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ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

֓ཁ

I: Χϯυϧͷ߲ࣄૅج

• ू߹ͱͯ͠ͷରশۭؒ
• Χϯυϧ (ରশۭؒͷҰൠԽ)
• ෇ਵ͢Δ֓೦: ม܈׵
• ෇ਵ͢Δ֓೦: ෆมྔ

II: Χϯυϧͷߏ੒ํ๏

• ෦෼Χϯυϧ
• άϥϑʹΑΔߏ੒
• Χϯυϧ֦େͷߏ੒

Based on many joint works (particularly with students)



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

I-(1): ରশۭؒ - (1/5)

͜͜Ͱ͸ʮू߹ͱͯ͠ͷରশۭؒʯΛ঺հ

Def. (ରশۭؒ)

(X , s) : (ू߹ͱͯ͠ͷ) ରশۭؒ
:⇔ X : ू߹, s : X → Map(X ,X ) Ͱ͋Γ,

• ∀x ∈ X , sx(x) = x ;
• ∀x ∈ X , s2x = id;
• ∀x , y ∈ X , sx ◦ sy = ssx(y) ◦ sx .

ʮଟ༷ମͱͯ͠ͷରশۭؒʯʮϦʔϚϯରশۭؒʯ
͕Α͋͘Δ͕, ͸๨ΕΔྔܭ଄΍ߏճ͸ଟ༷ମࠓ

Ex. (ϢʔΫϦουۭؒ)

Rn ͸࣍Ͱରশۭؒ: sx(y) = 2x − y . [
SinSez)

= ScoSalz

X

in
Sy(z)
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I-(1): ରশۭؒ - (2/5)

Ex. (໘ٿ)

Sn ͸࣍Ͱରশۭؒ: sx(y) = −y + 2⟨y , x⟩x .

sx ͸ંΓฦ͠. ҎԼͷಛผͳ৔߹ͱͯ͑ߟΑ͍.

Ex. (࣮άϥεϚϯ)

Gk(Rn) := {V ⊂ Rn | V : k-dim ෦෼ۭؒ}
͸ “෦෼ۭؒʹؔ͢ΔંΓฦ͠” Ͱରশۭؒ.

ંΓฦ͠ rV : Rn → Rn :
rV (v + w) = v − w (for v ∈ V , w ∈ V⊥)

Ex. (༗࣮޲άϥεϚϯ)

Gk(Rn)∼ := {V ⊂ Rn | V : ༗޲ k-dim ෦෼ۭؒ}
͸ ”ΊͨંΓฦ͠ࠐ΋͖޲“ Ͱରশۭؒ.

:ಉ͕͖͡޲ ਖ਼͕ࣜྻߦͷྻߦ׵ఈͷมج
Note: G1(Rn+1) = RPn, G1(Rn+1)∼ = Sn.

Ex.

• (e1, e2) := (Span {e1, e2},͜ͷجఈͷ͖޲)
• s(e1,e2)(e1, e3) = (e1,−e3) (=: −(e1, e3))
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I-(1): ରশۭؒ - (3/5)

άϥεϚϯ͕ରশۭؒͷূ໌ (i): ઢܕ୅਺త

Prop.

rV : Rn → Rn : ෦෼ۭؒ V ʹؔ͢ΔંΓฦ͠
⇒ (1) rV ∈ O(n),

(2) ∀g ∈ O(n), g ◦ rV = rg(V ) ◦ g .

Proof of (2): V ্ͱ V⊥ ্ͰҰக͢Ε͹े෼.

(෮श: ৚݅ (S3)) ∀x , y ∈ X , sx ◦ sy = ssx(y) ◦ sx .

άϥεϚϯ͕ରশۭؒͷূ໌ (ii): ࿦త܈

Def. / Prop.

(G ,K , σ) ͕ ରশର
:⇔ G ,܈ K ෦෼܈, σ ∈ Aut(G ),

σ2 = id, K ⊂ Fix(σ,G )
⇒ G/K ͸࣍ʹΑͬͯରশۭؒ:

s[g ]([h]) := [gσ(g−1h)].

ҙຯ: s[e]([h]) = [σ(h)], s[g ] = g ◦ s[e] ◦ g−1.

(g] [h]

s
[e]

up
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I-(1): ରশۭؒ - (4/5)

Ex.
G = Rn (Ճ๏܈), K = {0}, σ(g) = −g

⇒ ௨ৗͷ఺ରশ (sx(y) = 2x − y) ͕ಘΒΕΔ

(Ex.) sx(y) = xσ(x−1y) = x + σ(−x + y) = 2x − y

Ex. (༗࣮޲άϥεϚϯ)

G = SOn, K , σ ͔Β Gk(Rn)∼, ͨͩ͠

K :=

{(
α

β

)
| α ∈ SOk , β ∈ SOn−k

}
,

σ(g) :=

(
Ik

−In−k

)
g

(
Ik

−In−k

)

੒͞Εͨ΋ͷ͕ߏ Gk(Rn)∼ Ͱ͋Δ͜ͱ͸࣍ท

Ex. (࣮άϥεϚϯ)

্ͷ K Λ࣍ʹऔΓ͑׵Δͱ Gk(Rn):

K :=

{(
α

β

)
∈ SOn | α ∈ Ok , β ∈ On−k

}
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I-(1): ରশۭؒ - (5/5)

ಉܕͷ༩͑ํͷઆ໌

Prop.

G = SOn, K , σ : ઌͷ΋ͷ
⇒ F : G/K → Gk(Rn)∼ : [g ] -→ g .(e1, . . . , ek)
͸ಉ૾ࣸܕ (શ୯ࣹ & (଄Λอͭߏ

શ୯ࣹ: ͏࢖ͷҰൠ࿦Λ༺࡞܈
:଄Λอͭߏ

Prop.

্ͷྫͰ
• F ◦ sG/K[g ] = sGrF ([g ]) ◦ F

Sketch of Proof
sG/K :

• σ Ͱఆٛ͞ΕΔ
sGr:

• ఺ݪ o := F ([e]) = (e1, . . . , ek)
• sGro = diag (Ik ,−In−k)

• σ(g) = sGro ◦ g ◦ sGro
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I-(2): Χϯυϧ - (1/4)

Χϯυϧ: ݁ͼ໨ͷڀݚΛग़ࣗͱ͢Δ୅਺ܥ

Def.
(X , ∗) ͕ Χϯυϧ
:⇔ X : ू߹, ∗ : X × X → X Ͱ͋Γ,

• ∀x ∈ X , x ∗ x = x ;
• ∀x , y ∈ X , ∃1z ∈ X : z ∗ y = x ;
• ∀x , y , z ∈ X , (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).

Note

• ৚݅ 2 ͸ʮ(∗y) : X → X ͕શ୯ࣹʯ
• ͸߸ه ∗ Ҏ֎ʹ΋͍Ζ͍Ζ: x $ y , xy , ...
• ্ͷࡾ৚݅͸, ݁ͼ໨ͷ Reidemeister มܗ
ͱରԠ



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

I-(2): Χϯυϧ - (2/4)

Prop.

(X , s): ू߹ͱͯ͠ͷରশۭؒ
⇒ y ∗ x := sx(y) ʹΑͬͯ (X , ∗) ͸Χϯυϧ

Def. (Χϯυϧͷ͑׵͍ݴ)

(X , s) : Χϯυϧ
:⇔ X : ू߹, s : X → Map(X ,X ) Ͱ͋Γ,

• ∀x ∈ X , sx(x) = x ;
• ∀x ∈ X , sx શ୯ࣹ;
• ∀x , y ∈ X , sx ◦ sy = ssx(y) ◦ sx .

Ex.
ਖ਼࢛໘ମͷ௖఺͸ʮࠨ 120◦ ճసʯͰΧϯυϧ
ਖ਼ീ໘ମͷ௖఺͸ʮࠨ 90◦ ճసʯͰΧϯυϧ

·is ·2

So = (123) 2

x
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I-(2): Χϯυϧ - (3/4)

Χϯυϧͷߏ੒ํ๏ 1:

Def.
(Q, s) : Χϯυϧ, A (⊂ Q) ͕ ෦෼Χϯυϧ

:⇔ ∀x ∈ A, s±1
x (A) ⊂ A.

Note: ෦෼Χϯυϧ͸ΧϯυϧʹͳΔ.

Ex. / Def.

• S1 ্ͷ n ౳෼఺ͷू߹ Rn ͸෦෼Χϯυϧ
• ͜ΕΛ ೋ໘ମΧϯυϧ

Χϯυϧͷߏ੒ํ๏ 2: ରশରͷΧϯυϧ൛

Def. / Prop.

(G ,K , σ) ͕ Χϯυϧ૊
:⇔ G ,܈ K ෦෼܈, σ ∈ Aut(G ), K ⊂ Fix(σ,G )
⇒ G/K ͸࣍ʹΑͬͯΧϯυϧ:

s[g ]([h]) := [gσ(g−1h)].

ରশର͔Β৚݅ʮσ2 = idʯΛൈ͍ͨ΋ͷ.

O

Re)10 I
&

*

· 5 L&s

2 3
2 ·

4
&
3
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I-(2): Χϯυϧ - (4/4)

Recall: ৚݅ K ⊂ Fix(σ,G )

Prop.

G ,܈ σ ∈ Aut(G )
⇒ (G , {e}, σ) ͸ৗʹΧϯυϧ૊

(͜ΕΛ (ҰൠԽ) Alexander Χϯυϧ ͱݺͿ)

Ex.

• (Zn, {0},−id) ͸Χϯυϧ૊
• ಘΒΕΔΧϯυϧ ∼= ೋ໘ମΧϯυϧ

Ex.

• G := Z2[t
±1]/(t2+t+1) = {[0], [1], [t], [t+1]}

• (G , {0}, Lt) ͸Χϯυϧ૊ (with Lt(x) := tx)
• ಘΒΕΔΧϯυϧ ∼= ਖ਼࢛໘ମΧϯυϧ.

Scg([t)) = [g +(g+21]

Y Scos((1)) = (0 + + (0+1))
Re)10 = [t]

Scos((+)) = (0 + + )-0 ++)]
2 3

= [f2) = [t+1]
Solh) = 0 -(

-0+h) I Scos((t+1]) = (0+ + 1 -0+(+1)]
=

- h S = [tit] = [ 1]
W
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I-(3): ม܈׵ - (1/3)

໘ന͍/ಛ௃తͳΧϯυϧΛ࡞Γ͍ͨ
ΞΠσΞ1: Χϯυϧʹ෇ਵ͢Δม͕܈׵ಛ௃త

Def
f : (X , sX ) → (Y , sY ) ͕

• ४ಉܕ :⇔ ∀x ∈ X , f ◦ sXx = sYf (x) ◦ f
• ಉܕ :⇔ શ୯ࣹ, ४ಉܕ

஫: sx ͸ಉ૾ࣸܕ

Def

• Aut (X , s): ;܈ܕಉݾࣗ
• Inn (X , s) := ⟨sx | x ∈ X ⟩gr: ಺෦ࣗݾಉ܈ܕ
• G 0 (X , s) := ⟨sx ◦ sy | x , y ∈ X ⟩gr
• Dis (X , s) := ⟨sx ◦ s−1

y | x , y ∈ X ⟩gr

Prop.

Dis (X , s) ⊂ G 0 (X , s) ⊂ Inn (X , s) ⊂ Aut (X , s)

(∵) sx ◦ s−1
y = (sx ◦ sy) ◦ (sy ◦ sy)−1 ∈ G 0 (X , s).
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I-(3): ม܈׵ - (2/3)

Ex.

• (X , s) ͕ରশۭؒ ⇒ Dis (X , s) = G 0 (X , s)
• (X , s) ͕ਖ਼࢛໘ମ ⇒ Dis (X , s) ! G 0 (X , s)

Def
Χϯυϧ (X , s) ͕

• ౳࣭ :⇔ Aut (X , s) " X ਪҠత
• ࿈݁ :⇔ Inn (X , s) " X ਪҠత

⇔ G 0 (X , s) " X ਪҠత
⇔ Dis (X , s) " X ਪҠత

͜ΕΒ͸ʮม͕܈׵େ͖͍ʯΫϥε.

Ex.

• ೋ໘ମΧϯυϧ Rn ͸౳࣭;
• Rn ࿈݁ ⇔ n .਺ح

෮श: ૊ (G ,K , σ) ͔ΒΧϯυϧ͕ߏ੒Ͱ͖ͨ.

Thm.

• (G ,K , σ) ͔Βߏ੒͞ΕͨΧϯυϧ͸౳࣭;
• ∀ ౳࣭Χϯυϧ͸͜ͷํ๏ͰಘΒΕΔ.

·
3
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I-(3): ม܈׵ - (3/3)
࣍͸ʮInn (X , s) .େʯͳΧϯυϧڊ͕

Def.
(X , s) ͕ ೋ఺౳࣭

:⇔ Inn (X , s) " X ೋॏਪҠత

Note: ೋॏਪҠత: ૬ҟͳΔೋ఺ಉ͕࢜ҠΓ͋͏

Note
࿈݁ϦʔϚϯଟ༷ମ (M , g) ʹରͯ͠,

• (M , g) ͕ ೋ఺౳࣭
:⇔ ౳ڑ཭ͳೋ఺͸౳௕ม׵ͰҠΓ͋͏
⇔ Rn ·ͨ͸֊਺ 1 ରশۭؒ

:ͪ࣋ؾ ೋ఺౳࣭Χϯυϧ͸ʮ֊਺ 1ʯతͳ΋ͷ...?

Def.

• (X , s) ฏୱ :⇔ G 0 (X , s) Մ׵
(X , s) medial :⇔ Dis (X , s) Մ׵

͜ΕΒ͸ʮม͕܈׵খ͍͞ʯΫϥε

Note
࿈݁ϦʔϚϯରশۭؒʹରͯ͠

• ฏୱ ཰ۂ) ≡ 0) ⇔ G 0 (X , s) Մ׵
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I-(4): ෆมྔ - (1/4)

໨࣍

• 2-number
• ΦΠϥʔඪ਺
• s-Մ׵਺

͜ΕΒͷ஋͕ಛผͳΧϯυϧʁෆมྔಉ࢜ͷؔ܎ʁ

Def. (cf. Chen-Nagano)

Χϯυϧ (X , s) ʹର͠
• A (⊂ X ) antipodal :⇔ ∀x , y ∈ A, sx(y) = y
• #2(X , s) := sup{#A | A: antip.} : 2-number

Note: antipodal = ରᪧత
ղऍ: Ͳͷ͘Β͍େ͖ͳࣗ໌ΧϯυϧΛؚΉ͔

Ex.

• #2(S
n) = #{±e1} = 2

• #2(RPn) = #{[e1], . . . , [en+1]} = n + 1

஫: େରᪧू߹ͷܾఆ͸೉͍͠ۃ (e.g., in Gk(Rn)∼)
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I-(4): ෆมྔ - (2/3)

Thm. (Chen-Nagano 1988)

M ίϯύΫτϦʔϚϯରশۭؒ
⇒ #2(M) ≥ χtop(M)

Conj. (Chen-Nagano)

M ίϯύΫτ࿈݁ϦʔϚϯରশۭؒ
⇒ #2(M) ≡ χtop(M) (mod 2) ?

Ex.

#2(S
n) = 2 ≥ χtop(Sn) =

{
0 (n odd)
2 (n even)

Ex.

#2(RPn) = n + 1 ≥ χtop(RPn) =
{
0 (n odd)
1 (n even)

͜ΕΛΧϯυϧͰ΋΍Γ͍ͨ
ΧϯυϧͷΦΠϥʔඪ਺ʁʁ
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I-(4): ෆมྔ - (3/4)

Def. (Kai-T. 2025+)

Χϯυϧ (X , s) ͷ ΦΠϥʔඪ਺:
• χqdl(X , s) := inf{#Fix (f ,X ) | f ∈ Dis (X , s)}

෮श: Dis (X , s) = ⟨{sx ◦ s−1
y }⟩gr

Prop. (Kai-T.)

M ίϯύΫτ࿈݁ϦʔϚϯରশۭؒ
⇒ χqdl(M) = χtop(M)

(ূ໌) χtop(M) = max torus ͷݻఆ఺ͷݸ਺

Ex. (Sn)

• Dis (Sn) = SO(n + 1)

• n :਺ح T = SO(2)(n+1)/2, ఆ఺ͳ͠ݻ
• n :਺ۮ T = SO(2)n/2, 2఺Λݻఆ

STOR somsomsom
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I-(4): ෆมྔ - (4/4)

Def. (Kubo-Nagashiki-Okuda-T.)

Χϯυϧ (X , s), A ⊂ X ʹର͠
• A : s-Մ׵ :⇔ ∀x , y ∈ A, sx ◦ sy = sy ◦ sx
• #sc(X , s) := sup{#A | A: s-Մ׵}

Prop.

• A : antipodal ⇒ A : s-Մ׵
• 1 ≤ #2(X , s) ≤ #sc(X , s)

஫: (X , s) ࣗ໌ͳΒ #X = #2(X , s) = #sc(X , s)

Ex.

• #sc(Sn) = #{±e1, . . . , en+1} = 2(n + 1)
• n ≥ 2 ⇒ #sc(RPn) = #2(RPn)

Thm. (T. 2025+)

(X , s) : ༗ݶ, ೋ఺౳࣭⇒ #sc(X , s) = 1

ೋ఺౳࣭͸ಛผ... (গͳ͘ͱ΋ࣗ໌ͷਅٯ)

SacoSa = Salo Sc

E
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II-(1): ෦෼Χϯυϧ - (1/4)

੒ํ๏ߏ 1: ෦෼Χϯυϧ

• ཭ࢄτʔϥε
• ཭ٿࢄ໘
• ཭ࢄάϥεϚϯ (?)

Rn : ೋ໘ମΧϯυϧ (S1 ಺ͷ෦෼Χϯυϧ)

Ex. (཭ࢄτʔϥε)

• DTn1,...,nk := Rn1 × · · ·× Rnk : ཭ࢄτʔϥε
• DTn1,...,nk ͸ฏୱ (i.e., G 0(DT∗) Մ׵)
• DTn1,...,nk ͕࿈݁ ⇔ n1, . . . , nk શͯ odd

Thm. (Ihishara-T. 2016)

(X , s) ͕༗ݶ, ࿈݁, ฏୱ
⇔ (X , s) ∼= DTn1,...,nk with n1, . . . , nk શͯ odd

෮श: ฏୱ ⇔ G 0 খ͍͞, ࿈݁ ⇔ G 0 େ͖͍

Thm. (Kai-T. 2025+)

• χqdl(DTn1,...,nk) = 0 = χtop(torus)



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(1): ෦෼Χϯυϧ - (2/4)

໰୊: ౳࣭ฏୱΧϯυϧΛ୳ͤ

Ex. (཭ٿࢄ໘)

ඪ४ٿ໘ Sn ಺:
• DSn := {±e1, . . . ,±en+1} : ෦෼Χϯυϧ
• Inn(DSn) Մ׵
• DSn ͸౳࣭, ඇ࿈݁

෮श: G 0(X , s) < Inn(X , s)

Thm. (Kai-T. 2025+)

• χqdl(DSn) = χtop(Sn)

Prop.

• #2(DS
n) = 2 = #2(S

n)
• #sc(DSn) = 2(n + 1) = #sc(Sn)
• DSn ͸ Sn ಺ͷۃେ s-Մू׵߹ (Ұҙత)



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(1): ෦෼Χϯυϧ - (3/4)

໰୊: ΋ͬͱྫΛ୳ͤ

Recall
Gk(Rn)∼ ಺:

• (i1, . . . , ik) := span (ei1, . . . , eik)
• s(1,2)(1, 3) = span (e1,−e3) = −(1, 3)

Ex. (཭ࢄάϥεϚϯ)

Gk(Rn)∼ ಺:
• DG (k , n) := {±(i1, . . . , ik)}: ෦෼Χϯυϧ
• Inn(DG (k , n)) Մ׵
• DG (k , n) ͸౳࣭, ඇ࿈݁

஫: Gk(Rn) Ͱಉ͜͡ͱΛ΍Δͱࣗ໌Χϯυϧ

Prop.

• #2(DG (k , n)) = #2(Gk(Rn)∼)
• n ̸= 2k ⇒ DG (k , n) େۃ s-Մ׵ in Gk(Rn)∼



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(1): ෦෼Χϯυϧ - (4/4)

໰୊

• ରশۭؒ M ͷྑ͍෦෼ΧϯυϧΛ࡞Ε
• ʮ෦෼Χϯυϧͷෆมྔ = M ͷෆมྔʯ
ͱͳΔ΋ͷ͕͋Δ͔ʁ



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(2): άϥϑʹΑΔߏ੒ - (1/4)

Note
DG (2, 4) ΛݟΔ:

• ±{(1, 2), (1, 3), (1, 4), (2, 3), (2, 4), (3, 4)}
• s(1,2)(1, 3) = −(1, 3), s(1,2)(3, 4) = (3, 4), ...

• s(i ,j) ͸ʮ͚͖ͩ޲ม͑Δ͔ม͑ͳ͍͔ʯ

Ex. (DG (2, 4) ͷάϥϑ)

• ௖఺: {±(i , j)} 6 ௖఺
• ล: s(i ,j)(k , l) = −(k , l) ͷͱ͖ลͰ݁Ϳ

Note
্ͷάϥϑ͔Β DG (2, 4) ͕෮ݩͰ͖Δ

# (1 .2)

&

t (2
.3)

* ·
I (1

.

3)

[12.4) ·
I (1

.
4)

#134)

#



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(2): άϥϑʹΑΔߏ੒ - (2/4)

Ұൠʹάϥϑ͕͋Ε͹Χϯυϧ࡞ΕΔͷͰ͸...

Thm. (Furuki-T. 2024)

G = (V ,E ): ୯७άϥϑ
e : V × V → Z2: ྡ઀ࣸ૾

⇒ (X := V × Z2, s): Χϯυϧ
ͨͩ͠ s(v ,a)(w , b) := (w , b + e(v ,w))

ҙຯ: άϥϑͷ֤௖఺ʹ Z2 Λ৐ͤͨ

Prop. (Furuki-T.)

୯७άϥϑ͔Βߏ੒͞ΕΔΧϯυϧ (X , s) ʹର͠
• Inn (X , s): Մ׵
• (X , s) ͸ඇ࿈݁
• άϥϑ͕௖఺ਪҠత ⇒ (X , s) ͸౳࣭

Inn (X , s) ͕Մ׵ͳ౳࣭ΧϯυϧΛແ࡞ʹݶΕͨ
(ฏୱΑΓ΋͍ڧ৚݅)
ͨͩ͠શͯର߹త (i.e., s2x = id)



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(2): άϥϑʹΑΔߏ੒ - (3/4)

Def. (A-weighted digraph)

• V ू߹, A Մ܈׵
• d : V × V → A with d(x , x) = 0 (∀x)

͜ͷͱ͖࣍ͷ digraph Λ !(V , d ,A) ͱ͔͘:
• ௖఺: V ͷݩ
• ༗޲ล: D := {(x , y) ∈ V × V | d(x , y) ̸= 0}

Thm. (Saito-Sugawara 2025)

!(V , d ,A) ʹର͠, ࣍ͷ (X , s) ͸Χϯυϧ:
• X := V × A
• s(v ,a)(w , b) := (w , b + d(v ,w))

Thm. (Saito-Sugawara 2025)

• (X , s): !(V , d ,A) ͔Βߏ੒ͨ͠Χϯυϧ
⇒ Inn (X , s) Մ׵

• ʹٯ Inn (X , s) ͕Մ׵ͳΧϯυϧ͸શͯ͜
ͷํ๏ͰಘΒΕΔ



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(2): άϥϑʹΑΔߏ੒ - (4/4)

!(V , d ,A) ͷ౳࣭ੑ͸ࣗવʹఆٛ...

Prop. (Saito-Sugawara 2025)

• !(V , d ,A): ౳࣭
⇒ ੒ͨ͠Χϯυϧ΋౳࣭ߏ

• !੒Γཱͨͳ͍͕ٯ
(∃ ಺෦ࣗݾಉ͕܈ܕՄ׵ͳ౳࣭Χϯυϧ:
౳࣭ͳ !(V , d ,A) ͔Βߏ੒Ͱ͖ͳ͍)

෮श: G 0(X , s) < Inn (X , s)

໰୊

• ౳࣭ฏୱΧϯυϧͰ Inn ͕ඇՄ׵ͳ΋
ͷ͸ʁ



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(3): Χϯυϧ֦େ - (1/4)

Def.
f : (X , sX ) → (Y , sY ) ͕ Χϯυϧ֦େ

:⇔ ◦ f શࣹ४ಉܕ
◦ ∀y ∈ Y , #f −1({y}) Ұఆ

Ex.
X : ਖ਼ീ໘ମ (s: ࠨ 90◦ ճస)

⇒ π : X → R3 (ରᪧ఺ΛಉҰࢹ) ͸֦େ

Note

• ,ͷ֦େ͸ه্ ఺ରশͷҐ਺͢Βҧ͏
• ͜͏͍͏ྫΛ࡞Γ͍ͨ
• :ߟࢀ) Carter-Oshiro-Saito 2010)
֦େ R̃2n+1 → R2n+1 ͷߏ੒ (࿦త܈)

a·[7] (z]

x



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(3): Χϯυϧ֦େ - (2/4)

࡯؍
֦େ π : X → R3 ʹ͍ͭͯ (X ਖ਼ീ໘ମ):

• (S2, “θ-ճస”) ͸Χϯυϧ (∀θ)
• X ͸ (S2, “90◦-ճస”) ͷ෦෼Χϯυϧ

(X = {±e1,±e2,±e3})
• π ͸ S2 → RP2 (ࣗવͳࣹӨ) ͷ੍ݶ

:߸ه R(θ): ֯౓ θ ͷճసྻߦ

Ex.

(S2, “θ-ճస”) ʹ͓͍ͯ: s±e1 =

(
1
R(±θ)

)

Rem.
(S2, “θ-ճస”) ͕ΧϯυϧͰ͋Δཧ༝:

• S2 = G/K , ͨͩ͠ G := SO3,

K := {
(
1
α

)
| α ∈ SO2} ∼= SO2

• σ(g) = se1 ◦ g ◦ s−1
e1 ͱ͓͘ͱ,

(G ,K , σ) ͸Χϯυϧ૊ (i.e., K ⊂ Fix (σ,G ))

SO2 Մ͍ͯޮ͕׵Δ. Sn (n ≥ 3) Ͱ͸Ͱ͖ͳ͍.



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(3): Χϯυϧ֦େ - (3/4)

(S2, “θ-ճస”) ͷҰൠԽ:

Prop.

• (Gn−2(Rn)∼, “θ-ճస”) ͸Χϯυϧ (∀θ)
• sV : V

⊥ Ͱͷ (ਖ਼͍͖͠޲ͷ) θ-ճస
• ྫ: s(e1,...,en−2)

= diag (In−2,R(θ))

Note: n = 3 ͷͱ͖ G1(R3)∼ ∼= S2

Ex.
G2(R4)∼ with θ = π/2 ͷͱ͖:

• s(1,2)(1, 3) = (1, 4)

• s(1,2)(1, 4) = (1,−3) = −(1, 3)

• s(1,2)(3, 4) = (4,−3) = (3, 4)

Recall: DG (k , n) := {±(i1, . . . , ik)} ཭ࢄάϥεϚϯ

Thm. (Kai-T.)

• X := DG (k , n) ͸෦෼Χϯυϧ
in (Gn−2(Rn)∼, 90◦)

• ∃s ′ s.t. π : X → (π(X ), s ′) ͸Χϯυϧ֦େ

π : Gn−2(Rn)∼ → Gn−2(Rn): Λ๨ΕΔࣹӨ͖޲

n-2

D



ରশۭؒ Χϯυϧ ม܈׵ ෆมྔ ෦෼Χϯυϧ άϥϑʹΑΔߏ੒ Χϯυϧ֦େ

II-(3): Χϯυϧ֦େ - (4/4)

Χϯυϧߏ଄͕༠ಋ͞ΕΔͨΊͷ৚݅:

໋୊
(X , s) Χϯυϧ, π : X → Y શࣹͷͱ͖

• s ′π(a) : Y → Y : π(b) → π(sa(b)) well-defined

ͳΒ͹ Y ʹΧϯυϧߏ଄͕༠ಋ͞ΕΔ

Rem.

• π : (Gn−2(Rn)∼, 90◦-ճస) → Gn−2(Rn)
͸Χϯυϧߏ଄Λ༠ಋ͠ͳ͍

• ݶ੍ π : (X , 90◦-ճస) → π(X ) ͳΒͰ͖Δ

໰୊

• ଞͷରশۭؒͰಉ༷ͷ͜ͱ͸Ͱ͖Δ͔ʁ
• ݁ͼ໨ʹԠ༻ʁ
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·ͱΊ

΍͍ͬͯΔ͜ͱ

• Χϯυϧ͸ରশۭؒͷҰൠԽʢ཭ࢄԽʣ
• ରশۭؒ࿦Λͯͬ࢖ΧϯυϧΛௐ΂Δ
ʢ͜ͱ͕Ͱ͖Δ৔߹΋͋Δʣ

• ରশۭؒ࿦ͷ཭ࢄԽͱ͍͏ଆ໘΋͋Δ
• άϥϑཧ࿦ɾ૊Έ߹Θͤ࿦ͱ΋ؔ࿈

΍Γ͍ͨ͜ͱ

• ରশۭؒ࿦Λ΋ͬͱ཭ࢄԽ͢Δ
ʢ఺ରশΛத৺ͱͯ͠ߏ࠶ங͢Δʣ

• ରশۭؒ࿦΁ͷϑΟʔυόοΫ
ʢ཭ࢄԽΛͯͬ࢖ରশۭؒͷఆཧΛࣔ͢ʁʣ

• ͍Ζ͍Ζͳ෼໺ͱؔ࿈ͨ͠Β͏Ε͍͠
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