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ಋೖ ಛ௃తͳΧϯυϧ ༷ʑͳߏ੒ํ๏ Χϯυϧͷෆมྔ ༷ʑͳԠ༻ ରশۭؒ΁ͷԠ༻

0: ಋೖ - (1/2)

Def. (Joyce (1982), Matveev (1982))

(X , s) : Χϯυϧ
:⇔ X : ू߹, s : X → Map(X ,X ) Ͱ͋Γ,

• ∀x ∈ X , sx(x) = x ;
• ∀x ∈ X , sx શ୯ࣹ;
• ∀x , y ∈ X , sx ◦ sy = ssx(y) ◦ sx .

Note

• :͸͍Ζ͍Ζ߸ه sx(y) = y ∗ x , y ! x , yx , ...
• ৚݅͸݁ͼ໨ͷࡾ Reidemeister มܗͱରԠ.

Ex. (ରশۭؒ)

• ରশۭؒ͸Χϯυϧ
• ྫ: Rn ʹର͠ sx(y) = 2x − y
• ྫ: ܈ G ʹର͠ sx(y) = xy−1x

Ex. (ࢉ໾ԋڞͷ܈)

• ܈ G ͸࣍ͰΧϯυϧ: sx(y) = x−1yx

grandle

i
.e. ScoSzoSij = Ssact

"
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0: ಋೖ - (2/2)

ϓϩάϥϜ
ΧϯυϧͷڀݚͷಓےʢͷҰྫʣ:

• વΔ΂͖ΧϯυϧͷΫϥεΛઃఆ;
• ֘౰͢ΔΧϯυϧͷߏ੒;
• ֘౰͢ΔΧϯυϧͷੑ࣭;
• ֘౰͢ΔΧϯυϧͷ෼ྨ.

ຊߨԋͷ໨࣍
I: Χϯυϧࣗ਎ͷڀݚ

• ಛ௃తͳΧϯυϧ
• Χϯυϧͷߏ੒
• Χϯυϧͷෆมྔ

II: ΧϯυϧͷԠ༻
• ֓આ
• ରশۭؒͷڀݚ΁ͷԠ༻
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I-(1): ಛ௃తͳΧϯυϧ - (1/3)

Def.
f : (X , sX ) → (Y , sY ) ͕

• ४ಉܕ :⇔ ∀x ∈ X , f ◦ sXx = sYf (x) ◦ f ;
• ಉܕ :⇔ શ୯ࣹ͔ͭ४ಉܕ.

Def. (͍Ζ͍Ζͳม܈׵)

Aut (X , s) > Inn (X , s) > G 0(X , s) > Dis (X , s):
• Inn (X , s) := ⟨sx | x ∈ X ⟩gr
• G 0(X , s) := ⟨sx ◦ sy | x , y ∈ X ⟩gr
• Dis (X , s) := ⟨sx ◦ s−1

y | x , y ∈ X ⟩gr

Ex.
(S1, s) ௨ৗͷ఺ରশ (ંΓฦ͠) ͷΧϯυϧ ⇒

• Aut (S1, s) = ???
• Inn (S1, s) = O(2)
• G 0(S1, s) = SO(2) = Dis (X , s)

+x

=
S
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I-(1): ಛ௃తͳΧϯυϧ - (2/3)

͜͜Ͱ͸ʮม͕܈׵ಛ௃తʯͳΧϯυϧΛ͑ߟΔ

Def. (ม͕܈׵େ͖͍)

Χϯυϧ (X , s) ͕
• ౳࣭ :⇔ Aut (X , s) ! X ਪҠత;
• ࿈݁ :⇔ Inn (X , s) ! X ਪҠత.

Def. (มڊ͕܈׵େ)

Χϯυϧ (X , s) ͕
• ೋ఺౳࣭ :⇔ Inn (X , s) ! X ೋॏਪҠత.

Note

• ༗ݶೋ఺౳࣭ͷ෼ྨ; ༗ݶମͷࠜ࢝ݪͱର
Ԡ (T. 2013, Wada 2015, Vendramin 2017)

• ”఺౳࣭ࡾ“ ⇔ R3 (ೋ໘ମΧϯυϧ)
• doubly homogeneous :⇔ Aut (X , s) ! X
ೋॏਪҠత(Bonatto 2019)

(xXxX- diag FGt)
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I-(1): ಛ௃తͳΧϯυϧ - (3/3)

Def. (ม͕܈׵খ͍͞)

Χϯυϧ (X , s) ͕
• flat :⇔ G 0(X , s) ͕Մ׵.
• medial :⇔ Dis (X , s) ͕Մ׵;

Note

• medial ͷڀݚ (Jedlička-Pilitowska-Stanovský-
ZamojskaDzienio 2015)

• ༗ݶ࿈݁ฏୱͷ෼ྨ (Ishihara-T. 2016)
• ༗ݶ౳࣭ Inn (X , s)-Մ׵ͷڀݚ

(Furuki-T. 2024, Saito-Sugawara 2025 ((ड़ޙ)

Note
ଞʹ΋༷ʑͳΧϯυϧͷΫϥε͕͋Δ:

• “෇ਵ܈” ͕Մ׵
• ႈྵΧϯυϧ, ՄղΧϯυϧ, ...

֤ʑͷڀݚͷڵຯʹԠͨ͡ΫϥεΛ͑ߟΔͱΑ͍
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I-(2): ༷ʑͳߏ੒ํ๏ - (1/6)

੒ߏ 1: “ରশۭؒ ↔ ରশର” ͷΧϯυϧ൛

Thm. (Joyce 1982, cf., Ishihara-T. 2016)

G ,܈ K ෦෼܈, σ ∈ Aut(G ), K ⊂ Fix(σ,G )
⇒ G/K ͸࣍ʹΑͬͯ౳࣭Χϯυϧ:

s[g ]([h]) := [gσ(g−1h)].

Rem

• ্ͷΧϯυϧΛ Q(G ,K , σ) ͱ͔͘;
• શͯͷ౳࣭Χϯυϧ͸͜ͷํ๏ͰಘΒΕΔ.

Def.

• Q(G , e, σ) Λ ҰൠԽ Alexander Χϯυϧ;
• G ͕Մ׵ͳ΋ͷΛ Alexander Χϯυϧ.

Ex.

• Q(SO(2), e,−id) ͸ԁप S1 ͱಉܕ;
• Q(Z/nZ, 0,−id) Λ ೋ໘ମΧϯυϧ.
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I-(2): ༷ʑͳߏ੒ํ๏ - (2/6)

Ex.

• (SO(3), SO(2), Iθ) ͸Χϯυϧ૊, ͨͩ͠ Iθ
͸ θ ճసྻߦʹΑΔڞ໾

• ੒͞ΕͨΧϯυϧ͸ߏ S2 ʹ θ ճసͰߏ଄
ΛೖΕͨ΋ͷ

੒ߏ 2: ෦෼Χϯυϧ

Def.
(X , s) Χϯυϧͱ͢Δ. A (⊂ X ) ͕ ෦෼Χϯυϧ

:⇔ ∀a ∈ A, s±1
a (A) ⊂ A

Ex.
S1 ্ͷ n ౳෼఺ͷू߹͸, ௨ৗͷΧϯυϧߏ଄ʹ
ؔͯ͠෦෼Χϯυϧ (ೋ໘ମΧϯυϧ)

~
SOR = ((100-

---
"

/

Rn
-

↳s
Y

f
-

+
X
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I-(2): ༷ʑͳߏ੒ํ๏ - (3/6)

Ex.

• ਖ਼࢛໘ମͷ௖఺ू߹ (⊂ S2) ͸, S2 ͷ 2π/3-
ճసͷߏ଄ʹؔͯ͠෦෼Χϯυϧ

• ਖ਼ീ໘ମͷ௖఺ू߹ (⊂ S2) ͸, S2 ͷ π/2-
ճసͷߏ଄ʹؔͯ͠෦෼Χϯυϧ

Note (४උ)

༗࣮޲άϥεϚϯ Gk(Rn)∼ ʹର͠
• “sV := V Ͱࠐ͖޲ΈંΓฦ͠” ͰΧϯυϧ
• (x1, . . . , xk) ∈ Gk(Rn)∼ ͱදه
• e.g., s(e1,e2)(e1, e3) = (e1,−e3) = −(e1, e3)

Prop (Furuki-T. 2024)

࣍͸ Gk(Rn)∼ ͷ෦෼Χϯυϧ, ౳࣭, Inn -Մ׵:
• A(k , n)∼ := {±(ei1, . . . , eik) | i1 < · · · < ik}

Note
A(k , n)∼ ͷߏ଄ΛάϥϑͰॻ͚Δ (ड़ޙ)

#
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I-(2): ༷ʑͳߏ੒ํ๏ - (4/6)

Note (४උ)

• f : (X , sX ) → (Y , sY ) ͕ Χϯυϧ֦େ
:⇔ શࣹ, ४ಉܕ, ֤఺ͷ૾ٯͷҐ਺͕Ұఆ

Ex. (Andruskiewitsch-Graña 2003)

ରᪧ఺ΛಉҰ͢ࢹΔ࣍ͷࣸ૾͸Χϯυϧ֦େ:
• f : (ਖ਼ീ໘ମ, π/2-ճస) → R3

Thm (Kai-T.)

• G2(Rn)∼ ͸ θ-ճసʹΑͬͯ΋Χϯυϧ
• A(2, n)∼ ͸ π/2-ճసʹؔͯ͠෦෼Χϯυϧ
• ࣹӨ π : G2(Rn)∼ → G2(Rn) ͸ A(2, n)∼ ͔
ΒͷΧϯυϧ֦େΛ༠ಋ

Note

• A(2, n) := π(A(2, n)∼) ,଄͕༠ಋ͞Εߏʹ
π : A(2, n)∼ → A(2, n) Χϯυϧ֦େ

• n = 3 ͷͱ͖͸ਖ਼ീ໘ମͷྫͱҰக

·

G(IRY"=5 > Al2 ,35 = [Ies .
le

. zes]

-



ಋೖ ಛ௃తͳΧϯυϧ ༷ʑͳߏ੒ํ๏ Χϯυϧͷෆมྔ ༷ʑͳԠ༻ ରশۭؒ΁ͷԠ༻

I-(2): ༷ʑͳߏ੒ํ๏ - (5/6)

੒ߏ 3: άϥϑ͔Βͷߏ੒

Def
(X ,A, d) ͕ A-weighted άϥϑ :⇔

• X ू߹, A Մ܈׵, d : X × X → A ࣸ૾
• d(x , x) = 0 (∀x ∈ X )

Thm (Saito-Sugawara 2025)

(X ,A, d) Λ A-weighted άϥϑͱ͢Δͱ
• X × A ͸࣍ʹΑͬͯΧϯυϧ:

s(x ,a)(y , b) = (y , b + d(x , y))

• ੒͞ΕͨΧϯυϧ͸ߏ Inn -Մ׵
• Inn -Մ׵, ౳࣭ ⇒ શͯ͜ͷํ๏ͰಘΒΕΔ

Note

• (X ,A, d) “౳࣭” ⇒ ্ͷ Q(X ,A,d) ΋౳࣭
• ͸ෆ੒ཱٯ

=
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I-(2): ༷ʑͳߏ੒ํ๏ - (6/6)

Ex

• X := {x ⊂ {1, 2, . . . , n} | #x = k}
• A = Z/Z2
• d : X ×X → A : (x , y) /→ #(x − y) (mod 2)

͜ͷͱ͖, ಘΒΕΔΧϯυϧ͸ A(k , n)∼ ͱಉܕ

Ex
A(2, 4)∼ Λ༩͑Δάϥϑ:

# (li . (2)

17 1

# (t2
.
+3) L C # (91 .

93(
X* I Y

I I

I I
I I

I
L Ex
XT &(

. (x)# (t2
. (e)

C I

SK
*

# (es
.
en)
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I-(3): Χϯυϧͷෆมྔ - (1/4)

Note
Χϯυϧͷఆ͔ٛΒ௚ͪʹै͏ෆมྔ:

• ,਺ݸͷݩ ఺ରশͷҐ਺
• ֤఺ͷ఺ରশͷيಓ (profile), ...
• Inn (X , s), Dis (X , s), ...

Note
݁ͼ໨ཧ࿦Ͱ͞ڀݚΕ͍ͯΔෆมྔ:

• Χϯυϧ (ί) ϗϞϩδʔ (cf.,
Carter-Jelsovsky-Kamada-Langford-Saito 2003)

͜͜Ͱ͸ରশۭؒ༝དྷͷෆมྔΛ঺հ

ෆมྔ 1: 2-number
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I-(3): Χϯυϧͷෆมྔ - (2/4)

Def (Chen-Nagano 1988)

Χϯυϧ (X , s) ʹର͠
• A (⊂ X ) ରᪧత :⇔ ∀x , y ∈ A, sx(y) = y
• #2(X , s) := sup{#A | A: ରᪧ} : 2-number

Ex.

• #2(S
n) = #{±e1} = 2

• #2(RPn) = #{[e1], . . . , [en+1]} = n + 1

Note
େରᪧͷܾఆ͸೉͍͠৔߹΋ۃ (e.g., in Gk(Rn)∼)

Thm. (Chen-Nagano 1988)

M ίϯύΫτϦʔϚϯରশۭؒ
⇒ #2(M) ≥ χtop(M)

----

#an
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I-(3): Χϯυϧͷෆมྔ - (3/4)

Conj. (Chen-Nagano)

M ίϯύΫτ࿈݁ϦʔϚϯରশۭؒ
⇒ #2(M) ≡ χtop(M) (mod 2) ?

Ex.

#2(S
n) = 2 ≥ χtop(Sn) =

{
0 (n odd)
2 (n even)

Ex.

#2(RPn) = n + 1 ≥ χtop(RPn) =
{
0 (n odd)
1 (n even)

Question

• #2(X , s) = 1 ͷΧϯυϧ͸Ͳͷ͘Β͍͋Δ?
• ྫ: ༗ݶೋ఺౳࣭ ⇒ #2 = 1
• :ߟࢀ ίϯύΫτϦʔϚϯରশۭؒͳΒ

#2 = 2 ⇔ ໘ٿ
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I-(3): Χϯυϧͷෆมྔ - (4/4)

ෆมྔ 2: ΧϯυϧΦΠϥʔඪ਺

Def. (Kai-T. 2025)

Χϯυϧ (X , s) ͷ ΦΠϥʔඪ਺:
• χqdl(X , s) := inf{#Fix (f ,X ) | f ∈ Dis (X , s)}

෮श: Dis (X , s) = ⟨{sx ◦ s−1
y }⟩gr

Prop. (Kai-T. 2025)

M ίϯύΫτ࿈݁ϦʔϚϯରশۭؒ
⇒ χqdl(M) = χtop(M)

(ূ໌) χtop(M) = max torus ͷݻఆ఺ͷݸ਺

Ex. (Sn)

• Dis (Sn) = SO(n + 1)

• n :਺ح T = SO(2)(n+1)/2, ఆ఺ͳ͠ݻ
• n :਺ۮ T = SO(2)n/2, 2఺Λݻఆ

nSSORonson soronson
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II-(1): ༷ʑͳԠ༻ - (1/1)

• ܈ (Χϯυϧ͸܈ͷڞ໾ԋࢉͷந৅Խ)
• ݁ͼ໨ɺۂ໘݁ͼ໨
• Hopf ୅਺
• set-theoretical Yang-Baxter ํఔࣜ
• ରশۭؒͷҰൠԽ (཭ࢄԽ)
• ...

Note

• Χϯυϧͷڀݚͷಈ͕͜ػΕΒ͔ΒདྷΔ
• ΧϯυϧΛ͜ΕΒͷ෼໺ʹԠ༻͢Δ͜ͱ΋
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II-(2): ରশۭؒ΁ͷԠ༻ - (1/3)

Ԡ༻ྫ 1: ରᪧू߹ͷܾఆ

Def. (࠶)

A (⊂ (X , s)) ରᪧత :⇔ ∀x , y ∈ A, sx(y) = y .

Note

• ໰୊: ֤ (X , s) ಺ͷۃେରᪧू߹ͷ෼ྨ;
• ϦʔϚϯରশۭؒͰ΋͍͔ͭ͘ະղܾ;
• Ұൠʹ͸ “߹ಉͷԼͰҰҙ” ͱ͸ݶΒͳ͍;
• ಛʹ Spin(n), Gk(Rn)∼ ͸೉.

Recall

• Gk(Rn)∼ ༗࣮޲άϥεϚϯ
• A(k , n)∼ := {±(ei1, . . . , eik) | i1 < · · · < ik}
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II-(2): ରশۭؒ΁ͷԠ༻ - (2/3)

Thm (Tasaki 2013)

• Gk(Rn)∼ ಺ͷۃେରᪧू߹͸, A(k , n)∼ ಺
ͷۃେରᪧू߹ͱ 1:1 ʹରԠ.

Note

• ༗ݶΧϯυϧ A(k , n)∼ ͷ໰୊ʹؼண͞Εͨ
• A(k , n)∼ ͷߏ଄͸άϥϑͰ෼͔ΔͷͰ, ά
ϥϑͷ໰୊ʹ΋ؼண

• ଟ͘ͷ (n, k) ʹରͯ͠ۃେରᪧ͸ܾఆࡁ
• ...શͳ෼ྨ͸ະղܾ׬͔͠͠

Note
Gk(Rn)∼ ಺ͷۃେରᪧू߹ͷ෼ྨঢ়گ:

• k = 1: ໘ٿ (→ ෼ྨ͸༰қ)
• k = 2: Hermite (→ Ұൠ࿦Ͱย෇͘)
• k = 3: େରᪧू߹͸ҰҙͰͳ͍ۃ
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II-(2): ରশۭؒ΁ͷԠ༻ - (3/3)

Ԡ༻ྫ 2 :(͚ͯ޲ʹ) 2-number vs ΦΠϥʔඪ਺

Conj. (Chen-Nagano) ܝ࠶

M ίϯύΫτ࿈݁ϦʔϚϯରশۭؒ
⇒ #2(M) ≡ χtop(M) (mod 2) ?

Plan

• M ίϯύΫτ࿈݁ϦʔϚϯରশۭؒ M
⇒ ∃AM (༗ݶ෦෼Χϯυϧ):
#2(M) = #2(AM), χqdl(M) = χqdl(AM)?

• ্ͷ AM ͸ͲͷΑ͏ͳੑ࣭Λ΋ͭ?
• ༗ݶΧϯυϧ A ্͕ͷੑ࣭Λ΋ͭ

⇒ #2(A) ≡ χqdl(A) (mod 2) ?



ಋೖ ಛ௃తͳΧϯυϧ ༷ʑͳߏ੒ํ๏ Χϯυϧͷෆมྔ ༷ʑͳԠ༻ ରশۭؒ΁ͷԠ༻

·ͱΊ

ຊߨԋͷ໨࣍
I: Χϯυϧࣗ਎ͷڀݚ

• ಛ௃తͳΧϯυϧ
• Χϯυϧͷߏ੒
• Χϯυϧͷෆมྔ

II: ΧϯυϧͷԠ༻
• ֓આ
• ରশۭؒͷڀݚ΁ͷԠ༻

Comments
:ճ৮ΕΒΕͳ͔ͬͨ࿩୊ࠓ

• ଄෇͖Χϯυϧߏ
(Ґ૬Χϯυϧ, smooth Χϯυϧ, ...)

• Χϯυϧ্ͷڑ཭ (↔ (࿦܈Կز
• ΧϯυϧͷຒΊࠐΈ
• ...

Thank you!


