Nilpotent Lie algebras obtained by
quivers and Ricci solitons
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Abstract

e quiver D5 nilpotent Lie algebra = f&hX.
(EOHEBEWEXR A EZ2S55H)

e nilsoliton DEFEIEFEDHIEZ L 1.
(quiver 51T ZES. K WERBAS&H)

e nilsoliton BNFEE & EDITHIDY “positive”.
(FWHIEE /  BEY 5B Z2E55H)
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Background

Background - (1/2)

Def. (ARS = algebraic Ricci soliton)

A metric Lie algebra (g, (,)) is ARS
< dc € R, 4D € Der(g) : Ric=c-id+ D.

derivorion , D[-,-)= (D), + -, D]

Basic Question

Study ARS on nilpotent Lie algebras:
e (lassification is almost impossible;
e Construct examples;
e Give a condition for the existence.

Note (why ARS? (1))

(n, (,)) is nilpotent ARS
< (N, (,)) (1-conn., left-inv.) is Ricci soliton
i.e., 3c € R, 3X € X(N) : ric = cg + Lxg.

voctoe Seld e doviveave

Note (why ARS? (2))

(n, (,)) is nilpotent Einstein
= n is abelian (and it is flat).
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Background - (2/2)

Def.

A Lie algebra g is

e 2-step nilpotent if [g, [g,g]] =0, [g, g] # 0;

e 3-step nilpotent if [g, [g, [g, g]]] = 0 and not
2-step;

e solvable if [g, g] is nilpotent.

Ex.

The following are solvable and (m-step) nilpotent:

s> |53 > 1G]

Salveble | potont

Thm (Bohm-Lafente 2023)

(M, g) : homogeneous Ricci soliton with ¢ < 0

= (M, g) is a solvmanifold (simply-connected
solvable Lie group with a left-inv Riem metric).

Thm. (Lauret 2011)

“Study on solvable RS can reduced to nilpotent RS.”
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Examples - (1/4)

Ex. 1: rep of Clifford algebra — nilpotent (H-type)

Note

For two-step nilpotent (n, (,)),
e 1n =103 where j center, v := 3
e J:3 - End(v), by (Jz(X). Y) = (Z,[X. Y])

Def. (Kaplan 1980)

(n, (,)) : two-step nilpotent is of H-type
o VZey Jo=—(Z,7)-id
& J can be extended to J : C1(3, (,)) — End(v).
i -3
Ex
e Cl; =2C ~C" — (2n+ 1)-dim Heisenberg;

Thm. (Boggino 1985, Lauret 2003)

e FEvery H-type Lie algebra is ARS.
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Examples - (2/4)

Ex. 2: simple (directed) graph — two-step nilpotent

Def. (Dani-Mainkar 2005)

For G = (V, E) : simple directed graph (E C V x V),
e ng; :=span(E U V) is two-step nilpotent by
[v, w| = e, when e is an edge from v to w.

Ex.
3-dim Heisenberg b3 is obtained by
S (\(\G‘:SPCM\{’\)\L\)\GS
6:(\; s A i Lo W] =

Thm. (Lauret-Will 2011)

For G = (V, E), ngc admits ARS
< Mg =31 + Adj (Lineg) is positive

(ie., v € (Rug)” : Mgv :ﬁ]&/z <1>6@
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Examples - (3/4)

Ex. 3: parabolic subalgebra — nilpotent

Fact

For a real semisimple Lie algebra g,

e choosing a subset ® of simple roots in the
restricted root system, one has a parabolic
subalgebra qg;

® (¢ has the Langlands decomposition
qo = Mg B agp P ng with ng nilpotent.

Ex.
Typical ex (for sl(n,R)) is given by “block dec.”:

Agq . O—8@—O0O—0O Qe Ng

2 + Ol 4
- soam- ({2 |

Thm. (T. 2011)

0 [%-2- 1

o[
-V |
s

e Every ng admits ARS.
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Examples - (4/4)

Summary

Note

H-type: 2-step
graph — 2-step
parabolic — arbitrary high-step

nilpotent Lie algebra D3B8 IX AT EE:
BRRIERWI S ADBINREND &L LY,
"RULWIR" DO TE S EELLV,
FRA B R BEF
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Quivers - (1/3)

quiver (originally): a container for holding arrows

Def.

Q= (V,E,s,t)is a quiver if
o V, E : sets (vertices and edges);
®

s,t: E— V : maps (source and target).

Ex. .
Q ‘ C
@ > ® ’_\% ® —ﬁ LY
S(e) € O < (b)) <(c)
I\ L
S0 t (b))
S(y) S\QC )
Def.

a1---amis a path of a quiver if
o «; € E and t(a;) = s(ajyq) for Vi.

Ex.
b, Path: Q, o, b, C
Q >
® > e 5 >"_C_%° Obl,sz, b\C,bLC

cbC . ab.C



Quivers - (2/3)

Def.

For a quiver @, the path algebra is defined by
e Space: span(Path(Q)),
where Path(Q) := {all paths in Q};
® Product: For a, § € Path(Q), define

_ J aB (if t(a) = s(B)),
- fi= { 0 (others).

Def.

For a quiver Q, define the Lie algebra no by
* ng = span(Path(Q)), [o, 8] :=a-8—-8-«

D
@ 2 )c?o_cﬁg j Mg EFS’QSZP N lpaotost
a >o :> dﬂ\w m% = + QO
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Quivers - (3/3)

Def

A path a is
e acycle if t(a) = s(«);
e acyclic if o does not contain a cycle.

Prop.

For a finite quiver @ without cycles,
e dm = max of length of paths;
® ng is an m-step nilpotent Lie algebra.

Def.
For a finite quiver @, denote by n’g the span of

e Apath(Q) := {acyclic path in Q}
e with [,] defined by o - 8 = af if acyclic path

NN~

WG R=3 -3 (20 strorwise )

Ex

° QG ., @) , C
Q A oc  CA
/ \C = A - S‘hh{ cho ,
® >o O\bd

o -

TR N el e R N

>o



Matrices
000

Matrices - (1/3)

Thm. (Mizoguchi-T. 2025)

@ : a finite quiver ) without cycles
= N always admits algebraic Ricci soliton.

Note
A

This is not true for no.

Prop. (Kitayama)
Consider n’é\) for the following @:

ey

Then SR
e JARS s /+m—nm+n—I,n+1—m>0;

e when /=1 3ARS & |m—n| <1
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Matrices - (2/3)

Note
We give a condition for n’é\? to admit ARS by matrices.

Setting

For the Lie algebra n’é\\),

o Wp:={{a,8} e, 8] # 0} C Apath(Q)
o Write WQ == {Wl, Ceey Wm};

e For wj = {a, B},
define w; € Apath(Q) by Wi = +[av, B

Ex.

wy = {a, b}, w; = ab o /-

wy = {b,c}, Wy =bc ./\f.d
(e

w3 = {c,a}, w3 = ca

N
/.

-
wy = {b,d}, Wy = bd 059

ws = {a, bd}, ws = abd o .
wg = {ab, d}, We = abd | o5\ “Ro > =

d QR o C
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Matrices - (3/3)

Def.
Define Mg = (x;;) € Mm(Z) by

(3 ifi=
1 if #(w;Nwj) =1
Xjj = < 1 if w; = WJ
—1 ifW,'EWjOFWjEW,’
0 otherwise
abd

[ ON S®

bd ab C be
Ex @V&%&@
For the above Q, L d QK o C

(3 1 1 1 1 —1\

1 31 1 0 0

1 1 3 0 1 0

Mo=11 1 0 3 -1 1

1 0 1 -1 3 1

\-10 0 1 1 3/

Question

Any better explanation for this construction?




Condition

Condition - (1/2)

Thm (Kitayama)

n’é\? admits ARS
< Mg is “positive”
e, dv € (Rog)" : Mgv = [1]m

Key Notion
Def (Nikolayevsky 2011)
n nilpotent, {Xi,..., Xy} its basis, Cl-jf structure const.

This basis is nice
& Vi j, #{k| Cf£0} < 1;

Vi k, #{j | Cjf #0} < 1.

The proof of our thm uses

Thm (Nikolayevsky 2011)

n nilpotent with nice basis {X7,..., Xy}
Then n admits ARS

& BEEHDSIE>7=175D" positive;
& BEEHDLES FCR (AR) ICRL,
0 @ aff(F) ~DEEH Conv(F) DN R




Condition

Condition - (2/2)

Thm (Nikolayevsky 2011)

Let p € V i= A2(R")* @ R”.
Then the Lie algebra (R", i1) admits ARS
< the orbit Gy4.pu C V is closed.

The closedness is cotrolled by Conv(F)
Recall (Nikolayevsky 2011)

n (nilpotent with nice basis) admits ARS
& BEERD BIE o =1T751D positive;
& BEEBDNOES>Z FC R (AR) DERHE.

A
Note (Y. Hashimoto, 2025+)

3 a criterion for nilpotent n without nice basis.

+ Hilbert-Mumford criterion, GIT, ...
Thm (Y. Hashimoto, 2025+)

n nilpotent, Y := {(,) on n with some condition}.
Then n admits ARS

< "Kempf-Ness” E;, : Y — R has a critical pt.
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