vij : = Vie Up
,

1
.5 - [V90] ·

Vio Un open with

fi : = Gr <N (Opo) I rational function
on Ut

katte
.

&= fix ,i -I tJ
D = = [(Vi,filJieF It Cartier divisor ont

TEK
.
COLD) Eh
S 78 Y

f : # -> # : morth of Artine stocks/k.

D = (W ,
z , s) : Pseudo-divisor on Et



⑯

↳r · f*D : = (f*h ,
f+ (z)

,
f*3) 15

Pseudo-divisor on 1.back of D

D it Cartier dir . aE

f+ (SuppDW) @ A nowhere dense

or I has dense open subserv . ARE

Lem +25 f*D it Carter divison YatE.

(i it
, up to linear equivalence [EB)

· functorial divisors

IE
. alg space X It reduced ,

equidiml,

offinitetype/stilocallygrasi-separated
B

. ( X
=* UXi = zaroten covering(sit.xi quasi-compact

=>
*
XEX : deuse open subsche .



#
(D)

D = (z, [DBTB-r) :Functorialdivisor on I

:E
· Ze : nowhere dense closed sub .

(
· P : B - E : morph ,

from an alg .
speceB

12*Fr . DBEAdimB+ ((z) R

7. (z) &B nowhere dense ac

Dis It divisor on B with support & (z)I KEEnk· dense to Comp.= dir Class (
up to linear equivalencee.

Sit compatible with alteration pushforward,

flet pullback & Gysin pullback .

74 : B+B : alteration of same deg ,

of
Cresp .

flat morph, regular closed immersion)



↳

12 r · UxDB = &DB

( resp. Y
* DB = DB (: DB = DB' Y

Dit effective :p : B -E with

(2) nowhere dense

:Dr . DB 10 .

Do : =EDUYuissociatedWeil diviora

Example it :A- : representable proper flat

morph. of rel. dim. It betw
.
Artic stacks.

E --

- Enth : Carter divisors on A

st Z :=(suppE) codim]



↳

Then D := (E · ----En) It
.

P :B-in C + A (Crten)
# - b (
BH

DB :=** (Eilc - --- Ema) KLZ

functorial divisor (2
,
[DBYBA)

2  3
.

U= 0, it = idLl . #12 Carter divisor 15

functorial divisor zE3
.

Y
(Effectivitythm YFz)

Imm of it regular in codim.

!BE.

zakE functorial divisor D on Et 15

effective # ass
.
Well divisor Dot 15 effective.



⑳

· litike
,
chark= o nElF5

·

(Chark > o net alteration & AT u2G)
(E) LIDADENE . (E) LETEL .

P1OBE .

-
p = B + 2 :morph . Si

t. (2) & B
nowhere dense

l* DB10 EYD.

it : U - C : smoth sury .
morth, from scho.

Bu- U It Bu it Zaube
.
Gusep.

B + ↓# 15 Earlie 8-sep. toLi

B - C I =get & U:zabd I
Enz3

.

Step

DBU= DB ZEY DBUZO trit

DB -0 tarE
.



↳

BE Bu La Etche C .
) 12 xiQ2

-

B = y

↓
- : U- U ,

4 : B +B : resolution of sing

E BWk43.

B
DB=aD AD DB10 Entr .

B Ult non-singular ED . 4 It loc .
comp.
int

( B'I4BxU0(reg , closel
imm

↓T DB = 4
:Dr'

-



#

E DO 10 ZulU
.

* TED DU -O EEB
.

CGU : + - vertical curve

2- C : Kommir. =CU
66 It

Steck'- U

Inte Do : C = degr
: Dus

=> defDe = deg * Dsteel = 0
.

: Do'l t-numerically trivial .
#-Do it t-net .

tit negativity lemma %. Dr10



#43

#.
Horikawa index IndD (IF./

.

(
# ICT ,

* = local complete intersection curves of genus&
with very ampe n-cano .

li
. sys . (n)

Cresp reduced &- Ch.
fix

M Crest . Mree) : = reduced a red. comp of

M containing Mg
kTiS .

MsMr non-separated&

smoth by defam (bysem soDM stacks mem

Lem f : S + B : fibered surface of genusf.
Then welcano

.

model F : 5 + B belongs to Mater



14

autologicalclass

it :H-M : universal family
Wit = 0(a) : relative dualizing sheet on Me
X : = det:ge line ball .

locfree ofrank8.
K :=(k)Morita- Numford class

IAJI functorial drisor onM42h3·
· velmin

.

Fib
,
surf

.
f : S-B of genus &

* F : 5 + B + P : B - Mer
142K = def KB

Xf = des XB

ef = def (12XB - KB)



15

S : = M/Mg : ecundarydivisor onMg

=> :Med decoup 1

simpl , normal crossing.

80- [4]
, dis[:) (iz1)

·(Harer, Moriwaki) PicLEgp is generated by
↑, do

,
--- Get freely 1923)I with one relation (8=2)

181= So + 201

· (Noether) 12x = k + J

HE
- 823 K BE

.

DG Mg : effective divisor
.

E fix.

5 = ax-bid in Pict



11

for Ea
,
bi<0.

SD : = & ,
bi= minEbiJ.

K-(1-SD)XD+ (bi-b)(i)
on Ag

-E rational function I on Mer
=
g- D

.

=
S : D-divisor with support &Mr MS

sit
. K-(12-SDX + g . div(Q)

=u[(bi-b)(i) + S'on Mlei
ass. Weilda

LHS It functorial drison Kathe
-

IHE HDY
.



(4)
(velmin, gens it )

<

let D-general fiber germ f : S + (PEB)
17 *Fr - Arikawaindex IndD (f+ (p) 1.

F : 5 + (PEB) : welcano. model

- P : (PEB) ->M : moduli map

Indi (f+(p) : = CoefpHDB

· f : S + B : D-general fib ,

surf
.

12FV·

KE-(12-SD) X + = deg (kB - (12-SD) XB)
=> desHDB = [Indp(f+ (p)

PEB

A
-

- Maint*inItz
-



#

& Hp it effective ?
Geys20 ? )

ELIG EL +is
. EffectivityThe Al

Inda(f-(p) 10 An2S.

It Marler -> tr5 ELn :

Imm codim(Me (E) = 2.
IHE

· D-general fiber germ f+ (p) It

# (p) reduced acE
.
Indd(f+ (p) 10

.

+3
.

· Morsification con] .

f : S - (PCB) : fiber germ.

& Etche local 1235
.
/



149

-littingdeformation of f+ (p) KIt.

$ (pel) t (ofT) sit

flatfam. Smooth
Sm smoth

Curve
of precurves

surf
.

fo : $o + (peBo) = f : S + (+ (B) .

For tot ,

- :-1 may have

many singular fibers F1
,

-- Fl.

#$
"

f+(p -- F+ - - + Fe

/T B

↓

-T



⑳

· (Morsification Con]
·

Xiao-Reid (

Any fiber germ is splittable into (2
.
7)1- 22. %

stable fiber germs with one mode G , X

& smote multiple fiber germs. 1 Ch

↓ finitely many splitting deformations

(f(p) ---
* F+ ----Fe

,
Fr as above (

tem · 825 OK (Takamura)
876 oper .

· F+(p) reduceda OK.
.

( codemMig =2 Mar smoth2 (
tlrE

.



↳

Lem (deformation invenience of Indd)

& I (PEIBIE (0-T) : splitting deformation
of f+ (p).

Ther Indp(f+(p) =[ Indd(E(f)
Get

for-T suff . near 0 Y

< # : $ + (P@1B) : rel, cano
·
model of

- (pelB) ->Mr : modeli map.
I I regular imm . ED -

HDB = LHD
.
B .

TED , In degree it

teT suff. near O E -E .

Est

Ind(g) = de Hot = des Halo= Indi



↳

· semisable reduction in

f : S + B : fibered surface .
(B not nece proper

f : s->B : its semisable reduction

the
B f: semisable ·

finite N = = des 9.

Their moduli maps are

BXf
Met- Ms



↳

- K(f)-#YxIB)= (k) - P

X() - # * Nils)=(+) - P

ci(f+ (p) ,X(f+ (p)ischere inveriot
&perties (1) Cilf+ (p)

,
x(ft(p) -0

.

Es f+ (p) semisable

(2) (i(f+ (p)
, X(f+ (p) are topological invariants.

( can be written by the date of topological monodrimy)
(Ashikaga (

(3) Ci(f+ (p)
-

> 8 x(f+(p)

=) f(p) = m -C
,
C: nodal curve ·



↳

tem (comparison formula of Indep for semistred.

Indp(ft(p)=E Indefi (g)
g -G (p)

+ C(f+(x)) - (12- Sp) -x(f+ (x)

Poof Martin

Morsification Cont .

F5 D-gen .fib. germ f(D) 12**V

End (f+ (4) -O Ether

deformation invariance of Indb AY

A f+ (b) It stable with one mode

or smooth multiple fib germ.

* I Hi i Mg - effective #y 0K?

akE
, f(p) = m .C It



↳

with exclic covering B' + B branched at P
T

11) semistred
. f = S'- + B with t smolth

AYNE tit comparison formula AY-

Indp(f+ (p)= Indp(fi (g) + (i) f(x) - (12- SD)x(f(x)
Il

8x(f+(p) by (3)
ET SDX4niE. Indp(fp) 10.

/

Sg :=infSD.
#now · gI11aKE . Sqn Sg =SDED

ligy S2 = 10
,

So = 9
,
St= 8, Si = Su=

(D = (1)

· [Dg] sit
. Spg -6 (g + X) .



L

· (Farkas- Morisson Conj) SD > 6 #DC Mg.

Application

- (partial answer to Lu-Ten's Conj. (
f+ (p) = Morsification Conj ,

75 fiber gera 17 *F

Ci(f+ (p) = X(f+ (p))
·

if semist red.

+ SiB-= S + 43
.

-f
-BEB
↑ = g

· (Cornalba-Harris) D = ax-b8 onMg It
ample = b> 0 & SD = & > 11 .



L

HEY
.

Vaso 1 FU general amoe eff.

R-dir . Da E
.

(F8] # Da & Spa = 11+E

Y
.

comparison formula Ey.
->jy E]D

Indpa(f(x)= Inddalfi(a)

b + ci(f+ (p) - (1-3)X(f+ (p)
.

- cilf+ (p) = (1-a)X(f(x)

Ci(f(p) = X(f (p)) .

/



La

MEDIE
. C : smo prog , carve

otAut(C) 1 -

On "e" (C- Coninn-7)
it In "Speciality" ([C] -Main

lens Dintbal
(1) #4ENE WEZE

.

E C : genus3 curve. with o At(C).

sit
.
order of 0 = 1)

· C - Col -k + 1+5

normin ↑7-cyclic an)
C'

=> C : hellottic Y


