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Abstract

• ηϛφʔߨԋͷલ൒ͷεϥΠυ;
• .ɾ౳࣭ۭؒͷू߹ϨϕϧͰͷೖ໳༺࡞܈

͋Β͢͡

• ू߹͕౳࣭ :⇔ ;༺࡞ʹਪҠత͕܈
• ౳࣭ͳू߹͸ G/K ͱॻ͚Δ;
• :ຊతͳྫج ,໘ٿ άϥεϚϯ, ,ض ...
• ,଄ͷू߹΋ߏԿز ଟ͘͸౳࣭.
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༺࡞܈ - (1/3)

ҎԼ, G ,܈ M ू߹.

Def.
Φ : G ×M → M , g .p := Φ(g , p) ͕ ༺࡞܈ :⇔

• g1.(g2.p) = (g1g2).p (∀g1, g2 ∈ G , ∀p ∈ M);
• e.p = p (∀p ∈ M).

Λ༺࡞܈ G ! M Ͱද͢.

Ex.

• GL(n,R) ! Rn by g .v &→ gv ;
• O(n)× Sn−1 → Sn−1 (্ͷ੍ݶ);
• GL(n,R) ! Gk(Rn) naturally;
• SL(2,R) ! {z ∈ C | Im(z) > 0} by “Ұ࣍෼
਺ม׵”.

Gk(Rn) := {V : k-dim subspace in Rn} : άϥεϚϯ.
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༺࡞܈ - (2/3)

Def.
G ! M , p ∈ M ʹର͠

• G .p := {g .p | g ∈ G} Λ ಓي (orbit).

Ex.
O(n) ! Rn ʹର͠,

• O(n).0 = {0};
• O(n).e1 = Sn−1 (୯Ґٿ).

Note
G ! M ʹର͠,

• G\M := {G .p | p ∈ M} Λ ;ಓۭؒي
• ྫ: O(n)\Rn ∼= [0,+∞).
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༺࡞܈ - (3/3)

Def.
༺࡞܈ G ! M ͕ ਪҠత :⇔

• ∀p, q ∈ M , ∃g ∈ G : g .p = q

Prop.

o (∈ M) .ఆݻ ༺࡞܈ G ! M ͕ਪҠత ⇔
• ∀p ∈ M , ∃g ∈ G : g .o = p.

Ex.

• GL(n,R) ! Rn ͸ඇਪҠత;
• લทͷଞͷྫ͸શͯਪҠత.

Proof
O(n) ! Sn−1 Λࣔ͢.
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౳࣭ۭؒදࣔ - (1/2)

౳࣭ͳू߹ ⇒ G/K ͱॻ͚Δ.

Def.
G ,܈ K ෦෼܈ͱ͢Δ.

• g ∼ h :⇔ g−1h ∈ K ;
• G/K := G/ ∼ Λ G ͷ K ʹΑΔ ৒༨ू߹.

Note

• ∼ ͸ಉ஋ؔ܎;
• ಉ஋ྨ͸ [g ] := {h ∈ G | h ∼ g} = gK ;
• K ͸ਖ਼ن෦෼܈ͱ͸ݶΒͳ͍.

Prop.

G ͸ G/K ʹ࣍ͰਪҠతʹ࡞༻:
• g .[h] := [gh].
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౳࣭ۭؒදࣔ - (2/2)

Def.
G ! M , p ∈ M ʹର͠,

• Gp := {g ∈ G | g .p = p} Λ .܈ఆ෦෼ݻ

Prop.

G ! M ਪҠత, p ∈ M ͷͱ͖͕࣍੒ཱ:
• G/Gp → M : [g ] &→ g .p ͸શ୯ࣹ.

ࣔ͢͜ͱ͸ʮwell-definedʯʮશࣹʯʮ୯ࣹʯ.
ͦͷ͏ͪਪҠతΛ͏࢖ͷ͸ʁ
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ຊతͳྫج - (1/2)

౳࣭ۭؒදࣔͷٻΊํ

• ਪҠతͳ࡞༻ G ! M ΛબͿ;
• ఺ p ∈ M ΛબͿ;
• ܈ఆ෦෼ݻ Gp Λܾఆ.

Ex.
໘ٿ Sn (⊂ Rn+1) ʹରͯ͠

• e1 ∈ Sn ΛબͿ;
• Sn = O(n + 1)/O(n);

• ͨͩ͠O(n) := {
(
1
α

)
| α ∈ O(n)}.

• Sn = SO(n + 1)/SO(n) ͱ΋දͤΔ.
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ຊతͳྫج - (2/2)

Ex.
άϥεϚϯ Gk(Rn) ʹରͯ͠

• V0 := span{e1, . . . , ek} ΛબͿ;

• Gk(Rn) = GL(n,R)/{
(
∗ ∗
0 ∗

)
| size
(k , n − k)

};

• Gk(Rn) = O(n)/(O(k)× O(n − k)) ΋Մೳ.

Ex.
1 ≤ j1 < · · · < jk < n ʹର͠,

• subsp ྻ V1 ⊂ · · · ⊂ Vk (dimVi = ji) Λ ;ض
• ߹શମͷूض F(j1,...,jk)(R

n) Λ .ଟ༷ମض

ྫ͑͹ (1, 2) Λ͑ߟΔͱ,
• F(1,2)(R3) = O(3)/(O(1)× O(1)× O(1)).
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߹଄ͷूߏԿز - (1/2)

Ex.

• Mn := {〈, 〉 :ਖ਼ఆ஋಺ੵ on Rn};
• ࣍ͷ GL(n,R) ! Mn ͸ਪҠత:

g .〈, 〉 := 〈g−1(·), g−1(·)〉;

• Mn = GL(n,R)/O(n).

• Rem.: ͷఆٛࣜ͸༺࡞ g−1 Ͱͳ͍ͱࠔΔ
(ࠨ)) .(ͳΒͳ͍ʹ༺࡞

Ex.

• Mp,q := {〈, 〉 :ූ߸ (p, q) ಺ੵ on Rp+q};
• ಉ༷ͷ GL(p + q,R) ! Mp,q ͸ਪҠత;
• Mp,q = GL(p + q,R)/O(p, q).

• Rem.: O(p, q) ͸ෆఆ஋௚ަ܈.
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߹଄ͷूߏԿز - (2/2)

Ex.

• Symp(R2n) := {ω : R2n×R2n :ඇୀԽަ୅};
• ࣍ͷ GL(2n,R) ! Symp(R2n) ͸ਪҠత:

g .ω := ω(g−1(·), g−1(·));

• Symp(R2n) = GL(2n,R)/Sp(n,R).

• Ϧʔ্܈ͷࠨෆมͳزԿߏ଄ͷڀݚͰ͸,
͜ΕΒͷۭ͕ؒຊ࣭తͳ໾ׂΛ୲͏.

• ...൒ʹଓ͘ޙ
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